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FINITE GROWS 

: ) . ^ P - - ( f or 

; froup' arultiplic,.f.:. ^ . 

By d e f i n i n g a n a b s t r a c t g r o u p ore at „.. , .. capture the e s s e n c e of 

m l t i p l i c a t i o n theoxyo Fcr tMe p ;'" vm define; 

A n a b s t r a c t g r o u p ie a c o l l e c t i o n c. 

w h i c h 'there is d e f i n e d s. rule of cc>i!f>osit:t. ̂  . i '.. ,; 

s a t i s f y i n g the following f o u r postuictos; 

1. T h e group t under ;u : t u 

2 . G r o u p mtU.tifddcation ie :u; ; 

3. The p'oup oontulns a l^ifb lu.-,uij.ty 

ij.. E a c h eleiaent ct H e iau-iup i u - u • e 

A n exansple i s the mir"i:c,gra^) consisting of •. .f ', :uii;g t l x matrices 
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since the p r o d u c t of a i y t w o o f t h e s e m a t r i c e s is a g a i n oris of theia, t h i s 

s e t o f m a t r i c e s is c l o s e d . The p r o d u c t s are a s s o c i a t i v e b e c a u s e this is 

a l r e a c y true of m a t r i x p r o d u c t s . J A serves a s fee :".de:iti1̂ 5'. a n d "Ibe f a c t 

t h a t j A o c c u r s once i n e v e r y c o l u m n s h e w s that eacli of these m t a ' i c e s lia.u 

a n inverse w h i c h is a l s o i n the g r o u p . T h u s the grouji p o s t u l a t e s are a l l 

s a t i s f i e d , a n d tliese raatrices actualljr f o r m a g r o u p . 

F r o m those f o u r p o s t u l a t e s m a n y consequsjicos soy 33 d e d a c e d , some of 

w h i c h h a v e a l r e a d y b e e n s h o w n i n d e p e n d e n t l y , fcr m!i-:x:.K uailtipliciition. For 

i n s t a n c e , the p o s t u l a t e s r e q u i r e d only l e f t identitilo;; a n d l e f t i n v e r s e s , 

•Hiere a r e a l s o r i g h t i d e n t i t i e s a n d i n v e r s e s as ws .not; s e e . 

T h e o r e m j ; e a » a ae a 

P r o o f : sa = a p o s t u l a t e i 

(a'*'^a)o - a ''"a postulate k: e ~ a""a 

( -=y> m e a n s " i m p l i e s t h a t " ) 

—1 ~1 
a " (ae) - a "a a s s o c i a t i v i t y 

(a~'^)~'^a"''^"(ae) = (a"'"'")"*\"'^a There is a n (a"""^)"*'" 

(a""'^)"'\'''^/(ae) = i (a""^)~''~a ^ ) a a s s c c i a c t l v i t y 

e a e e a 

a e ~ a 

Q . E . D . 

A s m a y b e s e e n f r o m tliis p r o o f , i n w h i c h e a c h step ha;, b e e n w r i t t e n dcnr. e x ­

p l i c i t l y , m a n y of t h e steps w h i c h one m i g h t h a v e take::; for g r a n t e d , such «s 

c a n c e l l i n g o n b o t h s i d e s o f a n e q u a t i o n , d e p e n d upcr,. the g r o u p p c s t u l a f e s 

b e i n g true in o r d e r t h a t tiiey m a y b e legifcimate. 



T h e o r e m iit T h e i d e n t i t y i s u n i q u e 

P r o o f : S c i ^ ^ 0 5 e >n o+ . Iliev^ 

e as' --oS'' 

cxs'-~os' 

ec c '^h ) e - AO 

e - e 

a. h a s a n inverse a" 

a s s c c i a t i o n 

b y T h e o r e m i 

Theorem H i t C 'a^ - g - • e 

i n v e r s e s . 

P r o o f : 

a tcS' a.) ' 

Q.E.D. 

T h e o r e m i v ; The inverse in imiqi?e: 

<£ a , - g ) 

I l e f t i n v e r s e s era ;:'iglTu 

T h e o r e m i 

p o s t u l a t e h 

T h e o r e m i i i 

p o s t u l a t e I4 
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p o s t u l a t a 2 

h & ^ C e l-heorem i i i 

b ~ (Z Tlie o r e s 3L 

Q . E . D . 

t h i s s h o w s t h a t (a ) s a , since a a ^ e a n d (a ) " e . 

A s w i t h m a t r i c e s , t h e i n v e r s e o f a p r o d u c t of s o v e r a l eleiients is t h e 

p r o d u c t o f t h e i n v e r s e s i n the o p p o s i t e order 

C G^b a — ~) ~' c b ' ' Gu"' 

s i n c e 

— e b"G." G^he ---

A g r o u p w h o s e e l e m e n t s , i n a d d i t i o n t o s a t i s f y i n g t h e p'oup p o s t u l a t e s , a l s o 

o b ^ -£116 c o m m u t a t i v e r u l e i s c a l l e d a n a b e l i a n or a ncBsmitative g r o u p . Thus 

( l b - b a.. 

Such a situiation w i l l b e r e f l e c t e d in t h e symmetry/ o.:" the: g r o u p t a b l e . 

T h e o r d e r of a g r o u p is t h e n u m b e r o f e l e m e n t s in t h e g r o u p . T h u s the 

e x a m p l e w a s i n a g r o u p o f o r d e r 6 . A g r o u p is c a l l e d f i n i t e ii' its order I s 

f i n i t e . 

N o w , t h e p o w e r s of a n e l e m e n t of a f i n i t e g r o u p caniiot a l l be d i f f e r e n t . 

T h u s c o n s i d e r 

o 
a » e 

a - a 

2 
a s= a*a 

= a ( a a ) - (aa)a e t c . 
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A t t h e -mry w o r s t a l l t h e s e pcyi-fers w o u l d b e d i f f e r e n t , so t h a t u p o n c<miing 

t o a^j w h e r e h is the order of t h e g r o u p , a n eleaient m u s t fiaally r e p e a t , 

T h i s r e p e i i t i o n laay v e r y w e l l occur b e f o r e a l l the e l e c B n t s of t h e g r o u p 

h a v e b e e n u s e d u p . L e t the f i r s t p o w e r vrhich r e p e a t s h e u . 

a*^ « k e u ; suppose k o 

..^^ „u-.l k-1 
t h e n a = a 

u - ' 
c o n t r a r y t o t h e h y p o t h e s i s , a n d k ~ o , a e , a a " ^ * T h u s the f i r s t 

r e p i t i t i o n m s t b e w i t h the i d e n t i t y . T h i s n u m b e r v. L i e d t h e o r d e r of 

the e l e m e n t . T h e c o l l e c t i o n of e l e m e n t s 

f 2 u-1) 
^ s , a , a , »,., a > 

i s c a l l e d the p e r i o d of a . 

N o w t h e p e r i o d of a n elensant s a t i s f i e s a l l the g r o u p posstulates, so 

t h a t i t i s a g a i n a g r o u p . S u c h a c o l l e c t i o n of e l e m e n t s of s. g r o u p ? A i c h 

t h e m s e l v e s f o r m a gxHJup i s cal3.ed a s u b g r o u p . FurtiieMioro, s. g r o u p corisist­

i n g o f the p o w e r s o f a c e r t a i n elersenb alone i s cal'ied G. cycli.c group,* so t h a t 

the p e r i o d of a n e l e m e n t i s a cyc3.ic s u b g r o u p of the oidginaj g r o u p , A c y ­

c l i c g r o u p i s necessai'ily a b e l i a n , since -blie a s s o c i a t i v e ruls aiay b s i n v o k s d 

to show 

1 m m l 1-i-m 

• a a - a a ~ & * 

a s w i t h i n t e g e r s , m a t r i x p o w e r s , e t c . 

I t w a s seen u p o n i n s p e c t i o n of t h e g r o u p t a b l e of the esaB-iple tlist e a c h 

e l e m e n t o c c u r e d J u s t once in e a c h r o w a n d colrnu?,. T h a t t h i s m u s t neces-r -•' I- • 

b e true g e n e r a l l y m a y b e seen q u i t e e a s i l y . T h e p r o o f g i m n here fcr a 

r o w h o l d s for a c o l u m n b y c h a n g i n g the o r d e r s o:i m u l t i p l i c a t i o n in t h e p r o o f . 
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S u p p o s e t h a t a n e l o M s n t occiirred -iwrice in a c e r t a i n ronr. T h i s w o u l d nsean 

t h a t b o t h 

/ s « f 

w h e r e f i s the r e p e a t e d elexasnt in the A r o w . If this wert^ true, ;B.ultip!lj' 

ft —1 

b y / a n d see t h a t 

s « t 

w h i c h i s i m p o s s i b l e since s a n d t are s u p p o s e d l y disti act g r o u p eleHsiits. 

O n t h e o t h e r h a n d t h e e l e m e n t m u s t o c c u r o n c e , -i " d i i not occur 

i n the . A r o i r a t a l l } bttt/^~^f i s a n eleioent of roup so that the p r o d u c t 

J (/f"'^f) » f m u s t o c c u r in -'Cae^ -vom. 

T h i s h a s a n i m p o r t a n t c o n s e q u e n c e that, if one has w r i t t e n a s u m s.s 

w h e r e a c e r t a i n s e t of q u a n t i t i e s h a s b e e n i n d e x e d , no': b y integers , a s is 

caramon, b u t b y g r o u p e l e m e n t s , a n d one s u m m a n d t a k e n f o r each g r o u p elemsnt-

t h e sum m a ^ b e r e w r i t t e n i n one of t w o w a y s . 

A ' 

O n e m e t h o d of p a r t i t i o n i n g a g r o u p i n t o smaller u n i t s c o n s i s t s in di-vid-

ing i t u p i n t o s u b g r o u p s . E a c h e l e n s n t sits in a t lea;?t one s u b g r o u p , since its 

p e r i o d i s a s u b g r o u p . H o w e v e r , a n e l e m e n t m a y sit i n s e v e r s ! s u b g r o u p s , ejid 

m e a n s "a is a n e l e m e n t o f © i " 

-t CL L m e a n s "a is a n e l e m e n t o r 
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e a c h s u b g r o u p c e r t a i n l v c o n t a i n s t h e i d e n ­

t i t y . 

T h e s u b g r o u p s cf the e x a m p l e w e h a v e 

b e e n u s i n g are diagraimned a t t h e r i g h t , a:; 

m a y he v e r i f i e d hj c h e c k i n g their m u l t i p l i ­

c a t i o n t a b l e . 

A s o m e t i m e s m o r e u s e f u l p a r t i t i o n i n g o f a g r o u p is tJia p a r t i t i o n i n g into 

e q u i v a l e n c e c l a s s e s . T w o e l e m e n t s a r e "equivalent'- wher there stands between 

t h e m a r e l a t i o n R -wLth the p r o p e r t i e s 

1) CL.(?«0 

2) L L r ? V > ^ b t ? a . 

(reflexive las?) 

( ^ m m e t r i c l a w ) 

(transitive l a w ) 

Ordirjaiy equali-ty i s such a r e l a t i o n , a n d in f a c t , e q u i v a l e n c e m a y b e c o n s i i e r e d 

a s o r t of g e n e r a l i z e d e q u a l i t y . The a d v a n t a g e of a n e q u i v a l e n c e r e l a t i c n i s 

t h a t i t p a r t i t i o n s the g r o u p into n o n - o v e r l a p p i n g s u b d i v i s i o n s , w h i c h are 

c a l l e d e q u i v a l e n c e c l a s s e s . A l l e l e m e n t s e q u i v a l e n t to a c e r t a i n e l e a e n t s i t 

in its e q u i v a l e n c e c l a s s . 

E a c h e l e m e n t s i t s i n s o m e e q u i v a l e n c e c l a s s , f or by the I'sflective property 

i t sits in its o w n e q u i v a l e n c e c l a s s . F u r t h e r m o r e if tTfc c l a s s e s h a v e an 

e l e m e n t in c o m m o n t h e y c o i n c i d e . F o r let S t H > the c l a s s dsterariaed b y b . 

a n d fi-c/f > the c l a s s d e t e r m i n e d b y c . T h e n 

CO r ? , 

Tpy t h e symmetric l a w , ci^<?., a n d b y the t r a n s i t i v e l a w , since c R c. ̂  |^ \

c sits in the e q u i v a l e n c e c l a s s of b . T h e n by the transitive l a w , 

a l l the e l e m t n s o f a r e e l e K ® a t s of I'fĵ  , 
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F o r e x a m p l e , a g r o u p m y b e p a r t i t i o n e d i n t o c o s e t s of a s u b g r o u p . If 

^ la s. s u b g r o u p o f ^ , c o n f e n i n g t h e e l e m e n t s h„ « e j ^ / , A -

t h e n the / e l e m e n t s / ^ { ^ . . ^ ^ ^ ^ ^ ^ _ . ..̂  | 

a r e c a l l e d a l e f t c o s e t of / . I t is ^Tidbolized hj^ /, 

I i ^ m u l t i p l i e s t h e e l e m e n t s of ^ o n t h e r i g h t , the c o s e t i s a r i g h t c 

c a l l e d , 

A ^ - ^ , f , - / l * j 

H o w , the l e f t c o s e t s , sscy, f o r m e q u i v a l e n c e c l a s s e s in t h e g r o u p s , a s d o the 

r i g h t c o s e t s . T o show this for l e f t c o s e t s , l e t ti/fh?lie5i a sits i n the cosel 

d e f i n e d b y b , i.e., C,.-^'t> kl / ^ 

h c Z-^l : a. 

' " u 

-cAj 'Ac -ckn 

1 

' G.i?G. 

Co - c n . J c 'cniQ. 

C o n s i d e r i n g a g a i n tlje exaa?)le,;tet ^ - \ , /\ /3 } 

Q . E . B , 

1 

P>^= f ^ 3 . J / ] : ^ / 

f ( ? , c D | - e / 

F 
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E a c h c o s e t ottff c o n t a i n s the same n u m b e r o f e l e m e n t s , nassuly t h e n u m b e r o f 

e l e m e n t s i n t h e g r o u p . If (S^'has g elenjents a.nd(^ ̂  h , the c o i ^ t s s x h a u s t 

^ b y l ^ e r s s o t h a t if there a r e n c o s e t s 

n h ~ g 

a n d , f o r f i n i t e g r o u p s the o r d e r o f the s u b g r o u p m u s t b e a divisor of t h e 

o r d e r o f the g r o u p . T h e n u m b e r n is c a l l e d the indeji of ifie siil)group. I t 

a l s o f o l l o w s t h a t since the p e r i o d of an e l e m D n t is a s u b g r o u p , its i n d e x 

m u s t d i v i d e t h e o r d e r o f the g r o u p , a n d h e n c e the order of a n e l e m e n t unist 

divide the order o f the g r o u p . 

In p a r t i c u l a r , 

a ^ » e (where q d i i d d e s <j the order of the g r o u p ) 

if one h a s a m a t r i x g r o u p undei* c o n s i d e r a t i o n , 

AJ 
a n d e i g e n v a l v B S o f A Hiust s a t i s f y 

m --i 

t h e e l e m e n t s o f a f i n i t e g r o u p a r e t h e n , i n a r a t h e r g e n e r a l s s n s e , r o o t s 

of u n i t y . 

