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Introducing the “Toy”

• How to construct ...

• Some sample motions ...

• Notation ... (position vector)



Introducing the “Toy”

• How to construct ...

• Some sample motions ...

• Notation ... (position vector)

x(t) :=

 x1(t)
x2(t)
x3(t)

 ∈ R3



My Old Transparencies

For a bit of nostalgia .... (from the 1990’s)
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Why is the matrix K symmetric?

Is it just a coincidence? Or is it happening for a reason?



Why is the matrix K symmetric?

Is it just a coincidence? Or is it happening for a reason?

Come back to this later.

And there is some additional significant structure
in the matrix K.

Can you identify it?



CLAIM

The linear 2nd-order system of ODEs x′′ = −Kx with

K =

 a + b −b 0
−b a + 2b −b
0 −b a + b

 and a =
g

`
, b =

k

m

is also a reasonable model for the coupled pendula “toy”.

Note: engineers often refer to K (without the m’s)
as the stiffness matrix.
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Seeing some Eigenvectors?

Now let’s try to excite some eigenvectors! “Eigenmodes”



Seeing some Eigenvectors?

Now let’s try to excite some eigenvectors! “Eigenmodes”

And maybe theory can help guide us to these eigenvectors.



A l l eigenvalues e r e r e e l • 
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Ways to find Eigenvectors

• Guess .... (take advantage of theory)

and “check” .... (physically for normal mode, “Eigenmode”
and/or mathematically by multiplication Kx)



Ways to find Eigenvectors

• Guess .... (take advantage of theory)

and “check” .... (physically for normal mode, “Eigenmode”
and/or mathematically by multiplication Kx)

• Textbook method:

– Find characteristic polynomial for K =

 a + b −b 0
−b a + 2b −b
0 −b a + b


p(λ) = det(λI −K)

= λ3 − (3a + 4b)λ2 + (3a2 + 8ab + 3b2)λ − (a3 + 4a2b + 3ab2)

(Here a = g
` and b = k

m.)

– Roots of p(λ) are the eigenvalues of K.
Find them (as functions of the physical parameters a and b).

– For each root (eigenvalue) λ, solve Kx = λx for an eigenvector x.
(Surprise!? Eigenvectors are independent of the parameters!)



Why K must be symmetric

Short answer: Clairaut’s Thm (from Calc III) “Clairaut counting problem”



Why K must be symmetric

Short answer: Clairaut’s Thm (from Calc III) “Clairaut counting problem”

Longer answer: K is the Hessian matrix Hf of a potential energy function f .

Recall that for f (x, y, z),

Hf :=

 fxx fxy fxzfyx fyy fyz
fzx fzy fzz

 .

Relationships between these 2nd partial derivatives?

**********************************************



Why K must be symmetric

Short answer: Clairaut’s Thm (from Calc III) “Clairaut counting problem”

Longer answer: K is the Hessian matrix Hf of a potential energy function f .

Recall that for f (x, y, z),

Hf :=

 fxx fxy fxzfyx fyy fyz
fzx fzy fzz

 .

Relationships between these 2nd partial derivatives?

**********************************************

More details: Newton’s law

Mx′′ = F = −
(
∇f
)
(x)

= −∇
(
f (0, 0, 0) + ∇f |(0,0,0) · x +

1

2
xT
(
Hf |(0,0,0)

)
x + h.o.t.

)
≈ −

(
Hf |(0,0,0)

)
x = −K x
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Additional Structure of K

Commuting with the matrix S =

 0 0 1
0 1 0
1 0 0

 is the same as centrosymmetry!

Check it out in general, and specifically for

K =

 a + b −b 0
−b a + 2b −b
0 −b a + b

 .



Additional Structure of K

Commuting with the matrix S =

 0 0 1
0 1 0
1 0 0

 is the same as centrosymmetry!

Check it out in general, and specifically for

K =

 a + b −b 0
−b a + 2b −b
0 −b a + b

 .

Consequence: any eigenspace of S is an invariant subspace for K.

With v :=
[
1 0 −1

]T
, span(v) is a 1-dim’l eigenspace of S.

Hence v must be an eigenvector of K, regardless of the values
of the physical parameters a and b, just due to the physical
reflection symmetry of the device.
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The explicit recognition of the importance of group represeutatiou theory in physics 
started very soon after the discovery of quantum mechanics, with the path-breaking 
work of Weyi, Wiguer, and others. In fact, Weyi's classic book of 1928, Gruppentheorie 
und Quantenmechanik, makes instructive and inspiring reading even today. (In his 
book, Weyi adopts the pedagogic strategy of segregating the mathematics and the 
physics into separate chapters. There is much to be said for this strategy, especially 
from the point of view of logical coherence. But it had the unintended effect that 
physicists and mathematicians would read alternate chapters. 1 have taken the risk 
of going to the opposite extreme here, trying to use the physics to motivate the 
mathematics and vice versa, mixing the two.) The uses of group theory in quantum 
mechanics extended from chemistry and spectroscopy in the 1920s and 1930s, to 
nuclear and particle physics in the 1930s and 1940s, and then to high energy physics 
and the discovery of the theory of colored quarks in the 1960s and 1970s. It is this 
story of the interweaving of mathematics and physics that I try to tell in this book. 

