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By defining an abstract group ore atitempls to capture the essence of
maltiplication theory.. Fer this purposs we define:

An abstract group C? is 2 collection of elements fq A - PR f for
which there is defined & rule of composition, kmown as group multiplicatign "
-satisfying the following four postulates:

1. The group is closed under muliiplication
2. Group multiplication is associlative
3. The group conteins a left identily
L. EBach element of the group has a left inverse
An example is the matrix group consisting of the {cllowing six matz;ices::

0 ¢
0 0 1
i

0"1
1 1 0 0O

100 0 0 1|
Writing their multiplication table wo have

I

r
A
5
¢
D
F




since the preduct of amy two of these matrices is again one of themw, this
set of matrices is closed. The products are associztive because this is
already true of matrix products. lr serves as the identity, and the fact
that I occurs once in every column shows that each of these matrices has
an inverse which is also in the group. Thus the group pesitulates are all
satisfied, and these matrices actually form a group.

From those four postulates many consequencas may b2 deduced, some Of
which have already been shown independently, for matrix mulbtiplication. TFox
instance, the postulates required only left identities and 1left inverses,

There are also right identities and iaverses as we now see.

Thooren 3 :

ez = a ";'? ag = a
Proof: A ea = ¢ pogtulate 3
"“l "1 - s ! s
(e "a)e = a a postulate it e=a a
( =) means "implies that")
b} Loy st
a (ae) = a "a assceiativity
-1yl R A : 1yl
(a 1) a 1(3@) = (a ) L There is an f{a 1} \
y T 1\ / ¥ Iy | l\'
((a” & a-‘/ (ae) =({(a ") a /,’ assocciactivity
ece = ea
ae = a
Q‘EODD

As may be seen from this proof, in which each step ha:z been writien down ex-
plicit}y, many of the steps which one might have taken for granted, such as
cancelling on both sides of an equaticn, depend upen Lhe group postulates

being true in order that they may be legitimate.
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Proof: Sue@ 65 @ ot ‘fﬁen
e&-' ‘.‘.‘0/“
_e'af'-‘-w-‘
e

l.c ea" .’elw

=¥
(eaa =le'aw )o & his s Giverse i

/

e(a-'a)= e'(a'a)

-

asscciation

by Theorenm i

Zheorem 1ii: QlazCga-'z¢ ' 3 left inverses esre right
inverses.
Proof': “é = a

Gla'al:a

(aa"t)a-a
dooaae s |

Thecrem iii
Q.E.D.

Thecren iv: The inverse in unigue:

ba. =c hyp
ca =@

be -ca

(ba-) GJ-'= (ra.) e ' pOSt'fﬂate b




b(aa')zclaa" ') postulate 2

b & =~CE Theorem iii
b - @ Theorem i
QOE‘DI
Fe 1 i
this shows that (a™°) = a, since aa ~ =e and (2 ) = e,

As with matrices, the inverse of a product of s2verul elements is the
product of the inverses in the opposite Grdc"
Cabe---)" ____ g
since |
cce-'b'a " abe -~ ce
A group whose elements, in addition to satisfying the group postulates, also
obey the commutative rule is called an abelian or a commtative group. Thus
ab=bea
Such a situation will be reflected in the symmetry ¢’ the group table.

The order of a group is the number eof elements in the group. Thus the
example was in a group of order 6. A group is called finite if its order is
finite. '

Now, the powers of an element of a finite group cannot all be different.

Thus consider

(=}
i
[

a2 =a‘a

a(aa) = (aa)a etc.

f2
i
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At the very worst all these powsrs would be different, so that upon coming
to ah, where h is the order of the group. an element must {inally repeat.
This repeiition may very well occur before 2ll the elemenbs of the group

have been used up. Let the first power which repeats bs u.

u k .
a =a keu; suppose X - 0O
Vel k-1
then a = a
2 Tk T g u u-l . -1 ' -
contrary to the hypothesis, and k 5 0, 2 =g, a = & . Thus the first

repitition mst be with the identity. This number v is called the order of

the element. The collection of elements

-

2 -1
8y By 8 5 000y &

is called the period cf a.