O b v i o u s l y a g r o u p of p r i m e o r d e r h a s o n l y the t r i v i a l £ifDig.uoups, c o n ­

s i s t i n g o f the i d e n t i t y a l o n e , a n d the e n t i r e g r o u p . H e n c e i t ifsust b e cyclic , 

c o n s i s t i n g o f t h e p o w e r s of one of tlie e l e m e n t s other iiian e . 

A n o t h e r e q u i v a l e n c e r e l a t i o n v^hich m a y b e f o r m e d in a g r o u p c o n s i s t s i n 

l e t t i n g < t ^ ^ m e a n ci t^-^''b ^ ^ " ^^^^ ^'^ e l e m e n t , a , is called 

" c o n j u g a t e " t o b . T h e p r o o f t h a t t h i s i s a n e q u i v a l e n c e r e l a t i o n i s a s f o l l o w s 
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bu 

Vj ^ y «^ 

/r"7^r 

7 ' ' 

d. 

Q . E . D . 

T h e e q u i v a l e n c e c l a s s e s in -this c a s e a r e just c a l l e d c l a s s e s . 

T h e g r o u p i d e n t i t y sits l a a c l a s s b y itself. If -the grcwp is a b e l i a n , 

e a c h e l e m e n t i s i n a c l a s s b y i t s e l f , since i n the f i r s t case i7~<? <it:. t 

(J ^ ^' 

i n t h e second io-'^j,-v, Ti. « "'*.» ^ cl •> c l a s s , other t h a n t h a t c o n t a i n i n g e , 

m a y b e a s u b g r o u p , since t h e y a l l l a c k e . 

T h e c l a s s e s o f tlie esanf 3.e are s h o w n a t t h e 

l e f t . 

R ' A p - I T 

D ' ' A O - 0 

, L 

y - A'' CA-'O 
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In t h e c a s e o f m t r i x g r o u p , the c l a s s e s asa a l l d i s t i n g u i s h e d liy h a v i n g 

the same t r a c e , since 

A (f"AP)-A 
A l s o t h e e l e m e n t s of a c l a s s a l l h a v e the same o r d e r . If 

A c o l l e c t i o n of e l e m e n t s f r o m a g r o u p , withoixt e s p e c i a l r e f e r e n c e to a i y 

p r o p e r t y -which t h e y m a y p o s s e s s , i s c a l l e d a c o m p l e x . T h e r e is a s o r t of 

c o m p l e x a l e g b r a , w h i c h f o r m s a c o n v e n i e n t n o t a t i o n for SOKS .;' liS m a n i p u l a ­

t i o n s w h i c h o n e m a y p e r f o r m u p o n a c o m p l e x . 

L e t e b e a c o m p l e x ) f , g , n , p j . is m s a n t the c o m p l e x 

^ a f , a g , s h , s p | , a n d cor-responding2y(?A = [ f s , g a , p a ^ . Froia ar.s 

i t i s a p p a r e n t t h a t t ( s e ) - (ts) since in e i t h e r e v e n t the e3.e!mits of q 

a r e m u l t i p l i e d b y t s . 

If C i s a s u b g r o u p , s C is a l e f t c o s e t . a s b e f o r e . F u r t h e r m o r e , if 

hi, C ^ Q ' <2, * " ^ ^ c h h a s alreacjy b e e n s h e w n . 

"By t h e p r o d u c t of two consplexes if one s^ans the c o m p l e x c o n t a i n i n g 0.13. 

the p r o d u c t s o f some e l e m e n t f r o m a s a p r e f a c t o r a n d some e l e m e a t fi'om 

a s a p r e s e n t f a c t o r . T h u s if 

^ ^ C f 7 ^ 7 A - f \> S S , - - . ^ ] 

A s w a s s h o w n b e f o r e , i f € is a g r o u p , g - A • ^ ^ 

A s u b g r o u p w h o s e l e f t c o s e t s c o i n c i d e w i t h its r i g h t cosets is called a 

n o r m a l d i v i s o r . T h u s , f o r each 

In t h i s case 
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H o w , s e p a r a t e s / ? i n t o c l a s s e s , so that a n o i m a l d i v i s o r m u s t c o n t a i n a n 

i n t e g r a l nuitfljer o f c l a s s e s . T h i s i s b o r n e o u t b y the e s a m p l o w e h a v e b e e n 

c o n s i d e r i n g . T h e s u b g r o u p s are e n c l o s e d 

i n the b l a c k l i n e ; t h e c l a s s e s b y a r e d 

l i n e . Fi'om this i t a p p e a r s t h a t / / / i . B j 

i s a n o r m a l d i v i s o r of the g r o u p , a c o n c l u ­

s i o n b o r n e b u t b y c a l c u l a t i o n . I n a d d i t i o n 

there a r e t w o ether t r i v i a l norrnal d i v i s o r s , 

the s u b g r o u p c o n t a i n i n g o n l y the i d e n t i t y , a n d the w h o l e g r o u p i t s e l f . 

A g r o u p h a v i n g n o o t h e r n<3rmal d i v i s o r t h a n the t r i v i a l ones is c a l l e d 

s i m p l e . A p p a r e n t l y a l l g r o u p s o f priBie order a r e s i m p l e . 

The r e a s o n t h a t the n o r m a l d i v i s o r s of a g r o u p a r e iirportant is t h a t 

t h e i r c o s e t s f o r m a g r o u p u n d e r c o m p l e x m u l t i p l i c a t i o n , a n d t h a t this g r o u p , 

c a l l e d the f a c t o r g r o u p , a n d d e s i g n e d b y uPj / ^ l h a s c e r t a i n importfint 

p r o p e r t i e s . 

T h a t the c o s e t s f o r m a g r o u p m a y b e readily s e e n . The p r o d u c t of t w o 

such c o s e t s is a g a i n a c o s e t , since 

( / ^ A / ? } A 9 i ; ^ ) r / ^ ) 

' ^ v y = 7 A ^ ^ 
a n d t h e c o s e t m u l t i p l i c a t i o n i s c l o s e d . It is a s s o c i a t i v e since the m u l t i p l i ­

c a t i o n o f the elerasnts t h e m s e l v e s has this p r o p e r - ^ . T h e c o s e t w i t h e is the 

i d e n t i t y . 

"128" 



w h i l e tlie i n v e r s e of g the c o s e t f o r m e d b y f~ ^ ^ since 

a n d a l l the g r o u p p o s t u l a t e s h a v e b e e n v e r i f i e d . 

I t w a s c l a i m e d i n the b e g i n n i n g that a g r o u p w a s a c o n c e p t so d e f i n e d 

a s t o c a p u t r e t h e e s s e n c e o f m u l t i p l i c a t i o n , m t h o u t specific r e f e r e n c e t o 

the n a t u r e o f the q u a n t i t i e s b e i n g d i s c u s s e d o t h e r t h a n their m u l t i p l i c a t i v e 

p r o p e r t i e s . T h u s i t m a y h a p p e n t h a t m a n y c o n e r o t e o b j e c t s b e h a v e as do the 

e l e m e n t s of a c e r t a i n g r o u p . T h i s c a u s e s one to attemp't to identifj'- the 

v a r i o u s e l e n ^ n t s w i t h one a n o t h e r . Such a n i d e n t i f i c a t i o n i c uaually c a l l e d 

a m a p p i n g . T h e m a p p i n g i s t o b e m a d e i n such a w a y t h a t it p r e s e r v e s m u l t i p l i ­

c a t i o n . T h u s if one h a s a m a p p i n g a - j a^, b — l A , e t c . , i t i s r e q u i r e d 

t h a t 

such a m a p p i n g i s c a l l e d an h o m o r p h i s m , a n d m p l i s s , in s sense, t h a t one 

r e a l l y is c a l l i n g the same t h i n g b y a d i f f e r e n t name, ir; e x h i b i t i n g two homor • 

p h i c g r o u p s . 

I t is r e a d i l y s e e n -that the i m a g e of -fche i d e n t i t y u n d e r s.n hoisorphism 

is a i K w i d e n t i t y since 

s ( e a ) ^ = e V 

a n d t h a t i n v e r s e s g o over ±nto i n v e r s e s , since 

1 , -1 a -1 1 / i x - i 1 
e » (a a ) = a a = (a } a 

the a s s o c i a t i v e l a w is a l s o p r e s e r v e d , s i n c e m u l t i p l i c a t i o n , i s , as w e l l a s 

c l o s u r e . H e n c e the h o m o r p h i c iuage of a g r o u p i s a l s o a grouij, w h i c h i s not, 

s u r p r i s i n g since homorphisia w a s s p e c i f i c a l l y d e s i g n e d to give such a r e l a ­

t i o n s h i p . 

T h e m a p p i n g m a y or m a y n o t b e one t o o n e . Thus to each g r o u p elemeat 
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t h e r e m a y b e a s s o c i a t e d one o r m o r e e l e m e n t s of the n e w group.. I n the s p e c i a l 

c a s e t h a t t h e r e i s b u t one image the m a p p i n g i s r e v e r s i b l e , Snexi one s p e a k s 

of i s o m o r p h i s m . 

T h e i m p o r t a n c e of t h e f a c t o r g r o u p l i e s i n the f a c t t h a t if a g r o u p is 

h o m o r p h i c t o a n o t h e r , the o t h e r m u s t b e ismorphic to o n e of its f a c t o r 

g r o u p s . If t h e y a r e isom o r p h i c a s it s t a n d s , tlie f a c t o r group m u s t b e fee 

f a c t o r g r o u p o f t h e s u b g r o u p c o n t a i n i n g o n l y t h e i d e n t i i y . C o n s i d e r t h e e l e ­

m e n t s of the g r o u p w h i c h go over into t h e iden t i t y of fee n e w g r o u p / . 

Th e u n i t s u r e l y h a s t h i s p r o p e r t y a s w e l l a s c e r t a i n other e l a m s n t s , sayc?,. 

c a l l t h i s c o m p l e x ^ , £ is s u r e l y a g r o u p , since e~Fe. - Q i e,' * e 

(J ^ 
the p r o d u c t of two e l e m e n t s s e n t i n t o t h e u n i t i s a l s o sent la to t h e u n i t , 

a n d ^ - i s c l o s e d . T h e e l e m e n t s of ^ i n h e r i t the a s s o c i a t i v e l a w f r o m 6^' : 

Si n c e e it c o n t a i n s a u n i t a n d since e~)-f^''' = J i t contciir.s 
o 

i n v e r s e s . T h e r e f o r e i s a g r o u p , a s u b g r o u p of I t is a l s o a n o r m a l 

d i v i s o r , s i n c e ^ ' ^ ^ c o n t a i n s e l e m e n t s ^X w h i c h a r e imaged i n t o ^ ' ^ e / ^ 

? " ' ^ ( f ' - ^ so that <! 

N o w i f J —f J 3 so does ^ C since j - • i'hus e a c h olenient 

of t h e c o s e t s of ^ i s m a p p e d i n t o a sin g l e image eleinsnt. B u t there cosets 

a r e J u s t t h e e l e m e n t s o f the f a c t o r g r o u p , so feat the factor g r o u p / ^ % 

is isomorirfiic to C ^ a s m a y b e v e r i f i e d b y w r i t i n g d o w n the m a p p i n g , 'Ihis 

m a y b e d i a g r a m m e d : 

C 
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T o i l l u s t r a t e tliese t h i n g s c o n s i d e r a g a i n t h e e x a m p l e -sre h a v e b e e n u s i n g . 

A l t h o u g h i t w a s i n t r o d u c e d a s a p u r e m a t r i x g r o u p , i t i s i s o m o r p h i c to the 

g r o u p o f s y n m e t r i e s of a n e q u i l a t e r a l t r i a b g l e . 

J S 

i d e n t i t y 120 r o t a t i o n "120" r o t a t i o n 

m i r r o r r e f l e c t i o n m i r r o r r e f l e c t i o n m i r r o r I'eflection 

T h i s m a y b e s e e n \sy d r a w i n g a triangle i n s p a c e a n d o b s e r v i n g t h a t the 

m a t r i c e s , opei-ating u p o n 

i n t h e d i a g r a m abov©. 

a f f e c t i t a s 

T h e s u b g r o u p s a r e the whoj.e groupi the identity; the -fcliree rotetions 

of 0°, 120°, 2ij.0°; a n d the v a r i o u s r e f l e c t i o n s i n the symxnetay a x e s . The 

r e f l e c t i o n s a r e of o r d e r t w o , since the square of a r e f l e c t i o n , i.e., a 

r e f l e c t i o n a p p l i e d t w i c e , g i v e s the i d e n t i t y , w h i l e the r o t a t i o n s are of order 

3> s i n c e 3 120° r o t a t i o n s in e i t h e r d i r e c t i o n are r e q u i r e d to b ring the 

f i g u r e b a c k to the o r i g i n a l p o s i t i o n . 

The c l a s s e s h o w e v e r r e p r e s e n t s y m m e t r i e s which m a y b e transformed into 

one a n o t h e r o p e r a t i o n s e n t i r e l y w i t h i n the g r o u p i t s e l f , i t b e i n g r e c a l l e d 

t h a t i t t a k e s two m a t r i c e s t o transfoxmi a n o t h e r , b y taking P AlP The 

u n i t of c o u r s e i s t r a n s f o r m e d i n t o i t s e l f i n tliis way, since the u n i t matrix 

is t h e same i n each c o o r d i n a t e s y s t e m . T h e v a r i o u s r e f l e c t i v e s y m m a t r i a s 
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are g o t t e n f r o m e a c h other b y 1 2 0° r o t a t i o n s o r by the ideni:.ity ti'ansforma-

t i o n , s i n c e one laerely r o t a t e s t h e symaetvy p l a n e . T h i s g i v e s clearly feo 

c l a s s f Cg D , F | . O n the other h a n d , the t w o n o n zero r o t a t i o n s go oirer into 

e a c h o t h e r , e v e n u n d e r r e f l e c t i o n s in t h e v a r i o u s p l a n e s , so;that { A , 3 ] is 

a n o t h e r c l a s s . 

The n o r m a l d i v i s o r i s t h e s u b g r o u p o f the r o t a t i o n s . 

If one t a k e s t h e d e t e r m i n a n t of each of -the matrices, he obtains an 

h o l o m o r p h i c i m a g e of t h e factor g r o u p 

!jr) -/ i d 'I 

If3/-.| I / - ' / . - / 

so t h a t ^ / / ^ f/ - I ] * "^-^^ ̂ ® a p p a r e n t l y t h e sep a r a t i o n o f the syminetry 

g r o u p i n t o the r o t a t i o n s a n d t h e r e f l e c t i o n s w i t h the multiplication table. 

r o t a t i o n 1 refiectioa 

I-
r o t a t i o n 

r e f l e c t i o n 

r o t a t i o n | r e f l e c t i o n 

r e f l e c t i o n I r o t a t i o n 

T h e o t h e r t w o f a c t o r g r o u p s a r e the g r o u p i t s e l f ^ [ji- i '̂̂ '̂  ^ \ A 

I t s e e m s t h a t the n a m e " f a c t o r " g r o u p c o m e s f r o m some idea of h a v i n g "divided 

o u t " the n o r m a l g r o u p f r o m t h e r e s t of the g r o u p , l e a v i n g the c o s e t s behind-

G R O U P R E I R E S E N T A T I 0 K 5 

T h e p u r p o s e of i n t r o d u c i n g some o f the t h e o r y of g r o u p s h a s b e e n t h a t :.f 

a s e t of m a t r i c e s i s i s o m o r p h i c to soma g r o u p , it w i l l b e possible to deduce 

f u r t h e r i n f o r m a t i o n c o n c e r n i n g the m a t r i c e s b y a p p l y i n g soma o f the co n c e p t s 

of g r o u p t h e o r y . 