It should not be supposed that there was a warm reception in the physics community 
to the introduction of group theoretical methods. In fact, the contrary was true. To get 
a feeling for a typical early reaction, let me quote at length from the autobiography 
of John Slater, who was a leading American physicist and head of the M I T Physics 
Department for many years. The following quotes are taken from pages 60-2 of his 
autobiography: 

It was at this point that Wigner, Hund, Heitier, and Weyi entered the 
picture with their "Gruppenpest": the pest of the group theory.... The 
authors of the "Gruppenpest" wrote papers which were incomprehensible 
to those like me who had not studied group theory, in which they 
applied these theoretical results to the study of the many electron 
problem. The practical consequences appeared to be negligible, but 
everyone felt that to be in the mainstream one had to learn about it. 
Yet there were no good texts from which one could learn group theory. 
It was a frustrating experience, worthy of the name of a pest. 

1 had what I can only describe as a feeling of outrage at the turn 
which the subject had taken.... 

As soon as this [Slater's] paper became known, it was obvious 
that a great many other physicists were as disgusted as 1 had been 
with the group-theoretical approach to the problem. As 1 heard later, 
there were remarks made such as "Slater has slain the 'Gruppenpest'". 
I believe that no other piece of work I have done was so universally 
popular. 

Outrage, disgust, the characterization of group theory as a plague or as a dragon 
to be slain - this is not an atypical physicist's reaction in the 1930s-50s to the 
use of group theory in physics. It is, however, amazing to consider that this auto­
biography was published in 1975, after the major triumphs of group theory in 
elementary particle physics. 
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Can you “DANCE” an Eigenvector?

Are you willing to give it a try?

Molecular Vibrations
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Our Hope

• Now that you have seen 3 eigenvectors and danced
7 more, we hope that some of you will try using this
toy in your own courses.

• Even better, that you will find good ways for students
to work directly with this device (e.g., in small groups,
or even individually at home!), in a more exploratory
and interactive way.

• Many possible extensions can be explored ....

– More balls ... (effect on model, and its predictions)

– Physical experiments ... (use stopwatch to measure
“eigenfrequencies”, and deduce k, `,m, g?)

– Second set of 3 identical balls, but with different mass ...

– Many others ...



Some Resources

Available on the ILAS-Education website:

https://la-education.oucreate.com

• These talk slides

• Annotated handwritten notes of DSM

• H.V. McIntosh (1952) – ?????????????????????????

Matrix Analysis II: Further Introduction and
Some Applications to Physical Problems

(mimeograph book)

• Raf’s video podcast from 5 Apr 2022

“Integrating Applications of Linear Algebra Across the Curriculum”

https://la-education.oucreate.com/monthly-seminar-abstract-for-april-5-2022/
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I f , a s i s t h e c a s e i n p r a c t i c e , b o t h v- a n d a r a s m a l l j The s e c o n d r a d i c a l 

d 
i s a p p r o x i m a t e l y 1 , g i v i n g ^ — 

w h i c h i s t h e g e o m e t r i c mean b e t w e e n t h e r e s i s t a n c e o f t h e jspans a n d t h e r e -

s i s-fcance t o g r o u n d . T o c h o o s e soms n u m b e r s , i f r-.u O.l oiisc, c / 6 " ' ' o;r.m, 

t h e r e s i s t a n c e o f t h e l o n g l i n e w o u l d be a b o u t 3C0 ohms. 
0 

THE COUPLED HARMDHIC O S C I L I A T O R 

T h e e x p a n s i o n o f t h e e l a s t i c c o n s t a n t f o r a \ a b r a t i o n a l p.-oblem f i e c o r d -

i n g t o S y l v e s - t e r ' s t h e o r e m h a s i t s i n t e r p r e t a t i o n i n t e r a s o f l o r m a l n o d e s . 