How the period of an element satisfies all the group postulates, so
that it is again a group. Such a collection of elements of & group which
themselves form a group is called a subgroup. Furthermore, & group consigi-
ing of “the pm-vérs of a certain element alone iswmlled & cvclic group; so thai
the period of an element is a cyclic subgroup of the original group. A cy-
clic group is mecessarily abelian, since the associative rule may be invoksd

to show

1m m 70
.aa ==aa1=al"

as with integers, matrix powers, etc.

It was seen upon inspection of the group table of the erxample that each
element occured just once in each row and column. That this must necessarily
be true generally may be seen quite easily. The proei given here for e

row holds for a column by changing the orders of multipliication in the vpreof.
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Suppose that an element occurved twice in a certain row.

that both

This would mean

fs=f
Sy =g
where f is the repeated element in the }—row. If this were true, multiply
by }"1 and see that
8=t

which is impossible since s and © are supposedly distinct group e

lemsnis.

on

On the other hand the element must occur cnce, for suppose f did noi oceur

foel -4 d
in the / «~prow at all; but/ ¢ is an element of the group so that t

t the product
JU™e) = £ must occur in the f -row.

This has an important consequence that, if one

Z ',
ae%}' ‘j- e

where a certain set of quantities has been indexed,

has written a sum &s

not by integers, as is

common, but by group elements, and one summand taken for each group element.

the sum may be rewritten in ome of twe ways.
< \
& 11 B

! }«1 -2 J‘G.b >
2L ae Eey

. . 5 44 o s
One method of partitioning a group into smaller unils consisis
g P

5 in divide
ing it up into subgroups. Each element sits in at least one subgroup, since its

period is a subgroup. However, an element may sit in several subgrcups, and

-+ a £ ﬂ’ means "a is an slement of %"
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each subgroup certainlv contains the iden-
tity.

The subgroups cf the example we have
been using are dizgrammad at the right, as

may be verified by checking their muitipli-

cation table.

A sometimes more useful partitioning of a group is the partitioning into
equivalence classes. Two elements are "equivalent” whern therc stands betwesn

them a relation R with the properties

1) cCa (reflexive law)
2) aR% = b Ca (symmetric law)
3) f"h and bRe =D a e (transitive law)

Ordinary equality is such a relation, and in fact, equivalence may be considered
a sort of generalized equality. The advantage of an equivalence relaticn is
that it partitions the group into non-overlapping subdivisions, which ave
called equivalence classes. All elements equivalant to a certain element sit
in its equivalence class.

Each element sits in some equivalenpe class, for by the reflective property
iteits in its own equivalence class. Furthermore if twc classes have an
element in common they coincide. TFor let &¢ K b ? the class determined by b,

and a,gl-( the class determined by c¢. Then

<« b
<R

by the symmetric law, cl@., and by the transitive law, since C e Q,.a \e \r.>
c,(el;and ¢ sits in the equivalence class of b. Then by the transitive law.

all the elemtns of [T, are elements of Iy b -

T




For example, a group may be partitioned into cosets of a subgroup. If
JP is a subgroup of(% , contining the elements A, = , ,{l G 1

then the} elements }(7&,3 ,,a," /’5’74” - P fnp,g 3 Z
are called a left coset of aLP . It is symbolized byf )P .

ﬁM;{fgu f%,_)"pé’7£.2--l)ao}

Ir 0’ mltiplies the elements of J’P on the right, the coset is a right coset

called J‘(ao .
Hip~lpitp, Ap ot hem g3

POUPS

)

Now, the left cosets, say, form equivalence classes in the ;r' s, as do the
- > A ~ { 1 L >

right cosets. To show this for left cosets, let @ fbwhen a sits in the coset

defined by b, i.e., a=bh L JB

a-b+;
re b:a_*f;'l:a)%' i .1%?5‘-‘-)}9/’?&.