A s e t of m a t r i c e s i s o m o n ^ h l c t o a c e r t a i n g r o u p is called a !ratr:lx: 

r e p r e s e n t a t i o n of t h e g r o u p . If the i s o m o r p h i s m is a c t u a l l y a h o l o m o r p h i s m . 
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and to each group element there belongs a separate matrix, the representation 

i s called fai-Uifulo I f the isomorphism i s multiple valvsd, then the repre­

sentation must be a faithful representation of a factor group of (Pi . 

O 
Now, by the group postulates, the matrices i n question must be square 

and non-singular, that clnsurs and the presence of inverses hold, likewise 

the unit matrix must be present i n iiiQ representation, Since the Mtr icss 

are square i t i s possible to speak of the dimensionalily of the representa­

tion with respect to the order of the rae.t2'ices i n questioa. 

Two representations of a group which differ.' only by a simlari-i^'- trans­

formation are called equivalent, 

A representation i s called irreducible i f i t i s impossible to paj-tiaUy 

diagonalize a l l the matrices of the rapresentatioh simult3.neousl?t. Other­

wise tiie representation i s called i-educible. 

By the previous consideration of isomorphisms, appears that the matrix 

representing the iden-iy must be the unit matrix, and that the representa­

tions of inverse elements are inverse matrices. 

Let the matrices i n question be indexed b-̂ - their group elements. Then 

Each matrix representation i s equivalent to a representation with unitary 

matrices. For l e t 

since H i s hermitean, dfagonalize i t by S, a unitary matrix:. 

S'' H ^ - ^ 
Now, H i s positive definite, so that a l l i t s ei^nvalues ai"e positive. This 

one can form 
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by taking the positive square roots of the elgenTC.lues. Then 

then y\5 TPCg) S A'^ w i l l be the desired unitary mata-ix. 

This i s true since ^ 

Thus 5 A \s the representation. The proof of this theorem i s cer ­

tainly not obvious intuiti vely'-, although i t i s not contradicted by the remark 

previously mde that the absolute values of a matrices vhich Eire elements of a 

finite group are 1 , a fact also true of unitary matrices. 

I t was ^own that two matrices comnaite only when they have a r̂ et of coin­

cident eigenvectors, in which case they could be simulteaieously diagonalised. 

Now, i n a group of irreducible matrices not only can the matrices not a l l be 

diagonalized, thqy cannot even be part ia l ly diaponalised. This means that 

their eigenvectors must certainly present a formidable array, and that only -fche 

unit matrix or i t s scalar multiples may comnaite with a l l of them. The proof 

follows the l ines of the coiroriu-fcability proof. Assume that the representation 
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i s irreducible and has been brought to the unitaiy^ for-rii. Suppose there were 

a loatrix Al such that 

]DCc) /'^ - • 

then also p T I j * - = WU)^ 

or, since i s unitary 

and the hernjitean conjugate of M consnutes with a l l tha'I^J=. Then so does 

lUllU. sxkd — - • - I / - , the hermitean and antilierailean parts of /'! , resri ' f ly. 

Thus i t suffices to prove the proposition for a hermi-tean Eiatrix M. The ad­

vantage of choosing a hermitean matrix i s that i t my be diagonalissd, say 

by T. 

A - T - ' / V T -

Consider now the matrices 

which must commute with A , since i f 

i (CL) A AfLCA 

writing this out elementwis© 

^ . ^ , . 0 . ) X , X , , c ^ y -A^Ar(A 

X. A 4 s f - > --A£,dA 3 * ^ ^ 

now 

i f 

<2.,r 
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also, i ^ (a) 

so that i f one eigenvalue, say A c , ?jer8 to differ from the res t , the 

row and column would be zero save for , for a l l <^ and the 

matrices w i l l be part ia l ly diagonalized, hence reducible, contrary to hyjic-

thesis . Thus a l l the A s are equal, N i s a multiple of the unit matrix. 

Q.E,,D. 

The same propositi cm i s true for representations of different dimension­

a l i t y j namely, 

Schur's Lemma; Let there be two representations 2-̂  C-^)} and d=.)iof 

the same group which are irreducible and l e t -there be such a satr ix A-/ , tiiat 

with J = dimension of P*" and J)z ~ dlBiension of . Then for .J J J -

Ai^lP . Tor J,--r[^ either =. (0 or i s a matrix with non-vanishing deter 

minant and the two representations are equivalent. Again, prepare the represen­

tations by bringing them to unitary form. 

1 ^ " ' / ^ S S ' ' ID''L) s ^ r< ~ ' a / S A 

aixi consider r^"/H5in place of A / , together with the two representations :la 

unitary form. Thus i t w i l l do no harm to take tiiem as being already in that 

form. 
MID Uc) TD'^Jd /i 

preraultiplying l ) by /T*'. postiitiltiplying 2) by M 
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noticing that the name of the durany variable is uaiHP^cr-tant. 

so that commutes •with a l l the matrices cf tJie raoresentation ( l ) I t 

thus satisfies a l l the conditions of the last preposition, and 

Now, whenî A-I'-e > either a>0 , whence .'̂ •••Cfthe condition in c^es-

tion being that -the hermitean length of each of the coj-umns of At i s zerco, a 

condition which is fulfilled only i f each column is identically sero. Other-

wiseVZ*^* I (\{ ^ O , and Aj possesses an inverse, whereupon 

and the two represen-fcations are equi-valent. 

For Jl ^ J A1 i s a non-square matrix with 

and M n^yUjr 

as may be seen by eliminating ir)^'la) rather thanlO ^ ixcM& 1) and 2) of the 

last page. Now, one of the pair, i s a column of shor-b rows i f A 1 i s 

not square. Say i t i s tA > Tor the sake of argument. I t -was proven that 

I ^ A^ I gave the square of the volume enclosed by the rows of A 1 . Sii-ico 

there are more rows -than the diirensionality of the space tiiis irolume must be 

aCpro, since the figure i s by necessi-ty f lat. This was not shovm of f / i ^ l , 

but -fche proof can be readily extended to include a sort of "hermitean volume". 

Thus , say; hence X"*- ^ t and hy a previous argument 

H - ( P 

Q.E.D. 

With the aid of these propositions cer-tain oirthogonality relations may 
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be deduced for the elements of the mtr ices of an irreducible repressatiation. 

Witli this object i n view we notice that 

^ ID^'^CA q j o n . ) 
- 1 

•with ^ an arbitrary laa^trix *conformable w i t h l P CCL ) and'TO '̂ ̂  f c : . ) i s such a 

matrix as con^bemplated i n Schur's lenmsa. 

C 0 X 0 

- D ^ D ^ A ^ ' A-<^) ^ S f •̂  

pr -iTN —-.fv) 

this means that either •the dimensionality of t\ " aadlfj) are the same, and 

/M or the dimensionalities are different, and /A ~ O 

Cû <J J - Jo I i - ^ . A-
This i s true for each Q of •fche right order, so take ZOAl^^ j - 0 litre^0 [ Q 1 

.| l^-'^'^X.i^i^i0d'ltt 
I t the ID ^ have been brought •fco •the unitary form, this reads 

0 - i:0dj],^.r0%ij. 
I n ei-ther case i f one Xiiiagines a -vBctor space i n which the coordinates 

have been named after group elements, those rela^tions require certain •vec­

tors i n "group space" to be joerpendicular. These vectors are corresponding 

elements of the matrices of representation belonging to different group ele­

ments c 

From the ô ther proposition; that the matrix -which comaia-tes -with each 

element of an irreducible re}3resen-bation i s a multiple of the unit matrix 
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follows another orthogonality relat ion. Namely, each a matrix i s 

2 . - i D '% . ) qp< 'V . ) - ' 

T > ' A . t A l 0-'y0'\^, since 

^ I 
G.t 

1 

thus 

•where again we may set r~r "\ T C 

c . ) 

where X^v^has been so indexed since the constant i n question majr versr well 

depend upon which E Q ̂  we set equal to j , , 

to evaluate A j set , 

a. 
sum. 

^ i s the dimension of the representation, ^ i s the ordej^f the groxip. I f pf i s the dimension of the repre 

th i s gives 

This gives 
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\ ^, ^ 1 , . 2 . i; ̂ 2 "k. )3 r ; r )^x.- ; •]., , 

which, i f the 3*opresentation i s unitary, aisy be -T i t ten 

'i ^^^x% ^^"^0^0A<0j 
This and the preceding formula -my be coiziiined. Suppose tiiat there are 

several irreducible representations of a group, li) ^ 'of ovdBV A^ ', -•O'' '^ 

of order , 0)^"^of o r d e r . Suppot® .fm-thermore tliat they 

have been brought to the unitary fornio Then 

^ d'Pdh.A"' A^Ay\f: 
There are j u s t ^ / t-T'z "P different matrix eleEiants with iHiiilch 

to form such vectors, but no more than <i -"/ectors may stand mutially pei'pen-

dicular i n group space. Thus .A, — r I jan be no greater than Q , thes-eby 

l imiting the possible din®nsionalities of irreducible representations. 

The traces of the matrices of a representation gives the quantities Imown 

as gx'oup characters. The set of 

i s called the character of the 

0 1 a representation gives tne quantities imown 

f numbers [% % Z _ _ / V \ 
r-^c g) ^ 0 

represantationlliJ C-s.; ;• , where 

0 7'(.}= y f T D ' ^ ' c ; 7 
T P V ^ f . J 

As we have already seen, the trace of each matrix of a class i s tlie same, so 

that the character of a class contains just the one COEHOH trace. Furthermore, 

since traces are invarient under ssjsi larity transformation, tiie characters 
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of equivalent representations are the same. 

There i s an orthogonality relations for the traces just as there I s for 

the matrix elements. Namel̂ ', sines 

g i0iUl,, uo0id%,- r^A^^{ 

^y " 1 2 ^ ii 
^ ^ ' 7 / A (L 

- j J J 

Suppose one now sums over clarsses, weighting each trace by the number of 

group elements i n that c lass , 

2: Je ' ^ ^-'^^ --• 1 ^̂ 1 1 

however, now there are only ^il^. summaads, i f there are classes in y-t 
P J that there are now at jaos0~^ different sets of class ciiaracters possible. 

Since a l l equivalent representations have the sane character, i t folloirj-s 

that there are no more than different irreducible represen-tations. 

An interesting consequence of this i s that, 7?ith an abelian group of 

different irreducible r e j -

. so 

order «̂  there are ^ classes. Thus there are 

resentations; but from the lavSt orthogonality relat ion, A; •^t.''' ^ " J 

hence , and a l l the irreducible representations are one dimen­

sional. But this corresponds to the fact that a l l the matrices of the re:>" 

resen-bation commxte, tence can be simultaneously diagonalized, rri-ih / H 1 

matrices or numbers i n their diagonals. 

-11̂ 1-



These orthogonality relations for the character of i , malty en­

ables one to part ia l ly diagonaliEe a glmn repi-eS'sntation as far as possible. 

This provides a sort of canonical form for reprssentations, just as t!ie 

diagonal form i s a canonical form for individual matrices, 

of the representation mav be "oi'ought to the fojty of satep mtr i ces . 

p i f i 

Now, the trace of such a matrliE i s surely the sum of the traces of the sub-

matrices, and i s invaidant under a s imilarity transforasition, so that IhLv 

lat ion holds even whenttXtyis not part ia l ly diagonalised. Thus 

' J F 

where / i s the trace of the ^ — irreducible submatrix. Hoffsver 

ty yu)yAj0 2' Z^rPA' 
(P 

( ^ ) - A1 r ' (a) C 2 

J - ' ^ 

7 

so that Idle nuiiiber of times which a given irreducible representation occurs 

i s given by 

^ - ^ , ^ . f A: ) 21u)YAA 

-11^2-. 



LINEAR DIFFERENTIAL EQUATIONS 

L e t t h e r e be a n h " ^ o r d e r l i n e a r homogeneous d i f f e r e n t i a l equation^ such 

a s 

D i v i d i n g through by <5o ?̂  D , s e t t i n g 

t h i s becomes 

^ . ^ ^ o( , . . . . . . 

w h i ch may be r e w r i t t e n 

w h i l e the f o l l o w i n g equat ions a r e t r i a a l l y trus 

J 

d r J. 
dLir r - -5 



These equations may a l l be gathered i n t o a s i n g l e matrijc equat ion 

A 
d^ 

dL-f-

d-b\J 

Q 

a 

0 o 
/ 

cL i " • • -

1 oj 
J 

which i s a m a t r i x equat ion of a lype thvit i s r e a d i l y s o l v a b l e . Wr i t e i t i n 

the s h o r t e r form: 

I f the m a t r i x commutes w i t h i t s e l f :?or a l l v a l u e s o f ty such a s w i l l be 

the case when the d 5 a r e c o n s t a n t s , the s o l u t i o n i s 

J M C o - ) AZ) 

Supposiiig f o r the mcsnent t h a t iihe equat ion i n que-stion has constant c o s f f i -

c i e n t s , the s o l u t i o n reduces bo 

>7(^7 
Ihe m a t r i x e x p o n e n t i a l m^y be c a l c u l a t e d w i t h the a i d of Syloraster ' s theorera. 

The e igenva lues o f / M s a t i s f y / 

6 o 

d , - A d^ o f n -

- X 

- l i l i , . . 



Expans ion o f t h i s determinant ac>^.ording to the f i r s t row shows the c h a i - a c t e r -

i s t j - C equat ion t o be 

(-^y\d^ (.^y7~y (-•^d''^^-'- ^ k..~~o 

T h i s equat ion has c e r t a i n r o o t s , X L . I t wxU. be noted t h a t t h i s eqi'iati.on 

i s s t r u c t u r a l l y q u i t e s i m i l a r 'ro the o r i g i n a l d i f f e r e n t i a l e c u a t i o i i : i n f a c t , 

d* ^/^^* has been r e p l a c e d X ' . i b i s i s c a l l e d tha c h a j - a c t e r i s t i c 

equat ion of the d i f f e r e n t i a l i o u i a t i o n , an;! i t s r oo ts dra the e igenvalues o f 

the m a t r i x . Thus the f J l u t i o n o f the d i f f e r e n t i a l equi£t:Ion i s 

and , ^ 

where the c ' s a r e detoMined ;rrom the i n i t i a l c ond i t i ons r ^ ^''^-..)and the eigen­

v e c t o r s ; b u t rocv -••mfZLy be foimd more r e a d i l y i f the c ' a are brea-fced a s a r ­

b i t r a r y -'^'tants, w u s e v a l u e s are t o be found I r / s u b s t i t u t i o n , Eowex'er, 

form of the s o l u i i o n i n p r i n c i p l e g i v e s the s o l u t i o n i n t(5ras o f the 

i n i t i a l va lue o f the f u i c t i o n and i t s d e r i v a t i v e s througiiii the ^ ^ - l ) . S J : . 

L i k e w i s e i n the l a s t form i n which i t was w r i t t e n , xxitb. . a r b i t r a r y c o n s t a n t s , 

i t i s apparent t h a t there must be s p e c i f i e d constants to doterircins? the 

s o l u t i o n . 

The r u l e f o r determining the c h a r a c t e r i s t i c exponents i s l i k e v r i s e the 

u s u a l r u l e which i s g i v e n ; namely one s u b s t i t u t e s an unknown f o r the c l e r i v a -



t i v e o p e r a t o r , s o l v e s the r e s u l t i n g a l g e b r a i c e q u a t i o n , ob ta in ing the r oo t s 

o f the equat ion as the numsr ioa l f a c t o r s i n -taie e:rpon2nt3. 