I f a c e r t a i n d i s p l a c e m e n t i s a n e i g e n v e c t o r f o r t h e e l a s t i c c o . i s - t a n t , t h e 

r e s t o r i n g f o r c e w i l l a l w a y s be o p p o s i t e i n d i r e c t i o n t o t h e d i s p l a c e m e n t , a i id 

p r o p o r t i o n a l t o i t . T h e r e s u l t i n g m o t i o n i s a p a r t i c i i l a i - l y s t a p l e t y p e o f lao-

t i o n s i n c e t h e n a l l t h e p a r t i c l e s w i l l v i b r a t e w i t h s i m p l e h a r m o n i c m o t i o n , a n d 

t h e " s h a p e " o f t h e m o t i o n , so t o s p e a k , w i l l r e m a i n c o n s t a n t a i d o n l y i t s am­

p l i t u d e w i l l v a r y w i t h t i m e , S\xch m o t i o n i s c a l l e d a n o r m a l mode. T h e s i t u a ­

t i o n i s f r e q u e n t l y d e s c r i b e d l y s a y i n g t h e " t i m e i s s e p a r a b l e , ' m e a n i n g t h a n 

t h e s o l u t i o n t o t h e p r o b l e m m i y be w r i t t e n a s a p r o d u c t o f two f a c t o r t x , one 



d e p e n d i n g o n l y u p o n t h e t i m e , a n d t h e o t h e r d e p e n d i n g o n l y upon t h e c o o r d i n a ­

t e s o f t h e p a r t i c l e s . 

T h e d i s p l a c e m e n t s c o r r e s p o n d i n g t o e i g e n v e c t o r s c a n t h e n h e d i s c o v e r e d 

b y n o t i c i n g w h i c h d i s p l a c e m e n t s o f t h e p a r t i c l e s g i v e r i s e t o f o r c e s s i l w a y s 

p u s h i n g b a c k d i r e c t l y a l o n g t h e l i n e o f d i s p l a c e m e n t . As a n e x a m p l e c o n s i d e r 

t h r e e p e n d u l a whose hobs a r e a l l o f t h e mase m a s s , v-. , s n a t h e l e n g t h s , ^ , 

o f whose s u s p e n s i o n s a r e a l l t h e same; b u t w h i c h a r e , h o T T e w r , i n t e r c o n n e c t e d 

b y s p r i n g s o f e l a s t i c c o n s t a n t f< a s i l l u s t r a t e d i n t h e d i a g r a m , C o n s i d e r i n i ; 

V , ,, „itf̂ :T, - r f .T-^ -"^ o n l y p l a n e m o t i o n w i t h s m a l l enough 

a m p l i t u d e t o j u s t i f y t h e a p p r o x i m a t i o n 

fijS^Q t h e f o r c e s a r e : 

y^ l , X . 

E q u a t i n g t h e r e s t o r i n g f a c e s t o t h e i n e r t i a f o r c e r ; , a n d w r i t i n g t h e e q u a ­

t i o n s i n m a t r i x f o r m : 
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i d i i c h h a v e a s t h e i r s o l u t i o n s 

a n d one o b t a i n s t h e p o s i t i o n s o f t h e i n d i v i d u a l p s i i d a l s . an & f i i n c t i o n o f t:Lue 

a c c o r d i n g t o 

The q u a n t i t i e s , li\%y axe c a l l e d n o n a a l coordj.i.atGS, . d i i l s racid.on 

d e s c r i b e d b y j u s t one o f them i s a n o n m i l mode, Tl iere i ; ; . o f c o u r s e , a g e o ­

m e t r i c a l i n t e r p r e t a t i o n o f t h e n o r m a l c o o r d i n a t e a;; p j o j c c t i c n s o f t h e e i g e n ­

v e c t o r s o n t h e c o o r d i n a t e a x e s , b u t s i n c e i h i s d i : T i c i i l t t o s e e t h e c o n n e c ­

t i o n o f s u c h a s p a c e d i r e c t l j ' ' w i t h t h e m o t i o n o f t l i e j i a r b i c l e , t h i s i n t e r p r e ­

t a t i o n d o e s n o t h a v e a d i r e c t p l y s i c a l j o e a m j i g . 

A s l i g h t l y m o d i f i e d p r o b l e m , w h i c h hme-mv h a ; t l i e sac^e e q u a t i o n o f 

m o t i o n a s t h e one d i s c u s s e d c o n s i s t s i n t h r e e i d e n b i o y f i p j n d v i l a hung fron: a 

s t r i n g w h i c h h a s b e e n r a t h e r l o o s e l y sfe.-'etchad bet-T«;ai.- t r j guppoi- ts . The 

c o u p l i n g b e t w e e n t h e p e n d u l a w h i c h s w i A g i n a p l a n -; pcc'pencliculai '* t o t h e s u p ­

p o r t i n g s t r i n g i s p r o v i d e d t h r o u g h t h i s s u p p o r t r a t h e j - t h ' m by t h e c o n n e c t i n g 

s p r i n g s c o n t e m p l a t e d i n t h e p r o b l e m . 