_—Q aezad, e lfa
_—b ek J
G = bhi
e, :GAJ' Kz ot %}?EAT:: b e 2 alke

Considering again the example, let % = { a,A h 3%

A 3 O[Ty

P A%:{A)Gaﬂ“}’-%
BH = 18,1, A=y
e - {¢a Dj=cH

2
VA ¢ P & EC OH: (D, Fy-cHf
|

FH=(F o cl=cA
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Each coset ofh” contains the same number of elements, namely the number of
elements in the groupdf . &5 @}has g elements anda'/o » h, the cosets exhaust
(3117 layers so that if there :re n cosets
nh = g
and, for finite groups the order of the subgroup must be a divisor of the
order of the group. The number n is called the index of the subgroup. It
also follows that since the pericd of an element is & subgroup. its index
‘must divide the order of the group, and YHence the order of an sliement must
divide the ovrder of the group.
In particular,
a% = ¢ (where q divides j the order of the pgroup)

if one has a matrix group under consideration,

Al - I

and eigenvalves of A must satisfy

the elements of a finite group are then, in a rather general sense, roots
of unity.

Obviously a group of ﬁrime order has only the trivial subgroups., con-
gisting of the identity alone, and the entire group. Hence it must be e¢yelic,
consisting of the powers of one of the elements obher than e.

Another equivalence relation which may be formed in a group consists in
lettinga,i?bmean @ ;ap"b a, PE % . Such an elemeht, a, is called

"conjugate™ to b. The proof that this is an equivalence relation is as followe:
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//m a_, ? .

arChe b e =ale

a =€ ac
o wl D
’dj 3,0, [ ,l)-ia—.‘ =1
{

The equivalence classes in this case are just called classes.

The group ldentity sits in 2 class by itself.

If the grcup is abelian,

each element is in a class by itself, since in the first case (q;;"’@ 03:. ©
J

in the second ao"'a, = a'(f—, = q - No class, other than that containing e,

may be a subgroup, since they all lack e.

/<' ‘j

The classes of the example are shown at the

left.

R'Ip-T — IS
LAT = A
ATAA = A
B'AB=A
o'AC B
0'AD-G
FAF=0

§ A, 84

{ /D Ier-c C-'aC =@ ) :
Fo o AT CA=D D'cD:F —3 €, OFj
| B'CB-=F F'eF=D
\ ~
o} 26m

g



In the case of matrix group, the classes are all distinguished by having
the same trace, since

A (P AP) = (A)

Also the elements of a class all have the same order. If

e e (f-‘a.f>h:a,"¢nf =
A collection of eiemnts from a group, without especial reference 4o any
property which they may possess, is callad a complex. There is a sort of
complex alegbra, which forms a convenient notaticn for somes of the manipula-
tions which one may perform upon a complex.

let © be a complex 2 £y 2s 0y N.‘.pj » By is meant the complsx
{af, ag, Shy caey spg s and correspondinglyCa = ?\fs, €85 cees p'fw; + From this
it is apparent that t(se) = (ts) @, since in either event the elements of =
are multiplied by ts.

If C is a subgroup, s ¢ is a lefi coset. as before. Furthermore, if
/7 5 €, be:e » which has already been shown.

By the product of two conrplexes(f«?@ one means the complex contzining all
the products of some element from ¢ as a prefactor and some element from
as a present factor. Thus if :

Q:{f;j,#,.—-ab's B'—Eﬁ,"‘,%,--m‘?

e

eb= %4, ¢n, ~'~,9“’3§3~f’”"!‘”5 st B Y S P P

As was shown before, if € is a froup, ¢ @ =
A subgroup whose left coscts coincide with its right cosets iscelled a

normal divisor. Thus, for each i £ %

o Lol M
In this case YL 7’ 5)

") B A gt
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Now, dc-'%f separates ihinto classes, so that a normal divisor must contain an
integral number of classes. This is borne out by the example we have bsen
considering. The subgroups are enclosed

in the black line; the classes by a red
line. From this it appears that EE:IQ;BE
is a normal divisor of the group, a conclu~

sion borne but by calculation. In addition

there are two other trivial normal divisors,
the subgroup containing only the identily, and the whole group itself.

A group having no other normal divisor than the trivial ones is called
simple. Apparently 2ll groups of prime order are gimple.