T h i s process i s s u c c e s s f i i l when a l l the e igenva lues of / '| a r e d i s t i n c t , 

f o r then M has a conrolete system of e i genvec tors and SiT-lvestor-s theorem 

a p p l i e s . The s i t u a t i o n wh i ch occurs when an e igenvalues i s x'e-jeated i s 

i l l i t s t r a t e d by the f o l l o w i n g example o f a second order d i f f e r e : r b i a l equat ion : 

The m a t r i x / M i s then 

o 
\ 

w i t h }\~'1&3& double d-genvalue. I t has tiie so le e igenvecto : ' 

i t 
I 

L - i 

so t h a t ^ - I v e s t e r ' s theorem w t l l l f a i l . However the degeneracjr i s c l e a r l y due 

to the p a r t i c u l a r v a l u e s o f the elements o f tlae m a t r i x , so t h a s soBie i n s i g h t 

i n t o the f a i l u r e o f S y l v e s t e r ' s expansion may be gaj.ned Ixy eha:iging the e l e ­

ments s l i g h t l y , and examining tlie r e s u l t . 

I n t h i s case we change tlie c o e f f i c i e n t s of the d i f f e r e n t i a l equat ion 

s l i g h t l v , Thcite a r.8w m a t r i : : 

r . z 
a J 

corresponding to a d i f f e r e n t i a l equation 

dx 
d^ dh 

The e igenva lues of. f^* axe the s o l u t i o n s o f 

L I J 
' -- 0 

- l ! i 6 -



•which g i v e s 

w i t h the e igenvec tors 

It I 
J 

Thus i t i s c l e a r t h a t a s £ -z o , the two aigen-vr-ictoi's c o a l e s c e , to g ive 

b u t one cS i s t ine t e igenvector f o r the matr ' ix A 1 <, Howciver, i f /-j 'is e:x.-

panded by S ^ r l v e s t e r ' s Uieorem, t h e r e r e s u l t s 

- I £ I 

I - i -1 

r 

I £ 

( ' ~ \d 1^ • - 7TY from KOi 'malizing the whei'e the terms ^ , ^ , i • T i j 

p r o j e c t i v e cf>erators. C l e a r i n g f r a c t i o n s th is ; givuss 

2- e 
1-^ £ 

1.. 

J - t 

J 

/ ~ Lib 

Hi 
which adds up c o r r e c t l y t o g ive A/' . I f we now cailcmlate e' * C"̂  • •£ « ) , we 

f i n d 



r 

..UJL 
I - c 

1 
Hfl 

- 1 
/ - I / 

and K u l t i p l j ' i J i g t h i s by 

e q u a t i o n . 

X f^„) 
to f i n d the s c l u t i o n of tha d i f f e r e n t i a l 

^:(±) . e_ I x r ^ J y r / f X) 'i ? 

y e 
- ^ £ 

[ A ( d c ; T / - d,j •X('ir X 

r ^ ' T t J 5« '. ^ — y ) f y - t f ci 

Sow, t a k i n g d.^^^ , the solnfci.on beccrses 

-y (T A ) e - / . ry 
^ 2 J 

which i s the f a m i l i a r solirfcion from the ord inary theor;f o f l i n e a r d i f f a r - o n -

t i a l squat ions w i t h cons-fcant c o e f f i c i e n t s . The i i .u^rr cf. the pco/er 

a s w e l l a s e x p o n e n t i a l s l i e s i n t'le f a c t t h e ; so lut ions c c a l e s c e . l eav i iq ' 

an indeterminate form, which i s eva luated by a process whidu aaoimts to 

d i f f e r e r i t i a t i n g the e x p o n e n t i a l s s i t i i r e s p e c t co the Qigem-aiues, which 

b r i n g s down one or more powers of Lk-'id The ©xaiBple shown bare m^j- bo 

tended to eases o f h igher degeneracy to sho?f t h i s . S ince ws ara - s t r i v i s i g 

oruy f o r a v e r i f i c a t i o n of the ord inary e - ' c y x - . "^---o the d e t a i l s c f 

-11.3. 



of such a proof to the r e a d e r . 

F o r a l i n e a r equation w i t h o u t constant c o e f f i c i e r r t s i t ?;:'u.l be necessar;? 

t o use the s e r i e s form f o r the s o l u t i o n to the a a t r i x d i f f e r e n i - i a l equat ion 

r a t h e r than the exponent ia l . forJi i , due t c commut i t i o n d i f i ' i c u l : i e s , a d ie m i s ­

s i o n wh i c h we a l s o f o r s ak e as i r r e l e v a n t h e r e . 

The same technique which conver ts a d i f f e r e n t i a l eqtiation i n t o a as.trrb? 

equat ion icay be used to s o lve recui ' -sion formulae , and i s , of c c u r s e , wor-t 

u s e f u l f o r r e c u r s i o n formulae w i t h cons-fcant c o a f f i e i e r s t . Thus suppose t h a t 

t h e r e i s gi-ven a r e c u r s i o n formula among unknown quaa-fcities 0,, 

n n - 1 1 

t o t h i s may be added the t r i i d a l formulae 

•which has the m a t r i x forniula 

roo 
On-. 

d, 

' Q 
r 

i ' On... 
O 0 C5 — L. C ' irl - !c ! : 

• - / t ' k t 

d i a g o n a l i z i n g , t h i s can be -writ-fcen 
K 



where i s an e igenvalue of /H , S i n c e D o - K ' '> ^d 

< I : L ><C j 

-- i A c 

Where ^ L ' * ^ ' t ,><d' / . , a constant which deixends upon the bcundajy con ­

d i t i o n s . Thus i t seeras t h a t , l i k e a d i f f e r e n t i a l equat ion , t h i s tjzpa of 

equat ion must be provided w i t h i< bouaidary vaj.uGS, u s u a l l y v a l u e s of [\r 

lower r w , and t h a t there occurs i n a c a n o n i c a l s o l u t i o n j u s t k a r b i t r a r y / 

c ons tants which must be f i t t e d t o them. J u s t a s i i ' i t h the l i n e a r d i f f e r e n t i a l 

equat ion w i t h constant e o o f f : . c i e n t s , the X hjjb'̂ 'e obteinvid from solxcteg a 

c h a r a c t e r i s t i c aquat ion 

1 '̂ c ,1- - i ^ u 
- 04. 

: O 

which r e s u l t s from s u b s t i t u t i n g A foj ' Up i n the recurs ior } ;.""or2iuly.. 

As an example c f the m a t r i x s o l u t i o n of r e c i u ' s i o n formu^uxe cons ider a 

c l a s s o f n»ndeterminants which w i l l occur i n the l a t e r t s x t . 

d 

u 0 

o 

- ~ c 

- - o 

Expanding according t o the f i s ' s t row, and recogrdain^ s i m i l a r d e t s n a l a a n t s 

of l e s s e r o rder , t h e f o l l o w i n g r e c u r s i o n r e l a t i o n s i s obta ined. 

Now, \i)^ -o{ ^ \)^-~cid ~} 3 ^•^'^^ which one can dsducs the s impler boundary 

c o n d i t i o n s O = I n 0• 



The equat ions 

form the m a t r i x equat ion 

Do J 

lA' Do - Dv.-\ 

- D A 

k ^ ''J 

[ 0. 

which g i v e s 
7 d\ 

1 ^ 1 

which w i l l y i e l d a s o l u t i o r , as soon asi -che m a t r i x pof-er has 

The e igenva lues o f the imiiarix a r e the s o l u t i o n o f the 

i - I 

teen c s l c v l a t e d . 

i n 

and a r e 
X 

making the s u b s t i t u t i o n 
j A 

the e i g e n v a l u e s become 

B i e e igenvec tors a r e r e a d i l y ctetormiiied to be 

I , ' . : A 

so t h a t S y l T O s t e r te theorexi reads 

- e J 



so t h a t thedd) — poirer i s 

^ z (--i' ) '-f -- " "S • 3 add-

and Dr, i s 
.-q^ , AAAl^dlA I ^ 

d V. - ^^^^ y Cj7 

THE TRANSMISSION LINE 

7. 

The s o l u t i o n o f t h e e l e c t r i c a l equat ions f o r tha steady s t a t e f or a 

t r a n s m i s s i o n l i n e i l l u s t r a t e s the use which can ba made of the concept o f a 

" t r a n s f e f j i i a t r i x , w h i c h , i n the present case i s used t o ca3.culate t i e v o l t ­

age and c u r r a n t i n one p a r t of the t r a n s m i s s i o n l i n e i n fcexms of the vol;:agee 

and c u r r e n t e l sewhere . The p:?oc3dur3 resenibles t h a t u s e i i n s o l v i n g r e c i i r -

s i o n formulae where one s o l v e s f o r c e r t a i n o f iiie anknopjas i n terms of o thers 

which a r e g i v e n . 

The e lementa l c a l c u l a t i o n s are done w i t l i c e r t a i n s i s p l e f our t e r m i n a l 

networks . The e n t i r e t r a n s m i s s i o n l i n e i s then Sj^nthesized from these elements 

F o u r - t e r m i n a l networks are nefci;?orks w i t h two " i i " and two "out-" t e r m i n a l s , 

and one s t r i v e s to express the c u r r e n t and vo l tage a t the output t e m l n a l s 

i n terras o f the c u r r e n t and voltage of the input, t e r m i n a l s > 

C u r r e n t and vo l tage a r e rackoned by the f o l l o w i n g Echorae; 



and the equations for typical elements are 

— T y -~ O 

r , 

1 o ~ 

- -J J - -J J 

[ 6 o1 yx 
0 ol 

i - J* J 

closed 
circait 

open 
c ire'lit 

serxes 
iuqpedenoe 

i t 
parallel 

aduD-ttanee 

More coraplicated UBtnorks are formed by conriecting the simple ones 

shown above in series, or in "cascade" as it is . is call.ed. For in­

stance, if two impedances are connected in series 

substituting 2) isi 1) 

1, 

'/ 1 1 • V. 
O I 0 

r I 

J 
I 

The impedances add, as would be expected, to wr . i mtrices for a 

cascade network the matrices for the (elements must be wri1,te.n down in ordei", 

from left to right, just as the elements appea:.- ia the aetwcatcs, as is apparent 

in the following example 

y * o I . 

1 
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the transfer matrix is 

while 

Q I 

I O 

/ 1 J 

^ V, 

gives a traiisfer matrix ^ 

i- V i J 

and the electrical assymetry of the two net ivS rei.i in the aon-

commutativi-igr of the matrices representing their elements. 

Two common elements for transriission lines are the "T " and "'//' " 

so named from their shape. Iheir transfer loatrices are; 

f t - f 1 O 

* —_ L — 

1 y-i 3^. L . . - . 1 

Considering the matrix for a Tf-section, its eii^nualues can bo calculated to 

be 

-Iplf.-



Ifeking the i^erbolic substituiion 

they becrane 

Making the additional substitution 

0 " 

/ 
1 y 

/ 

The eigenvectors are readily s h a m to be 

-7 

J 

I, 

^ it: ' J 

• 

So that the transfer matrix i s , by Sylvester's thecrem 

^ it ^ 

' 7 

Either by Sylvester's theorem, or by direct calculation ii is apparent that 

when the tx-ansfer matrix is written in this forTi .It can be ra:l£3d to pavers 

quite easily since 

-.155̂ -



•?rhich is the transfer matrix for a transmission line composed ofr> TT-fieotions. 

As an example, consider a power line, in which the resr.s-banee of the sp^ens of 

wire has been taken into accoxmt a s we'll as tbie lealtago of the insulators on 

the poles. 

f 
>9uppose the resistance of s. span of m r s is r ohms, tlm resistance of tlae in-

sulation to ground /"^ ohms. Schematically the line lu 

where the end leakages have been taken as dims to simplify the proljlem. 

If there are r- spans of w i r e , one has 
——i—V>5bv.v—J. 

(.1 

with a transfer matrix 

1 K 

^ J 
5 e 4 

c 
I 

V J 41TIj,v 

Suppose "the problem which is given is the determination of the effective im-

pedauice of the line as seen from the powerhouse. 

X 

r 

i_ - d I 

_ fSUji h If CTrXy ry <J> J 

1̂56-



_ y i -

'V 

If, as is 'the case in practice, both Y- and are small. The second radical 

is approximately 1, giving 

(J 

which is the geometric mean botneen the resistfince of the jspans and the r e ­

sistance to ground. To choose some numbers, if r-z. C M olip , /^ ''^cbmi, 

0 
the resistance of the long line would be about 3C0 ohms. 

THE COUPLED HARMONIC OSCILLATOR 

The expansion of the elastic constant for a ••.abrational problem jiccord-

ing to Sylvester's theorem has its interpretatior. in tsras of normal nodes. 

If a certain displacement is an eigenvector for the elastic co.is'bant, the 

res-boring force will always ba opposite in direct ion to the displacement, aiid 

proportional to i t . The resulting motion is a par-bicilarly staple type of n o ­

tion since then all the particles will vibrate ivith simple har aonic motion, ar.d 

the "shape" of the motion, so to speak, will remain constant aid only Its am­

plitude will vary with time. Such motion is called a normal mode. The situa­

tion is frequently described liy saying the "time is separable,' meaning tha-; 

the solution to the problem may be written as a product of two factors, one 



d e p e n d i n g o n l y u p o n t h e t i m e , a n d t h e o t h e r d e p e n d i n g o n l y upon t h e c o o r d i n a ­

t e s o f t h e p a r t i c l e s . 

T h e d i s p l a c e m e n t s c o r r e s p o n d i n g t o e i g e n v e c t o r s c a n t h e n h e d i s c o v e r e d 

b y n o t i c i n g w h i c h d i s p l a c e m e n t s o f t h e p a r t i c l e s g i v e r i s e t o f o r c e s s i l w a y s 

p u s h i n g b a c k d i r e c t l y a l o n g t h e l i n e o f d i s p l a c e m e n t . As a n e x a m p l e c o n s i d e r 

t h r e e p e n d u l a whose hobs a r e a l l o f t h e mase m a s s , v-. , s n a t h e l e n g t h s , ^ , 

o f whose s u s p e n s i o n s a r e a l l t h e same; b u t w h i c h a r e , h o T T e w r , i n t e r c o n n e c t e d 

b y s p r i n g s o f e l a s t i c c o n s t a n t f< a s i l l u s t r a t e d i n t h e d i a g r a m , C o n s i d e r i n i ; 

V , ,, „itf̂ :T, - r f .T-^ -"^ o n l y p l a n e m o t i o n w i t h s m a l l enough 

a m p l i t u d e t o j u s t i f y t h e a p p r o x i m a t i o n 

fijS^Q t h e f o r c e s a r e : 

y^ l , X . 

E q u a t i n g t h e r e s t o r i n g f a c e s t o t h e i n e r t i a f o r c e r ; , a n d w r i t i n g t h e e q u a ­

t i o n s i n m a t r i x f o r m : 

w h i c h h a s t h e f o r m 

o 

k 
ny o 

_ IS. 

J L 
ry 

T h e e i g e n v a l u e s o f k a r e t h e s o l i d i i o n s o f t h e e c u a t i o n 

X . , 

J 
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und a r e 

T 

\ X 
X 7 * J? 