T h e n o r a a l mode o f l o w e s t frequenc;/- h a s t h e 3 I g e i : v e c t o r 
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so tiaat when i t i s e x c i t e d a l l the pendula have the same displacesant of 

ai^'- given time. Thus there i s no force on the supports between pendula, aid 

a l l three swing a s a u n i t . Since there i s no additiors'J. force they gming 

w i t h the frequency that they would have when uncoupl.ac; namely A^-~^ '^/ji 

The second eigenvector i s 

and describes motion i n ivhich t i e center hob i s '<X- T'ert and the othcar t w o 

are d i s p l a c e d oppositely, but by the same a:iiount. fhare i s n c r e s u l t a n t 

force on the center hob, since the influences o f the s i c e hobs c a n c e l , being 

e q u a l , but oppositely d i r e c t e d . Nevertheless the end pendula manage t o e: ':srt 

a force on one another such that one a c t s t o r e t r u ' d the o t h e r . The act io - i i s 

synmietric between the end hobs, and altogethei* t h e c c n d i t i o n i b r an. e i g e n v e c t o r 

i s seen to be f u l f i l l e d . The increased r e s t o r i n g foice on th€̂  end hcbs r a i s e s 

t h e i r frequency from the uncoupled p z-~=fY^i •'-̂  ff;' X h 'Vb-, . 

462.^. 



G 

The t h i r d eigenvector l a 

so t h a t i n t h i s case 'chs two end hobs move together but w i t h the center hcb 

alivays displaced twice as f a r i n the opposite d5.rsctiorj= The frequency of 

t h i s motion i s s t i l l higher than that of the other normal modes due to the 

gi'eater r e t a i n i n g faces exerted due to the coupling, and becomes sTT'/^^^^^ 

Again inspect ion shows -fchat the forces are alvfays opposi-be and proportional 

to the displacements, so t h a t the condition f o r Giganvectors of the e l a s t i c 

constant i s again f l i l f i l l e d . 

The f a c t that the motion i s described i n :̂ei'ms of eigenvectors of the 

e l a s t i c constant shows t h a t motion o r i g i n a l l y s t a r t e d according to one normal 

mode can nveer proceed according to another. A r t h a s r s t r i l d n g example of t h i s 

independence i s afforded by considering the motion r e s u l t i n g after the center 

hob has been d i s p l a c e d and then r e l e a s e d , the end hots s-barting from r e s t . 

T h i s i s r e a d i l y seen to be a combination of motion of the taGpes 1 and 3 , 2 

being absent. T^rpe 2 provides the motion i n which the end hobs move i n op-

posibe d i r e c t i o n , so i t fcllof/s tbiat from these i n i t i a l conditions one v l l l 

never expect to i^e the two end hobs going i n opposite d i r e c t i o n , a c o n c l u ­

s i o n borne out by c a l c u l a t i o n and experiment. Actual ly the center hcb w i l l 
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move w i t h g r a d u a l l y i a c r e a s i a g ; u n p l i t u d e , f i n a l l ; / coming t o r e s t when t h e 

o u t e r h o b s h a v e t a k e n up t h e m o t i o n , w h i c h i n t h o i r t u r n b e g i n t o l o s e 

a m p l i t u d e , s e t t i n g t h e c e n t e r hob t o s w i i : ^ i n g once m o r e , a n d so o n . 

ROW OF TANKS 

Suppose t h e f i r s t t a n k i n a r o w c o n t a i n s a m i x t u r e o f C—g g a l l o n s o f 

l i q u i d A a n d G g a l l o n s o f l i q u i d E . F r o m t i m e 4r - o , l i q u i d A i s pi 

i n t o t h e f i r s t t a n k a t t h e r a t e o f r g a l l o n s p e r m i n u t e a n d a m i x t u i ' e o f A 

a n d B i s t h u s f o r c e d f r o m e a c h t a n k t o t h e n e x t a t t h e same x-ate. A s s u m i n g 

t i i a t t h e t a n k s a r e p e r f e c t l y s t i r r e d , c a l c u l a t e t h e amount o f l i q u i d B i n 

a n y t a n k a s a f u n c t i o n o f t h e t i m e . 

S u c h a p r o b l e m a s t h i s h e l p s t o i l l u s t r a t e t h e n a t u r e o f a d i f f u s i o n 

p r o c e s s . Suppose t h a t C - t ) n=. o , / ^ — d e n o t e s t h e amouat o f l i t ^ u i d B 

i n t h e s u c c e s s i v e t a n k s a t t i m e t . 

I n a t i iJ ie A ^ s e e , 

g a l l o n s o f B f l o w i n t o -tank k, 

w h i l e 

O 
g a l l o n s f l o w o u t . T h e n 

b 
g i v e s t h e c h a n g e o f l i q u i d B i n t h e \< ih t a n k i n p -t s e c . T h u s t h e r a t e o f 

f l o w o f B i s V- / . -x ^ 

a n d s e t t i n g A - i O w i l l g i v e c o r r e c t l y — " e q u a t i o n above i s 

a n d e l e m e n t o f a m a t r i c e o u a t i o n . 