Thé reason that the normal divisors cf a group are important is that
their cosets form a group under complex multiplication, and that this group.
called the factor group, and designed by C%j,/7$.has certain important
properties.

That the cosets form a group may be readily seen. The product of two

such cosets is again a.coset, since 3
oG D)< (hp)gP)
67 Jf g quo N)

L T

it

"

and the coset multiplication is closed. It is associative since the multipli-
cation of the elements themselves has this property. The coset with e ig the

identity.

(G%)(f %) ‘“f%

=128~




while the inverse of g ?(is the coset formed by g’l‘%, since
(j'“%)(j%): Na"3n -7

and all the group postulates have been verified.

It was claimed in the beginning that a group was a concept so defined
as to caputre the essence of multiplication, without specific referznce %o
the nature of the quantities being discussed other than their multiplicative
properties. Thus it may happen that meny concreste objects behave as do the
elements of a certain group. This causes one to attempt to identify the

various elements with one another. Such an identification is usually called

a mapping. The mapping is to be made in such a way that it preserves muliipli-

cation. Thus if one has a mapping a -3 al, b—s bl, ete., it is required
that '
(eb) . o1b
such a mapping is called an homorphism, and implies, in a sense, that one
really is célling the same thing by a different name, in exhibiting two homoz-
phic groups.

It is readily seen that the image of the identity under azn homorrhism

is a new identity since

and that inverses go over into inverses, since

el - (a’la,)l 2 a”'lal - (a]')"lal
the associative law is also preserved, since multiplication,is, as well as
closure. Hence the homorphic image of a group is &lso & group, which is not
surprising since homorphism was specifically designed to give such 2 rela-
tionship.

The mapping may or may not be one to one. Thus to each group element

~129-




there may be associated one or more elements of the new group. In the spscial
case that there is but one image the mapping is reversible. Then one speaks
of isomorphism.

The importance of the factor group lies in the fact that if a group is
homorphic to another, the other must be ismorphic to one of its factor
groups. If they are isomorphic as it stands, the factor group must be the
factor group of the subgroup containing only the ldentity. Consider the ele-
ments of the group 6;[ which go over into the identity of the new group /7 :
The unit surely has this property as well as certain other elements, sayC,.

Q;,Jl'_,er‘

el G‘,?Q)-_-)@n-—? é

01

call this complex E” . E is surely a group, since @, ¢, = 5;63' >

the product of two elements sent into the unit is also sent ianto the unit,

and €-is closed. The elements of é inherit the associative law from G*] 2
i

-

Since ¢ — & it contzins a unit and since @",'—;(5'"' - & s it contains

d

inverses. Therefore & is a group, a subgroup of ? t is also a normal

divisor, sincef°'§ centains elements aa.' @L z° which are imaged into J';""e b=

?-'é(f = so that 30"" & re £

&2
a

Now 1£9 — j ; 90 doss j C since j e ‘3@' » g‘ . Thus each element
of the cosets of é is mapped into & single image element. 32BEut there coseis
are just the elements of the factor group, so that the factor group C‘j[ / (42.
is isomorphic to ? as may be verified by writing down the mapping. This

may be diagrammed:

- o 1 P e ! \
€ 2 j" J ,ih.\\ . 2n A = ) g&’—,}h c)/f—)
1 ‘
= "\‘/.-—‘%—""/
e > = ) = el Q‘ n.
¢

s A0




To illustrate these things consider again the example we have been using.

Although it was introduced as a pure matrix group, it is isomorphic to the

AR

group of symmetries of an equilateral triahgle.

N

V.
Vi

e

e

™ o

-—1200 rotation

U . ™

mirror reflection m.irré"f’h reflection mirror re;v‘:‘lect:‘a.é;z
This may be seen by drawing a triangle in space and observing that the
% , matrices, operating upon ;Zj‘/ affect it as
Loty in the diagram above.
The subgroups are the whole group; the identity; the three rotations
of Oo, 1200, ?ho°; and the various reflections in the symmetry axes. The
reflections are of order two, since the square of a reflection, i.e., a
reflection applied twice, gives the identity, while the rotations are of order
3, since 3 120° rotations in cither direction are required 4o brring the
figure back to the original position.
The classes however represent symmetries which may be transformed into
one another operations entirely within the group itself, it being recalled
that it takes two matrices to “ransform another, by taking P /A%  The

unit of course is transformed into itself in this way, since the unit matrix

is the same in each coordinate system. The various reflective symmetries
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are gotten from each other by 120° rotations or by the identity transforma-
tion, since one merely rotates the symmetry plane. This gives clearly the
class {C, D, F }. On the other hand, the two non zero rotations go over into
each other, even under reflections in the various planes, so that { A, B )S is
another class.