T h e e i g e n v e c t o r s c a n be c a D . c u l a t e d f r o i n t h e f o r m u l a : 

( / < - X t i t ) ( i < - A ^ . i i : ) 

L 0 

K 

I «̂  
J /: 

is e 

K 

' 7 

' J 

L'J 

L i k e w i - s e 
.• i -z. ( x , - > j a,-->j)"" 

- k 

0 1 

t l 

r 

0 

0 

) 

* / 

\ 
0 
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a n d 

I f -
fV". 

- 'S 

-

o - is. 

- a 

T h e r e f o r e t h e m a t r i x 

u Xr3 

//3 

0 

Ya 

d i a g o n a l i z e s k a^id 

r 1/̂  
0 

0 0 A 

5 

U n d e r t h e s u b s t i t u t i o n U ^ ^ > e q u a t i o n 1 ) r e a d s 

w h i c h g i v e s t h e f o l l o v / i n g s e t o f d i f f e r e n t i a l e q n s i t i c r s when t h e c o r r e s p o n d ­

i n g e l e i i B n t s a r e e q u a t e d . ^ _ '-j^ 

-1(S0.-



i d i i c h h a v e a s t h e i r s o l u t i o n s 

a n d one o b t a i n s t h e p o s i t i o n s o f t h e i n d i v i d u a l p s i i d a l s . an & f i i n c t i o n o f t:Lue 

a c c o r d i n g t o 

The q u a n t i t i e s , li\%y axe c a l l e d n o n a a l coordj.i.atGS, . d i i l s racid.on 

d e s c r i b e d b y j u s t one o f them i s a n o n m i l mode, Tl iere i ; ; . o f c o u r s e , a g e o ­

m e t r i c a l i n t e r p r e t a t i o n o f t h e n o r m a l c o o r d i n a t e a;; p j o j c c t i c n s o f t h e e i g e n ­

v e c t o r s o n t h e c o o r d i n a t e a x e s , b u t s i n c e i h i s d i : T i c i i l t t o s e e t h e c o n n e c ­

t i o n o f s u c h a s p a c e d i r e c t l j ' ' w i t h t h e m o t i o n o f t l i e j i a r b i c l e , t h i s i n t e r p r e ­

t a t i o n d o e s n o t h a v e a d i r e c t p l y s i c a l j o e a m j i g . 

A s l i g h t l y m o d i f i e d p r o b l e m , w h i c h hme-mv h a ; t l i e sac^e e q u a t i o n o f 

m o t i o n a s t h e one d i s c u s s e d c o n s i s t s i n t h r e e i d e n b i o y f i p j n d v i l a hung fron: a 

s t r i n g w h i c h h a s b e e n r a t h e r l o o s e l y sfe.-'etchad bet-T«;ai.- t r j guppoi- ts . The 

c o u p l i n g b e t w e e n t h e p e n d u l a w h i c h s w i A g i n a p l a n -; pcc'pencliculai '* t o t h e s u p ­

p o r t i n g s t r i n g i s p r o v i d e d t h r o u g h t h i s s u p p o r t r a t h e j - t h ' m by t h e c o n n e c t i n g 

s p r i n g s c o n t e m p l a t e d i n t h e p r o b l e m . 

T h e n o r a a l mode o f l o w e s t frequenc;/- h a s t h e 3 I g e i : v e c t o r 
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so tiaat when i t i s e x c i t e d a l l the pendula have the same displacesant of 

ai^'- given time. Thus there i s no force on the supports between pendula, aid 

a l l three swing a s a u n i t . Since there i s no additiors'J. force they gming 

w i t h the frequency that they would have when uncoupl.ac; namely A^-~^ '^/ji 

The second eigenvector i s 

and describes motion i n ivhich t i e center hob i s '<X- T'ert and the othcar t w o 

are d i s p l a c e d oppositely, but by the same a:iiount. fhare i s n c r e s u l t a n t 

force on the center hob, since the influences o f the s i c e hobs c a n c e l , being 

e q u a l , but oppositely d i r e c t e d . Nevertheless the end pendula manage t o e: ':srt 

a force on one another such that one a c t s t o r e t r u ' d the o t h e r . The act io - i i s 

synmietric between the end hobs, and altogethei* t h e c c n d i t i o n i b r an. e i g e n v e c t o r 

i s seen to be f u l f i l l e d . The increased r e s t o r i n g foice on th€̂  end hcbs r a i s e s 

t h e i r frequency from the uncoupled p z-~=fY^i •'-̂  ff;' X h 'Vb-, . 
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The t h i r d eigenvector l a 

so t h a t i n t h i s case 'chs two end hobs move together but w i t h the center hcb 

alivays displaced twice as f a r i n the opposite d5.rsctiorj= The frequency of 

t h i s motion i s s t i l l higher than that of the other normal modes due to the 

gi'eater r e t a i n i n g faces exerted due to the coupling, and becomes sTT'/^^^^^ 

Again inspect ion shows -fchat the forces are alvfays opposi-be and proportional 

to the displacements, so t h a t the condition f o r Giganvectors of the e l a s t i c 

constant i s again f l i l f i l l e d . 

The f a c t that the motion i s described i n :̂ei'ms of eigenvectors of the 

e l a s t i c constant shows t h a t motion o r i g i n a l l y s t a r t e d according to one normal 

mode can nveer proceed according to another. A r t h a s r s t r i l d n g example of t h i s 

independence i s afforded by considering the motion r e s u l t i n g after the center 

hob has been d i s p l a c e d and then r e l e a s e d , the end hots s-barting from r e s t . 

T h i s i s r e a d i l y seen to be a combination of motion of the taGpes 1 and 3 , 2 

being absent. T^rpe 2 provides the motion i n which the end hobs move i n op-

posibe d i r e c t i o n , so i t fcllof/s tbiat from these i n i t i a l conditions one v l l l 

never expect to i^e the two end hobs going i n opposite d i r e c t i o n , a c o n c l u ­

s i o n borne out by c a l c u l a t i o n and experiment. Actual ly the center hcb w i l l 
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move with gradually increasing fueplitudej f i n a l l j r coming to re s t when the 

outer hobs have taken up the motion, which i n t h e i r turn begin to lose 

amplitude, setting the center hob to swinging once more, and so on. 

A ROW OF TANKS 
Suppose -the f i r s t tank i n a row contains a mixture of G-g gallons of 

l i q u i d A and G gallons of l i q u i d B. From tine 4r O , l i q u i d A i s puEiped 

into the f i r s t tank at the rate of r gallons per minute and a mixture of A 

and B i s thus forced from each tank to the next at the same i-^ate. Assuming 

that the tanks are perfectly stirr-ed, calculate the amount of l i q u i d B i n 

apy tank as a functi on of the time. 

Such a problem as t h i s helps to i l l u s t r a t e the nature of a diffusion 

process. Suppose that C-fc) n^. i^—denotes the amouat of l i c y i i d B 

i n the successive tanks at time t . 

gallons of B flow into "tank k . 

r 
gallons flow out. Then 

gives the change of l i q u i d B i n the \ tti tank i n p -t sec. Thus the rate of 

flow of B i s 

and setting t ~i ^ O w i l l give correctly The equation above i s 

and element of a matrie eouation. 



Xol f 0 

o 

Ihere f O O c - - -] 

The solution of such an eouation i s 

^ e 

or written out i n f u l l 

but 

O O; 
\ 

-i^^ -x 

/A X 

1 -r i 



or, generally. 

K i i s represents a consideraWs simplification over the series solution i n 

terms of iterated integrals 

but -this l a t t e r solution provides a detailed physical picture of the d i f f u ­

sion process. We have 

and the d i f f e r e n t i a l equation reads 

so that t h i s i s the expression for the amount of f l u i d flo?ring out of the 

tank i n c^cj^ minutes a t the time . ^ iaspecing ^ we find that i t i s 

an operator consisting of two parts: ' s h i f t s chemical into one tank from 

the preceding one, while -jT discharges f l u i d from the tank i n question. 

However ̂  has not only the interpre-tation of being the amount of l i q u i d 

i n a tank, but also the probability of finding l i q u i d B i n a unit volume of 

l i q u i d . Thus d j ^ ^ s the probabili-lj'- for l i q u i d B to flow out of the various 

tanks, written as a sum of the probabili'by of flowing i n from the previous 

tank or out the present tank. Thus inj'gineral teim of the sei ias expansion, 

. (c^, ) J ( a v ) - ' 4 ? ^ ^ J ^ ^ ^ ^ • -
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The term ^ 0^,^) ^ - ^ i s liie fractional, probability' of the l i q u i d 

flowing out from a given tank i n (P^a::^minutes- the f i i ' s t integral i s then 

the probability that i t flows out incTf^_, minutes, since the probabilities 

that i t flows out i n ary i-rxme ̂ li^a",5are independent. The next integration 

gives the probability that i f i t flows from the given tank and also from the 

next tankj and so on u n t i l the whole term gives the probability of flowing past 

K tanks, i . e . , of going from one to the next, and from that to the next 

and to the next and so on. The reason for integrating' from o to ^^>-v i s the 

integration i s c l e a r , for the l i q u i d caiinot flow into the ^ -M tank (3 
u n t i l i t has arrived i n the . 

^ ^ f c ) gives the probability of finding l i q u i d i n the various tanks i n 

terms of i t s probability of having come from one tank up the l i n e , two tanks, 

— — , or having stayed where i t started. 

Since the order i n vjhich the s h i f t s occur seem to be unimportant as long 

as they are a l l performed, the formula 

i s obtained a t oncej Q i s the probabiliiy of having l i q u i d to s t a r t w i i h j 

i s the probability that the l i q u i d w i l l go to the next tank, hence - p / i s 

the probability for having shifted dorm to the p — -tank, while P ; i s the num-

ber of ways i t could have been l e f t i n a tank enroute, v:h±le Q &• givEss the 

probability of remaining i n a tank once arrived there. 

The amount of l i q u i d as a function of time i s plotted below. 

n w f 
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,n The curve s t a r t s off as t , r e r l e c t i n g the small chance of a p a r t i c l e soon 

a r r i v i n g f a r down the l i n e , builds up to a maximusi, and f a l l s off --vhen the 

exponential dominates, r e f l e c t i n g the small chance of keeping the l i q u i d 

long i n a -bank once accumulated there. 

AW ELECTRICAL PROBLEM 

The present problem introduces no ney; concepts, but affords a means of 

comparing the solution by eigenvectors and by series of the l a s t two problems. 

Suppose that three condensers, a l l 

having the same capacitance G, and three 

r e s i s t o r s , a l l having a cojaion resistance 

fr- -^y ~ R are connected according to the diagram 

above. The condensers are given certain i n i t i a l charges, and problem i s to 

determine t h e i r subsequent charges as a function of time. 

Writing ICirchoff's equations, and l e t t i n g i range tiirough 1, 2, 3 ( y e l l 

c a l l y , one has 
Q t z _ Qi 

c -c~ 
- o 

- o 

so that 

These equations can be written i n matrix form as 

Q^ 
Q 
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The solution, i n "berms of s e r i e s , i s 

e 

1 / dcr 

The m t r i x exponential i s just 

Writing 
where 

I -a. t s ' -

P O j 
Since these na t r i c e s a l l coiamute. 

33Ll 
- e 

ctoviously 

r 
But, since 5 ' is orthogonal, S - S"' , and <2 ''̂ '̂  - e » ^̂ '̂ '̂̂  ^ '̂̂ -̂  

suffic© to evaluate just one of these exponentials. 

= 1 + S' —— ^ TT l-TTF/ t 
+ ~ : ^ - ^ - W 7 k . T^f F F T ! i Vi'C / ' < • 

Si. 
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3 t. yfy±M r ±i±p \- .L , C /t±.) ..4- / - 4:ii: These series S, ̂  t. 4 3f " ^ -̂ ^ '4 /' ' - i ̂"̂ C 
can be evaluated froHi noticing that t h e j a3-l s a t i s f y the d i f f e r e n t i a l equa­

tion ^ 5 ̂  
s 

with the boundary conditions 5, ( o ) ^ / ̂  $ - - o_, S j "< oj c o ̂  S ̂  ^ <-•) r S ^ 'c T ; ̂  

5 . " c o ) r o ; <b , ( o ) . o , S / c . ) , 0 ; 4 4 4 . ) . / 

and are readily seen to be 
*-±^t 

1. - - i i.- , 

- 4 
f-t_̂  i i ih 

WW <? 

and the matrix <£- S' i«C 

and the solution to the problem i s L w V 

f F % ^3 
S i Si s. 
5, J Si 

- 3 
I - e 

-li*4id 0 e '^-^^ <̂  
- - ' J 

i - e 

l | : ^ - 4 w ) 

- e 

J 
QjCtJ 



so that ^ -X / . i , 

Q,aKif,..<.o,u.,i- -u - ^ . ^ ^̂ ^̂ ^̂  

the average charge at tims t " i s ^ 

thus the matrix, 

fcJo- , i s an operator which expresses the charge 
at the time t in terms of the charge at the time t . I t rras of course obtained 
from the product 
which carries the solution forward an in f i M t e s i s a l amount at a tiroe. However 
i t i s factorable into three operators 

^iSt r c ~'± z I -± 

e e e 
The f i r s t of these produces a discharge of the condensers through an effee~ 
tivB resistance , which would be just the resistance offered the two 
resistors i f they were grounded to the other plate of the condensers to which 
t h ^ connect. 

The other tsro operators carry the charge to the l e f t and to tlie right 
c y c l i c a l l y , and they can be interpreted i n tems of a diffusion process for 
the charge i f they are expaned i n Taylor's series, such as was done in the 
la s t problem. 

Although the problem i s now solved, i t i s interesting to solve i t by an­
other method, for the purpose of comparing the two solutions. Thus we ob­
tain a solution ty finding the eigenvectors of the matrix 

1 - a i 

' I - a J 



for when this matrix i s diagonalized the solution tenns of norinal coordi­
nates, discussed in a previous problem, i s possible. The task of finding 
the eigenvector i s simplified by noticing that this matrix can be written as 

These matrices having been previously defined. Sir;s they a l l coirimute, the 
eigenvectors of b are those of 3 . Biit the eigjnvectors and aigem^alues 

are readily seen to bs 

10 

F i 

; 3 > 

.1. 
t:3 

3 
tEji 

where ^ = e ^ . These are the eigenve crbors of M ; the a'genvalxies of are 
file sum of the eigenvalues of 2, ' I I I , c^^J. 5" ' . Thus V\e.y are 

> t • I - 3- X i =̂  O 

which gives a double eigenvO.ue. Since this i s true i t i s possib : to take 
linear combinations of I k> n,d /:•> for the purpose of obtaining re 1 eigen­
vectors. Such a choice i s • 

VT iT ' 

I 3 > r. 

^,--o 
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Using Sylvester's tlneoreia to vfrite the solution of the differential equation: 

The normal coordinates then have this sigxiificancej charges vdiich have 
been distributed on the condensers as indicated by the eigenvectors w i l l 
cause their condensers a l l to discharge at the same rate, for the eigenvalues 
of A/ sre the reciprocals time constants of the normal modes. Thus 
corresponds to a situation i n which a l l the condensers have been equally'' chargedj 
no charge flovrs, corresponding to the time constant <x> . 

The second nomal motis results v/hen 
a unit charge i s placed on the f i r s t ard 
tliird condensers, and -2 charges on the 

•5 second condenser. These than discharge 
at the same rate, no charge flowing between 1 and 3, snd the x-elation between 
2 and 3 and 1 and 3 being symmetrical. 

Finally the third normal mode represents a unit charge on the f i r s t con­
denser, no charge on the second, -1 charge on the third. The second condenser 
remains with charge 0, while one and three discharge into one another. 
Clearly this relation i s symmetrical giving a unifona rate of discharge for 
a l l the condensers. These latter two charge distributions could have teen ro­
tated 120*' or 2l4.0° and produced the same results, since a l l the condensers are 
equivalent. This i s idie reason for the double eigenvalues -Kki , for then 
any linear conibination of these latter normal modes i s again a normal mode. 
For instance, / /v.> i i j;» gives a normal mode of the third type, but 
with zero charge on the third rather than the second condenser. 

The solution 

Q,u)-< 9 'vn-irc "•^"""'[bkk^.'-* k 
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then has two parts: Cw i"*^")} i s the charge represented by the Gigenvec-
tors / '> , and remains on the condensers throughout the expsrinent. That 
this charge should be the average charge i s f a i r l y obvious, since there i s no 
flow o f current when they a l l have the same charge, so that after a long ti-ne 
one should expect the fluctuations from average to have been exvened out. This 
is done by the term ^"^"'^"'{QC ' ^'^-^ + Qg^, j> 
which i s given by the sum of the l a s t two normal modes. 

THE SMALL VIBRATIOrK OF THE OZONE MOLECULE 

The ozone molecule problem illustrates the use which can be made of the 
fact that i f two natrices coamiute they jsust have a coxmion set of eigenvectors. 
The elastic constant for the ozone molecule i s f a i r l y complicated^ howev̂ er, one 
can find some relativelj'- simple me.trices which commute with i t . % Imowlng 
their eigenvectors, the problem of finding those of the elastic constant i s 
simplified, for the matrix which diagoaalizes the commuting matrix w i l l parti­
a l l y diagonalize the elastic constant. 

Such commuting matrices can be diseox'-ered from the .•̂ -mmetry of the mole­
cule, for i f i t has a certain symn^try, such that when -ti'-o particles are i n ­
terchanged the matrix of the elastic constant i s unchanged, this permutation 
matrix •'111 then consnute with -the elastic ccnstant, for one w i l l hsw 

which can be rearranged to read 

P P K 
which i s the desired result. 

I n "this problem but one ^ymmet27/ i s considered, but for mora complicated 
problems one might be forced to take advan-tage of more symmetries. This re­
quires only -the repeated application of the technique described here however. 



Only the plane motion of the molecule i s considered, and the p a r t i c l e 

coordinates are chosen according to the diacpi^aia helm. The two coordinates 

of a parti c u l a r p a r t i c l e are chosen to be ortiiogonal so as to make the mass 

matrix diagonal; otherwise accelerations i n the tvio directions -would not be 

Independent. Springs have been inserted i n place of valence bonds ander the 

assumption that the force required for elongation along a bond i s much greater 

than that required to change the angle bets^een bonds. 

3 ' O 
o o 

The equations of motion can be obtained by calculating the force i n a 

pa r t i c u l a r direction when the p a r t i c l e s are displaced i n tern along the suc­

cessive coordinate axes, and adding the r e s u l t s , '̂e use the abbreviations 

5 r ^ , - K c V , -KC^X:2 -^^<CV^ -KsCV^-^ {ĉ CX̂ .. \

C,--Ksc«, + OX, ^ ^Qyj t'>< ^ ' ' ^ ^ - 2.1^ sX'-t'^ ^ ' • ^ • 4 

kSCx, x^ ^ o x , -^fcS^)^^ t tcs">^,'-''A/<rsV, 
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i n matrix form, with as the mass of an atoni, and i n e r t i a forces substitu­

ted for restoring forces: 

G SC - SC 1 
~sc 6 5C -

> u 
C -sC o 

-SC SC 

0 -SC X c 

SC o - s " - C c 
or 

The matrix iC i s to be diagonalized, to discover the normal mcjdes. 

The permutation of the p a r t i c l e s cori'sspending to a 120° rotation of the 

molecule about i t s center of f^ravity i s a physical sjnrmetry of the mole­

cule.. The coordinate exchange re s u l t i n g from t h i s permutation i s 

y -*,x./ 

X ^ - ^ * . X t -^x,' 

whence P , the orthogonal permutator i n question, i s e a s i l y v e r i f i e d to com­

mute with /<;" and i s 

P 
(J 
\ 

C 
0 

6 

6 

0 

C 
0 

I 

0 

6 
0 

0 

0 

o 

0 

1 

o 
0 

f 
0 

(2? 

where J f ' i s the matrix which performs 120° rotation about liie axes ( 1 , 1 , l ) i n 

three dimensions. I t s properties have alreac^y been studied, and i t s eigenvectors 

found to be: 

-176-



_L 

i f » X cv> , J also so that the eigenequations for P i s 

s a t i s f i e d by: 

' c 
J 

i - ' J 

) o 

fX/ 

i9 I 

which gives, as double degenerate eigenvectors for p 

0 
0 

I' i 

1 

1 o 
0 

v " " 0 
G 1 

l o 
0 
iS - ' J 

tG 

c 1 

o 

L " J •J 

with each eigenvalue double. This means that every vector i n the plane 

spanned by two eigenvectors belonging to one of these eigenvalues also be-

l o r ^ s to i t . This means that the eigenvectcrs of cannot be completely 

determinedj but rather that thqr are r e s t r i c t e d to l i e i n three absolutely 

perpendicular planes. However, the matrix which diagonalizes f m i l p a r t i ­

a l l y diagonalize Ic , leaving 2 x i submatrices which can easilj'- be diagonalized 

separately, 

A matrix p which w i l l diagonalize P i s then: 

U -

X. o o 

A\ o o o 

X 
Vi 

c 

o 0 o X 

0 o o X. Vy 



where i s suitably defined. 

•"'ritihg j< i n terms of submatrices also as •6 

3 
0 

o 

o 

o 
0 

0 o 
'A o 

0 A 
o o 

. A, o 

0 "A, 

o o o 

0 A/i 0 

o o -^A 

0 o c 

0 A ^ 
0 o A 

This matrix does not present quite the ejqjected block farm, the reason for 

t h i s being that i n the matrix (j^ the normalized eigenvectors belonging to 

the same eigenvalue were not arranged side by side. This was done so that 

|<;̂  ̂ c o u l d be partitioned into convenient submtrices for multiplying the 

product above out. However, the submatrices may be recognized for the f o l ­

lowing diagram, where elements of a submatrlx are connected by heavy l i n e s : 

A matrix L 

X. 

/ 0 o o c o 

0 G 0 G i c 

o 0 1 0 0 c 

0 1 0 0 0 o 
0 0 0 o o ( 
0 0 0 i 0 0 

may be used to arrange the vectors of U in a more desirable order, and 

thus to place U~'KU i n the form L ' ' U"^ AU i ^hich i s 
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kJ 
I 

p 
1 

3 

O 

O 

o 

o 

o ~^iA A " 

o o 

C O 

6 
O 0 c '"K^i 

The eigenvalues and eigenvectci-s of these 2x2 subiyatrices EI'Q 
A' 

2/ 

E i g e n v a l u e 
3 

0 

o 

jgigenvector 

•TA J 

AA 
and matrices^, OiQ which diagonalize each of these blocks separately, are 
given, i n th e i r respective orders, by 

0) 

1 

Co . 

so that f i n a l l y ^^-'^'-'q"-' ^ 

Gl 

0 [(A ^ ' j / a? 

UAl- '•/O.J 

(p 0 J 
Z (P (Q '' 
(P I (P 
O ®\P^ ^ i s diagonal. 
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I t i s : 3 o a o o \ 

O 0 a 0 
0 o O 0 

6 0 0 0 

0 o 0 V 
0 0 0 o 

0 0 o y-z. f> 
0 0 

c o 
o u —< 

and K' eigenvalues and eigenvectors are the columns o f {uU^'AP ) . 
0 

6 
0 

0 /V7 
0 

^ 0 

3 

-lil 
A AM 

o 

J-a 
•in, 

M-fC 

i I '/Z 

iA/fh 

r'M- ' 

• jf'fl 
'• / A, .zh/l 
iA/fZ .:AA 

I t i s of i n t e r e s t to note that Q i s the unit matrix, and that the upper l e f t 

hand block of C' W 'l< U L which i t would ha\̂ e diagonalissd, was already d i ­

agonal, even though i t had two d i s t i n c t eigenvalues and hence not a mul­

t i p l e of the u n i t sEatrix. This was purely accidental, and was due to a 

fortuitous choice of eigenvectors for ^ . Thus Q could have been omtted 

from the discussion and advantage taken of t h i s coincidence. Furthersiore, 

Qs Q^j Q"̂  could have been coiihined into one n ^ t r i x . 

I t i s now possible to sketch the norml mode patterns. Taking the proper 

l i n e a r combinations to obtain r e a l eigenvectors, there r e s u l t s 

r uniform 
di l u t i o n 

0 
rotation 
about c, g 



I 
-s 
- s 

o 

0 
o 
-c 

I 

~ 3 
- 1. 

o 

• A 
translation 

O ^ ^« -feranslation 

' i " ' > X ^ gives translation i n any desired direction 

by proper choice of <jj' . 

I 3-> 

( 
-s 
- 3 
c 

" 6 

6 
/ 

-S 
- S 

2 X 

i i i -
:; . n 

% taking the combination / f > 4<-r- + ' f 

thervo r e s u l t s , with frequency y ;..7. ' 

Many modes which should be expected are recognized, namely the t̂ /o 

tr a n s l a t i o n a l modes, with zero fk-equency, corresponding to the f a c t that the 

molecule can move i n a i ^ direction at a constant v e l o c i l y and experience no 

restoring force. The ro t a t i o n a l mode was also to be expected, however the 

motion i l l u s t r a t e d w i l l eventually stretch the molecule out and produce a 

restoring force, despite the zero restoring force indicated by the zero 

eigenvalue. The solution to t h i s paradox l i e s i n the f a c t that one discusses 

"small" motions along the arc of a c i r c l e may be replaced by motion along a 

tangent; as i s the case here. The e l a s t i c constant-jC K ss o r i g i n a l l y w r i t ­

ten i s only correct to f i r s t orders i n the displacements. 
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The uni form d i l a t i o n o b v i o u s l y gives r s s t o r r m g f o r c e s i n the d i r e o t i o n 

opposite to the displaceiaents, and p r o p o r t i o n a l to t h e s , w h i c h i s a p r o p e r t y 

of motion according to a normal mode. The remaining t7/o modes are degener­

ates and they are not o b v i o u s . 

The motion of ii\ molecule from a r b i t r a i y i n i t i a l conditions 3iay be 

synthesized from these modes by methods a l r e a c ^ discussed. 

I t w i l l be r e c a l l e d that the submhtrix c o n t a i n i n g the r o t a t i o n and d i l a ­

tion modes was alrea^'- diagonalized by the m a t r i x TJ, hence they should ba i n ­

variant under 120° rotations, which inspection shows t o a c t u a l l y be the c a s e . 

Among o-ther questions which one might ask about t h i s problam i s the f o l ­

lowing: I t was noticed that there were two degenerate modes, one with eigen­

value '̂^̂  which was doubly degenerate, and one with eigenvalus 0 which 

was t r i p l y degenerate. The question I s : "Are ary of these degeneracies ita-

posed by the sys^netry of the molecule?" Reflection shows that t h i s i s the 

case, but one may make use of group theory to see pre c i s e l y how and to what 

extent. The ozone molecule i s symmetric imder tlie permutation group on 

three l e t t e r s . I t s sFsanetries are 0t - j e, ^ j k^Q. ^ <^A t 
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With the multiplication table 

e a b c d f 

e e a b c d f 

a a b e d f 0 

b b e© a f c d 

c 0 f d e b a 

d d c f a e b 

f f d e b a 

U i i s group has three c l a s s e s 

^ 0 ^ , { a , b } , [ c, d , f ̂  

and one n o n - t r i v i a l normal di.viscr 

^e, a b 'j 

The ^oup i s of order 6, and sines i t has three c l a s s e s there ai'e three i r ­

reducible representations, whose d i i ^ n s i o n a l i t i a s s a t i s f y 

A.\M, 1 fip =4.'. y - t A = q . ^ 
llie irreducible representations are e a s i l y discovered. The representation 

i n which each element i s 1 i s irreducible and of the dimension 1. C a l l i t 

d: 

The representation 

A- a. 

CP 

/ y 
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normal 

i s a l s o i r r e d u c i b l e , and i s the factor frroup of <Sk by the non-tri-vlal/di-cisor, 

and separates the rotational symmetries from the r e f l e c t i v e symmetries. 

The t h i r d representation m s t be holomorphic to <^ ^ j , and i s two 

dimensional. The plane 120° rotation and r e f l e c t i o n s are elements of t h i s 

representation, . 

A : 

1 - d,-^ ( 'j o 

; b-0 

- I 'A" J 
J 

4 

J 

To f i n d the characters, we write a table 
f 
repre sentation'*'^^ 1 

t'-M "1 1 i 1 
1 

1 1 1 - 1 - 1 ~ i 1 
2 - 1 - 1 0 0 0 

Traces of Elesents of Representations 

so that the rows of the table are the group characters. Note that the ortho­

gonality condition for group characters hold. 

I t i s now necessary to determine which representation of i s to be used 

to commute with R , I t must be six-dimensional, but reducible to two equal 

three dimensional representations. I f the three-dimsnsional representation i s 
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O I 

-7 I . ' 0 ; / 
L / G cJ 

I 
o 

o 
I 

0 r '3 

1 , f : 

c o •••• 
4 V , o o ' l - f 

, J 

The desired representation w i l l be 

f,' (A- ) 

ŷ A] UA '0 
r̂ - Co 

l^- -o 
The character of. t h i s representation is d l l tlien ba 

4 

To f i n d out how often the irreducible representations y, ^ Cj, )A sre contained 

i n the reducible representation <f , one applies the formula 

where g i s the number of elements in Csy, "C/cjis the nucber of tiiESS the 

/<"^ irreducible representation occurs 
1' 

} 
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This means that the representation L can he brought to the p a r t i a l l y dia­

gonal form. 

and ]-\ since i t commutes with each matrix of must, Trhen diagoiialized, 

also be of the form 

Ai 

1 ' 

Thus two double degeneracies are forced upon "^jq . One i s c l e a r l y the double 

degeneracy with eigenvalue Ĉ /,,. The other i s the pair of translation modes 

with eigenvalue zero. That the rot a t i o n a l mode had zero eigenvalue also was 

purely accidental, and was not forced by the syicmetiqf. That t h i s i s true 

nay be seen by binding the center of gravity to the origin by an isotropic 

l i n e a r force. This w i l l change the frequency of the t r a n s l a t i o n a l motion with­

out changing the zero frequency for rotation, although the symmetry of the 

problem has been preserved. 

This discussion also shows that tlia eigenvectcs's are free to be chosen 

i n s p e c i f i c subspaces, but to obtain much more detailed information the method 

o r i g i n a l l y propounded i n the problem must be resorted to. 

THE ASSYMSTRICALLY COUPLED OSCHIATOR 

Sometimes the solution to a p a r t i c u l a r problem i s d i f f i c u l t because of 

d i f f i c u l t i e s a r i s i n g i n the finding of eigenvectors for the matrices which 

msy a r i s e i n I t s solution. Hoyrever, i f the matrix d i f f e r s but s l i g h t l y from 
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one I'diose eigenvectors are a l r e a c ^ kncmi, there i s an approxioation Esathod 
a v a i l a b l e . Suppose that i t i s desired to f i n d the eigenvalues and eigen­
vectors of the m t r i x 

and that the eigenvalues and eigenvectors of are al-reac^ Imown. I f one 
can f i n d a matrix A l such that 

he w i l l make a small e r r o r i n adding to 1) enough terms to eojrplete the s e r ­
i e s 

• H t £ [ Mj-^ ^ r [''-'^y ^ J ^ -

which may be recognised as 

Since now ,^ ^ i H ~ e ^' c-

1^ z ck I H ^ i M i 

Now, i f Uf diagonaliees j-f , £ . t ' ^ w i l l diagoaalize/'"/? / '̂j fl'om above. 
Since the matrix whose columns are eigenvectors i s the one which diagon-

a l i z e s matr ices , i t i s apparent that the new eigenvectors are the cclusnns of 

B u t , i n the eigensystem of j-f , these are j u s t the columns of £ ' . To f i r s t 
order i n C , e i s ]/ -t 2" so t h a t the corrections to the eigenvectors 
are i n f a c t j u s t the columns of di . 

The new eigenvalues are given by 

Tdiich g i v e s , i n view of the extremal properties of the eigenvectors 
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For an example consider the three coupled pendula considered i n a p r e ­
vious problem, where the a l t e r a t i o n of using a s l i g h t l y stronger spring on 
the r i g h t and a weaker one on the l e f t has been made. 

i - 7 t 

The quation of motion was 

1 

while the perturbation to the problem consists i n the matrix 

<5 

idiich represents the force due to tiie modified springs . The solutions to the 
o r i g i n a l equation are already Icncwnj the eigenvalues and eigenvectors of the 
e l a s t i c constant were X i - j ' / - ^ ^ "'̂ V''"̂  A A ' 1 ^/-^v: 

i 
J, . J 

v-5 
-1 L-'J 
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I n the eigen^st-em of H, 

0 

0 0 

0 '^f ^ ' ^^f' 

rH'-' 0 

6 
o 

Ttie matrix / t which solves the ccmsu-ta-tor equation 

• J - T y - f T i s given by 

and i s 

6 

o 

o 
f'/T 

Cz 

so that the new, approximate eigenvectors, i n -the eigensystem are 

I 

I 

o 

o 

Note that although they contain terras of order £" , they arc s t i l l normalised, 
to f i r s t order i n f . 

These approKlmate eigenvectors were given i n terms of the eigenvectors 
as a b a s i s i transforming them back to the laboratory'' system, thay are 

I 

— P. 

' - T - J 
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•While the new, apprcsximate eigenvalues are the sang as the old ones. The 
f i r s t normal mode i s unchanged from the un-

. ^...-x. 
' ( / { pertux-bed case since ihere i s no influence 
K I /'' t 

'^d:-^ -^if due to springs i n t h i s mode. I n the second 
mode the center hob mox'ss s l i g h t l y , the end 

bob lags by h a l f the displacement of the center . This compcasates the un-

gqual coupling. I n the t h i r d mode one of the end hobs l e a d s , on the l e f t , to 

compensate f o r the weak coupling while the one on the r i g h t l a g s , to compensate 
f o r the s l i g h t l y stronger coupling to the center . Net r e s u l t on center i s the 
same as before hence no frequency change. 

This process y i e l d s an approximate s o l u t i o n , but the s e r i e s cannot be e x ­
tended as i t i s to teinns of order <f ^ , since t h i s enror was already neglected 
a t the s t a r t of the problem. One can hosievev expand h-**-̂  ^ 'by S y l v e s t e r ' s thscrem 
w i t h the approximate e igenquanti t ies , expectidg i t to be correct to order £ , and 
obtaining a small correction of order £ ^ . The matrix could then be exqoanded i n 
a cominutator s e r i e s according to powers of £ ^ , and tlie process continued u n t L l 
a recognizable s e r i e s , or the desired accui'acy whichever might be preferable was 
a t t a i n e d . 

A c t u a l l y , i n p r a c t i c e , the whole s e r i e s i n powers of £ i s assumed, and the 
various terms calculated by evaluating the c o e f f i c i e n t of £" by suitable 

-190-



trickeiyo 

Since the matrix £//' i s regarded as a small perturbation on the aatrix 

H, the process j u s t described i s c a l l e d a perturbation calculation. Depend­

ing upon the power of t to Tfhich i t i s carried, one spealces of n - order 

perturbations. 

The matrix Al remains arbi-trary to the extent that a i ^ matrix vdiich 

comrautes with H may be added to i t , as may be seen from the process by -mich 

one solves cut a ccaamutatOT bracket. But such a aiatrix Tvould be diagonal i n 

the eigensystem of H , and i f H i s to represent 2. rotation, miBt be a n t i -

herml/ian, so that these diagonal elements must be purely jjiiaginary. This aeans 

zero Tshen dealing with a r e a l matrix. 

This process c e r t a i n l y f a i l s i n the case that tvyo eigenvalues are equal, 

i . e . when H i s degenerate. This situation i s discussed i n the next problem, 

OZOME ^'-/TOIK SPRIKG 

The approximation formula for the eigenvectors i n the l a s t problem f a i l s 

irtien two of the eigenvalues of the unperturbed matrix happen to be equal. The 

reason for t h i s i s that the migenvectors of the Bsatrix H>-£y/'may be quite w e l l 

defined, while some of the eigenvectors of H may be taken quite a r b i t r a r i l y 

i n some subspace. Since then two sets of eigenvectors need not even approx-

Imately coincide, and, which i s more important, may not even coincide i n the 

l i m i t as £ -» o * i t i s impossible to transform between them hv an i n f i n i t e s ­

imal rotation. A similar s i t u a t i o n occurs when two eigenvalues have say nearly 

the same value, for then the r e c i p r o c a l of t h e i r difference m i l t s ver^r large, 

corresponding to a large change i n the direction of the eigenvectors, r e l a t i v e 

to the small pertubation, <£ . Such a situation gives slow convergence when 

one atteB?)ts to carry the perturbation c a l c u l a t i o n further. On the other hand. 
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i f the nuHiBrator< > of such a term i s also small, i t w i l l c a n c e l the s m a l l 

denominator, indicating that the eigeuvectors alrea<^' coincide approxiiJHt^ly, 

or, i n the degenerate case, i f the element <C/H' I ^ ? i s zero, i t m i l indicate 

that the eigenvectors already agree i n the l i m i t as £ ^ 0 , and the calculation 

t r i l l proceed trithout fhrther conplication. For, as may be seen ty examining 

the derivation of the formula for solvd-ng for an unlcnajm inside a ccnmutator 

b r a c l e t , t h i s w i l l s a t i s f y that fox'imila. 

However, i f the elements (c'/ H' i -l-^asro, -chs degenerate part c f H must 

coHanute with the corresponding part of H*, which i s readily seen to be the case, 

since t h i s degenerate part i s merely a multiple of the xinit matrix. Since ary 

vector i s the space spanned by the degenerate part may be chosen as an eigen­

vector, i t i s a simple matter to choose those which are eigenvsetors of H' 

rather than those which were o r i g i n a l l y chosen. This then gi*res the correct 

eigenvector from which to s t a r t the perturbation calculation. 

This amounts to diagcnalising a submatrix. 

The process i s c a l l e d a zero order perturbation, sines one i s nsre prepar­

ing a convenient s e t of vBgtors for the f i r s t order peiniurbation calculation. 

The ozone molecule considered previously, since i t contains degenerate 

eigenvectors, w i l l serve as an exargjla. L e t the per-burbation be provided by 

a spring v/hose e l a s t i c constant d i f f e r s s l i g h t l y from that of the others. 



The unperturbed e l a s t i c constant i s alreat^- kno?m to be: 
c * O s c - sc 

c z c ^ -Sc 0 Sc 

c - sc a 

o -Sc sc -
0 sc z 

-Sc o - s^ 
with eigenvectors and eigenvalues 

i 
' 1 ' 1 " " 0 ' 

s 0 - s f c 
1 0 J— - 5 - c 

0 » 0 s 
6 1 -C ' s 

^ c. - s 

I 
-s 

- S 
0 

C 
- c 

0\ 

c i 

- s 

The perturbing matrix i s found by investigating the influence of a small spring 

connected thusly 

and i s 

e l a s t i c constant 

o s c - s c 6 

V V 

- c o s c - s c 6 

6 o 6 0 o O 

SC 5C 0 S^ 0 

-SC - 5" 0 

o o o o 0 
J 

diagonalizing H, and observing the e f f e c t of t h i s transformation on H* 



K \1 

s C ft (5 

o o o o 
i 
! 

o I 
o 

0 o o 

0 0 0 

o o 

" i t 

Since H i s degenerate, the corresponding blocks of H ' must be diagonallzed. 

They are: 
'0 o o and 

~C 

0 o o 0 

0 ^ „ 

The f i r s t i s alrea(fy diagonal. The eigenvalues and eigenvectors of the second 

are 

Let 7 be 
h <9 

^ \l 4] 
Then the matrix 

i 0 o o o 

0 0 o o G 
o 

6 o O O 6 c 

0 O 0 0 c 0 

0 o O 0 o 0 
- 3 o o o ' G -3 _ 

w i l l then be the correct zero order approxination, to which the perturbation 

c a l c u l a t i o n may be applied. The matrix which y i e l d s the corrections to 

the eigenvectors i s : 
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0 0 0 0 0 2k 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 9 0 

-2̂  0 0 0 0 OJ 

so tliat upon writing the f i r s t order approximation to tixe eigenvectors i n the 

laboratory system, we have 

I 

7? 
/ 

/ + 2 t C 
! - Z / t 

•J 
V 

- > 
o 

-c 

o 
c 

f 
-•5. 

I 

9i 

o 

0 

It 
2.-v. 

Sf^£ 

- C 
c 
o 

3 

•with "their coi»respending corrected eigerr/alues. 

I t i s interesting to note that the degeneracy has been removed for -the 

modes of eigenvalue i / y ? but not for the other degenerate mode, ^d.th 

eigenvalue 0. I f one were to apply •Uie second order perturbation calculations 

to the problem, i t might be necessary to repeat -this zero-order process again 

before continuing. I n the present example i t i s obvious that the degemracy 

•would not be removed u n t i l an anisotropic force acting upon "the center of mass 

cf the molecule, i . e . , an external force, vras provided 

To ske"tch "the eigenvectors, we have 

0 

dila-tion 
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1 V rotation unperturbed 

1 3> translation unperturbed 

tran s l a t i o n unperturbed 

•J 

/\ 
- J 

10) 

(unperturbed to 
f i r s t order) 

- c 

i 

I f 
:< 

/\ 
J 

The adjustment of the molecule to the new situation i s a p p a r e n t e s p e c i a l l y 

i n the removal of the degeneracy between the nodes $ and 6, since the p e r ­

turbation has clearlj'- destroyed the previously existing iyunmetrj/. 

P^TURBATION FORI^ULAS 

Having discussed a technique for obtaining approximate eigenvectors and 

eigenvalues, we now attempt to obtain a ser i e s form for the periturbation c a l ­

culations. Suppose that a matrix i s given i n the form of an ini'inite s e r i e s : 

i 
where ^ i s a small parameter. Now assume the se r i e s 

\i) = \) ^ i l l ) 4 - - -

4 

which are power s e r i e s expansions for the eigenvalues and eigenvectors of H, 

The corresponding eigenvalue equation may be written i n the form 

substituting the above s e r i e s into t h i s expression: 
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multiplying t h i s exnression out, and equating the coefficients of the v-arious 

powers of ^ to zero, there r e s u l t s a sj^s-tem of equs-tions: 

with a si m i l a r set of equations for the l e f t eigenvectors. The f i r s t equations 

of these s e r i e s are j u s t -fche ch a r a c t e r i s t i c equations^or the unperturbsd ma-

t r i x H . 

The terms of the series for the eigenvalue are obtained by preinultipli-

cation of each of these equations by<*/ , The l e f t hand side of the equa­

tion vanishes since 

for y f t h i s gives 

i <w"' ^ / F - i x : - ' i j / i > . e 

X : " F <c/'* '// ' • ' / ; > " ' . 

X -FX'<F"b- i^./"^"^F>'i<.F".'''/:. 
and so on. Now, X i can be calculated from quantities bearing a }.esser super­

s c r i p t , so that i t i s possible to solve 
(F'F\i''FF:/%-J/-/'"-A.'"F, 

f o r i ' since the equation involves nothir^ else but alreacfy knaR-n quan­

t i t i e s . I f there were an inverse matrix / /V - > I'i^ t h i s process would be 

straightforward. But there i s no such matrix. This means that '̂<• > '^xrill be 

indeterminate, and may hiave ary component a t a l l i n the direction of 

I t i s nevertheless possible to detenainfj the remaining 



eoapcmcnts of />- ? . Siippose that n has a complete set of eigenvectors 

and that Xc i s not a multiple eigenvalue. Then 

I ' i > " V i / ' " . - J 

i ///"•'-x.."T](3>'"'CjV"'i.>'" - - X ; r i ' ^ > 

The components of I i > i n the eigeneys-bem of have not been discoveredj 

but the zero denominator when Is.J? fca-estalls aiy attempt to find the i ' ^ ^ 

component of I. } , since tiie formula then gives the indetermirate form -o/o. 

Inspection of the formula for A \s that i t would be convenient to 

choose /t 7 so that<[ / ' vanishes, -,ghich i s always possible when one 

coEqjonent of l i i s a r b i t r a r y . Hiis enables the formula for to be put 

i n a i K O t e r form. Observing that vdien < / /o > ' ^ 

since a aero term has been omitted from the summationj; 

. J ^ / OS 
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These formula, for It ' and are c l e a r l y tiie same re s u l t s as alreacfy 

obtained, < uI may be found hy a method similar to that here sketched for 

I *• ' . But -m are i n a position to obtain the second order quantities 

•without much additional labor, Mth the choice of ^t'l "V'.') '̂ '̂ ^ 4 we ha-va 

Thus the second order correction to the eigenvalue depends not only on the 

diagonal elensnts of the second order correction to the mtr:lx, but also the 

second order terms remaining from Ĥ "̂ '̂. I t w i l l be recalled that -ihose -terms 

did not appear i n the f i r s t order because of an e x t r e m l 'gvo-gevty of. tlie eigen-

•vectors. 
(14 

The equation f o r »• > i s , v ' ) 

The same observations made f o r / 0 " \ p p l y here, as does the method for sol-ving 

for K / . As before, set<t/ I t . / -O ^ Upon parforming the necessary 

algebra, the r e s u l t can be sliovm -fco be 
, 0 ^ / s <^r'y'ir./<^yH"yy ,oi-'y^'k>"' 

41^ jii.'. 

I t i s clear that -the series may be ex-tended, term by tema, to axy desired order. 

!niese formula may be summarized j r e c a l l i n g that ^'•-k V-̂  / j ' A ' ^- L^J I ̂  

i n the eigensystem, we have ^ 

u '•' £/"' 

etc. 
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The case of repeated eigenvalues ssust be treated by zero-— order pertiirbation 

theory i n -which a correct set of eigenvectors of Ĥ *̂ ^ i s prepared so that 

•the eigenvectors of H approach them i n the l i m i t , This process has alread^r 

been discussed. 

ENERGY CONSUERATTOMS 

The vi b r a t i o n a l problems presented have a l l been discussed from the point 

of vie-w of -the foi'oes operating bet-waen -the p a r t i c l e s , and iho etm'^r considera­

tions have been lacking altogether. Suppose that the potent5.al energy of a 

•system of p a r t i c l e s i s given b y ^ C ^ i j i i t . -•'>F''. ) ? -where the X X are the -various 

p a r t i c l e coordinates. Then, i f X , = O y K > ~ Of-'-yXe-, - i s -fche p a r t i c l e 

configuration when the sys-fcem i s i n equilibrium, i t i s possible to develop the 

poten-bial i n a Taylor's series about the origin. y , 

The potential i s j.adsterminate by an additive cons-bsnt, so that i t i s possible 

which may be a good approximation, provided tha-fc i t i t s e l f does not vanish, arr'' 

that the Yc '.a. c^.-d., are s u f f i c i e n t l y small that the series converges. But 

the -terms 

J 
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are just the ©lejasnts of the matrix of elastic constants for an equivalent 

linear problera, and this first approixiEJation is one-half the quadi-atic form 

of the elastic constant isatrixs 

But5 the eigenvectors provide extrsisals of the quadratic form of their lEisatrix, 

so that the motion according to normal nKsdes is raotion tdiich makes the poten­

tial energy of t!ie system an extremal. This is a circumstance -vrhlch may soise-

timss be used to advantage either in determining nox-mal modes by inspection 

or in calculating them. 

The fact that the noraal coordinates are orthogonal for a syssnetric jsatrix 

shows that the total energy of the system can be written as a sum of the ener­

gies in the normal modes and that the normal modes do no work on one anotheir. 

Newton*8 third law requires the matrfe of elastic constants to be symnKtric, by 

requiring that the |<t^ force due to a displaceEsnt along they^^ coordinate 

of a particle be equal to the force -sdien the particles are in-berchangedj i.e., 

the j ^ force on the ' ̂  particle. 

TOE TRIPLE PENDULUM 

The problem of discovering the eigenvalues and eigenvectors of a matrixi 

is of considerable iiqiortance, in veiw of the convenience afforded by using 

^Ivester's theorem in the solution of problems. i0.tixough they can be found 

for s m l l matrices rather easily, as the site of a matrix increasas, so doss 

t<Xl ^i^j> 
A result tdiich could also have been obtained from the expression 
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the tedioueness of the arithemetic involved in carrying out the forimilae for 

eigenvectors sxid eigenvalues. 

In addition to the techniques already presented, which, with tlio excep­

tion of the perturbation theories, have l^en exact in nature, there are a few, 

primarily n u m e r i c a l n a t u r e , which are often useful. We ^os? two of them 

here. 

The first consists in noticing the approximate form of tlie high powers 

of a matrix. If it has a complete set cf eigenvectors, we see that: 

The largest eigenvalue dominates this oxpi-ession, and one commits a small er­

ror in writing; 

for sufficiently large iv . 

Now the trace of such a large power is 

which becoE^s in the limit, as we also take o — roots. 

also: 

gives 

if Xj<, is the greatest eigenvalue. If the eigenvalue is degenerate one obtains 

Instead, the protective operator into its sub space which will not be a linear 

subspaca, but of a diiaansionality corresponding to the multiplicity cf the 

eigenvalue. 
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The next largest eigenvalue and eigenvector may cbv5.ously be found by 

applying the same process to the n^trix 

and so on. Tliis msthod has as disadvantages the facts that it finds only the 

largest eigenvalue and corresponding eigenvectors each time, and that the ex­

traction of succeeding eigenvalues depends upon the accuracjr with vjhich tbe 

preceding ones have been discovered. Furtharmoi'ej the process converges 

rapidly only if the eigenvalues era wall Eeparated in valiie, the ss».llei' the 

ration 

\t large^st^ ^ 
largest 

the faster. 

The second process claims that it is an reasonable guess for the va3.u© 

of some eigenvalue and is an approxiiaation to the correspondini^ sigen-

veotor then _ _j 

win bo an even better one. It will not be normalized. To sea the inner 

•worlcing of this process, write the matrix in its eigens^'s-tem. Then one has 

and since X " ^ t small, its reciprocal will be large, and hence the matrix 

product 
X 

^ u 

Xn-X 
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•Hill eJisphaslzQ the i. '-̂  component of the vector, and if the new apprcoximation 

is normalized each tinte, one has upon repea-ting the process sevei'al times; 

( X i A ) 

•Hhich becomes in the limit 

o 

since in this ^stem j. ^ = ;«.'>. 

This sethod depends for its success upon an initial good guess for X i' and 

upon the other eigenvalues differing considerably from the one under considara-

•taon. 

The first process may be illustrated by •the problem of the triple pendulum. 

Three ponduia, -whose hobs iiave equal masses and 

whose suspensions each have equal leng-ths are 

hung one frcmi ano-fcher, gi-ven cer-tain ini'bial dis­

placements, and left to swing. 

Rather than displace the particles, and cal­

culate the forces arising, it is more convenient 

in this problem to apply given forces and see 

how far the particles are displaced. Thixs apply­

ing a force to the first particle horizontally 

and considering snail xmit forces -we have all the particles displaced equally 

by an amount ^ 

^ X 

dL = 
1 

If the unit fore© is applied to the second hob, the first will be displaced a 



distance a, but the second and thirl will be displaced, fur-bher, by a distance 

a V ^> where ^ 

Finally if a unit horiaonal force ? s applied to the third hob, displace the 

first by a, the second by a+ b , e/d the third by {a-+ b f c ) with 

J 
1~ 

This gives a set of equations 

•jb, * n -f, G + c 

or, equating the to t'a inertia forces, writing a matrix equation 

X/ 

X 

X 

To determine the ncral modes and frequencies of their vibrations one must 

find the eigenvalue aral eigenvectors of 

5 

:̂  ^ ^ 

a d - "̂ 

^ // 

If Xc are thf sigenvalues of this matrix, the frequencies of the aotion are 

given by 

We obta31 by calculation 
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12 2h 36 

2h 5X Bh 

36 Sh 150 

7 o 

lliU 32h 54O 

/H^ 32I1 738 12U2 

5i:0 12|2 21ii2 

It then appears that f^^will be a reasonable stepping point for two-figure 

accuracy; dividing hj Its trace, wa have 

( .OU75 .107 .178 • 

.107 .2)^ Mo 

.178 .lilO .707 

/ OS 

These results nay bo compared with "Pages'* page 200, who does a more sxl^nsive 

approKimation 

^ ' ' lhM09 

^ f .251i865 

.581:225 

1.000000 

If CX i'X'/As subtracted from we have to subtract 

.68 1.55 2.57' 

3.52 5.80 

2.57 5.80 10.2^ 
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to give 

' 1 . 3 2 0.1:5 -Oo57 

0.1:5 1.1:8 -0.80 

-0.57 -0.80 0.80 

" 2.26 1.72 -1.56" 

1.72 3.03 - 2 . 0 8 

-1.56 - 2 . 0 8 1.60i 

ri0 .50( l : ) 
« 1:.65(3) 

I 

16.1:8(1:) 
6.1:6(3) 

(i:)9.3l: 
(3)3.83 

.33 .25 - .23 

.25 >hk -.30 

- .23 - . 3 0 .23 

.86 ,65 

.65 1.15 

- .60 -.78 

This jarocess continues •with 

-.601 

-.78 

.60 

- .20 - .03 ' 

- .20 .33 - .20 

.03 - .02 . 2 0 j 

ZM / I 

-207-



' .68 

-.57 

J6 

When these results are checked Euitiplicatic-a, it is found that fl) is 

determined fairly well, as is\,s ? * However, ll> is quite 

badly off, due presumably to an error jn the subtraction 11-10.8. This i l­

lustrates the care with which the fii'st eigenvectors should be calculated; 

even though liie accuracy is not needed for then, it :hows up later in the 

calculation. 

Sketching the normal modes we have 

(1) 
lowest frequency 

(2) \ 
\ 

(3) ^ 
\ 

highest . f r e i U Q B i ^ 

Note that in such a problem as this, the end of the chain kcs a tcndsncy 

to whip e r o u M , vihile idis end of the chain neercr the sapporte, hirlnf; a ::;ueh 

greater restoring force noves but alightlj'-. 



QUASI » CONTIMIUA 

THE VIBRATIM} STRING 

The vittrating s t r i n g i l l u s t r a t e s the use of a discrete model as a basis 

from whiih to obtain a d i f f e r a n t i a l equation, through a l i m i t i n g process by 

which a suRiosedly conbinuous nsdiiun i s more or l e s s accurately approximated. 

Suppose that there are \r\, each of mass vv-\ suspeMed betsTsen 

two supports by springs of e l a s t i c constant j< , and tJiat gravity am be 

neglected. The following diagram i l l u s t r a t e s t l a schsina: 

U3. 

The equations of motion can be obtained t y considering the forces on a 

c e r t a i n b a l l i n terms of th© displacements of the neighboring b a l l s . 

Written i n matrix form t h i s i s 

1 < 

U.J 

- a I 0 
I 

T h is matrix i s inconvenient to use, primarily because i t cannot be written 

as a Stan of sin5)ler matrices which commute i n any obvious fashion. The d i f f i ­

c u l t y i s c l e a r l y due to the supports a t the end of the str i n g . One inay attempt 

to remoYB i t by adding a n t ) b a l l , and then continuing the s i r i n g periodi­

c a l l y , l a t e r iB^iosing the boundary condition that U^^, : 0 . This schea© 

f a i l s , however, since the boundary condition implies a force of constrainfc 

which i s not contained i n theequation of motion. But i f such a fore© i s 
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already provided i n -Hie equation of motion there can be no objection to such 

a procedure, and t h i s w i l l be the case i f a n f r i j - ! ) b a l l i s added, and tiien 

t t e s t r i n g doubled i n length according to the condition that 

and then continu-ed periodically. Tills gives a matrij: equation, when the 

period i c i t y i s borne i n asind 

o 
where the e l a s t i c constant may now be written as the form of three matrices: 

idiere ; i s the matrix 
O I 0 - -
0 O j . . 

These matrices a l l obviously comiaute. The eigenva3.ues of S"' are the solution 

of 
->« { O - - o 

0 -\ 0 
r 0 

I 0 G . - - X J 

The developaent of t h i s dsteriainant by Laplace's method gives 

A k - cr 
so that the eigenvalues are the d i s t i n c t 2 .-/-z cj roots of unity. ^Rie e3.g£n-

value equation 
G / 0 - o -

• ^, "] 

0 0 1 _ . 
• 0 

1 a 6 0 

a , 
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quicldy y i e l d s the eigenvectors 

to-. , 

1 r>i I f-i^ 1 
1. Z t n + '5. 

™ 2 n * I 
2 n < 

(O 2 4-1 

^-. i'^l-l -t 

Thus has the eigenvalues 
K _ 

~ z -h e 
or k 1 

> n + i 
Since -aiese are degenerate, one can pick l i n e a r combinatione of them to give 

- JC J} j ~ 

- - - , s e , e 
. t-1 c — — - . — ' Z.-liZ 

+ e 

2. ' . t Z 

So that we may choose, as eigenvectors of E _ 
l O 

L 2 n ^ i L 
and drop the cosine eigenvectors, by imposajsg the boundaiy condition that 

t( r t» - U , which leaves j u s t n eigenvectors, arxi the degeneracy i s removed. 

We have r r - cr-'TT 
i<Z.x,^r~- 1 m <i I ' ' t Z . 

c r = i . — -

The normal modes may now be sketched: 
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(1) 

(3) 

'-3--. 

...^ V ^z 

^ f i r s t ovOTtoiie 

econd OTert.one 

overtoil 

THE VIBRATING BEDSPRI!KJ 

I t i s possible to solve two dis^ensional probleiss with tho same lastliods 

used f o r one dinBnsional problem. As an example, 'consMor the s m i l vibra­

tions of the following c o l l e c t i o n of springs and masses. 

v-,_ . y i i .^^rv-s 

T 

.y^-y-^A A -V3 
] 

Except for the edges the equations of motion read: 

and i t i s formally correct there i f one puts 0 - o for any coordinates that 

l i e beyond the rim of the figure. I n matrix form t h i s tecon^aj U--K Li 

1 0 0 l l 0 0 0- 0 0 0 0 
1 1 0 j 

I 0 
1 0 oi 0 0 0 0 

0 i 1 
j 
I 0 0 I 0 '0 0 0 

0 0 1 -h i 0 0 0 i ; 0 0 0 0 
1 0 0 0 r "of 1 0 0 0 
0 1 0 0 i 1 -It 1 oj 0 1 0 0 
0 0 0 I 0 1 a . i ! 0 0 1 0 
0 0 0 1 0 0 1 -it 0 0 0 1 
a 6 0 o; 1 0 0 -it 0 
0 0 0 0 0 1 0 o| 1 -it 1 0 
0 0 0 0 0 0 1 q 0 1 -It 1 
0 0 0 0 0 0 0 0 0 1 -It 



or, w r i t i n g the appropriate submatrices: 

Âl Z (P 
\ £ M I 

(D 1 K 

Since each element of U| , the coordinate vsctor, has not one but two indices, 

and since the elements of the e l a s t i c constant should have not two, but four 

indices, some convention other -bhan the usual ens must be used for ordering 

the elements, ^he one adopted here i s to l i s t them i n the library'- order, 

that I s the f i r s t indices are ordered f i r s t , among the vectors, tlien the 

second indices with the same f i r s t indices are ordered. With matrices, the 

f i r s t p a i r of indices determines the row, the second pair 'the column i n which 

the element i s located, \sy the same convention. 

To f i n d the eigenvectors and eigenvalues of %. , one may fi3?st diagonalize 

the supermatrix. Since a l l i t s elements coxamute t d l h one another, i t i s ap­

parent that t h i s may be done as though the elements were Sealars. The deter­

minant which must be evaluated to f i n d the eigenvalues i s the one t/reatsd i n 

the discussion on recursion formlae. The eigenvalues are the matrices 

- r_ 

and the eigenvalues of these eigenvalues are 

and are i n t h e i r turn the eigenvalues of k . The eigenvectrars of the super-

matrix are the same as those of the m t r i x treated i n the vibrating string 

problffii, which are: 
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T 1 
Ho 

f i r '̂ I 

lh.> r. 

and the eigenvectors of the eigenvalues of the supsrraa.tri x ax-e gotten frcss 

the same formulaj t h e i r matrices being si m i l a r i n atx'ucture. Thus th.e ma-lrii. 

which dlagonalizes the supermtris i s 

t l t r 

i f 

I 

The matrix which dlagonalizes the diagonal elements of the diagonalized 

supermaiarix i s 
< ? P 

7- 1 : >" 
A p C'y 

-—-» 

< ? ' r Z-
>' 

1 u ~ i~A 
•> r 

So that the m t r i x : 

r 

(5 

(9 



eojEpletes the diagoimlization by diagonalising ths diagonal elements of tlis 

diagonalized aupermatrix. 1!he f i n a l eigenvectors are then 

yL,y ~ K 
r 

A 

. I t. P K ' 

y * i f 

r / / 
k /'• /d 

-z>̂ ,. > 

Note that each elenant of the eigenvectors have been written as a product 

of two functions, one of y alone and one of ^ alone, for as y v a r ies the 

f i r s t index v a r i e s and one moves i n tte ^ direction i n the network, while 

as the second index varies the ^ position of the b a l l under consideration 

changes. This has again separated the variables, a consequence of finding 

the nonaal modes. Sketching soma a t the norffial modes we have: 
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