' The normal divisor is the subgroup of the rotations.

If one takes the determinant of each of the matrices, he cbiains an

holomorphic image of the factor group

il =y icir = -l ’
| AL =] IDI=-1
“3’"! [F/:‘/

so that % / 71 P { Fhe ,} . This is apparently the separation of the symmetry
= L)

group inte the rqtations and the reflections with the multiplication table.

- i P ity | -
rotation i T eflec'blon g
- = &. .....‘ ISR },.‘...,.... s ]
rotatlon | rotation i reflsction |
i {
-+ WRE— ...; Somseras S s rpa SR
rei‘lectlon ! reflec tlon } rotation i

The other two factor groups are the group itself (0 / jJ 5 and éﬁ_% 2 "331;,-.
W L4 y

o
J

It seems that the name "factor" group comes from some idea of having "divided

out" the normal group from the rest of the group, leaving the cosets behind.

CROUP REFRESENTATIONS

The purpose of introducing some of the thecry of groups has been that if
a set of matrices is isomorphic to some group, it will be possible o deduce
further information concerning the matrices by applying some of the concepits
of group theory.

A set of matrices isomorphic to a certain group {9 is called a matrix

representation of the group. If the isomorphism is actually a holomorphism,

=132«




and to each group element there belongs a separate matrix, the representation
is called faithful. If the isomorphism is miltiple valved, then the repre-
sentation must be a faithful representation of a factor grovp of C?ﬁ .

Now, by the group pestulates, the matriqes in question must bgjsquare
and non-singular, that cluosure and the presence of inverses hold. ILikewive
the unit matrix must be present in the representation. Since fhe.matrices
are square it is possible to speak of the dimensionaliiy of the representa-
tion with respect to the order of the motrices in questicno

Two representations of a group which differ only by a similarity trans-
formation are called equivalent.

A representation is called irreducible if it is impossible to partially
diagonalize all the matrices of the representation simultsncousiy. Other-
wige the representation is called reducible.

By the previous consideration of isomorphisms, appears that the matrix
representing the identy must be the unit matrix, and that the representa-
tions of inverse elements are inverse matrices.

Iet the matrices in question be indexed b their group elements. Then

DCa)Dla"') = DCaa"') = D) =7
1’.—[D(a,-') ‘~_I7.)CCL)_

Fach matrix representation is equivalent to a representation with unitary

matrices. For let

Z /D(G-) 7D(a.)

since H is hermltean, agonalize it by S, a unltany matbrix.

ST HS = A
Now, H is positive definite, so that all its eigenvalues are positive. Thug

one can form

v} 33
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by taking the positive square roots of the eigenvalues. Then

. = . =¥ -,
I= A Ya Z S Dea) S S () S A ;
then )25 (o) § A will be the desired unitary matwix.
This is true since : e
/)-’:.S-‘I—Z)(a> SA/":. A'/.’l S-';ID(G) S[/_'S/:L
o : -t =Y -
i = AT D) SALR AL §T D S
SR Dm?g{? D) D) § Bt SA™
o P R VIR . =¥
- A5 )’g? XI5 BB * Byt p s A 7%

e AT {S D) DEH T F5 A
6i§

AR s 47TH
= 1T 2D,

Thus /_\ 2 transforms the representation. The proof of this theorem is cepr-
tainly not obvious intuitively, although it is not contradicted by the remark
previously made that the absclute values of a matrices vhich are elements of a
finite group are 1, a fact also true of unitary matrices.

It was shown that two matrices commte only when they have a ret of coin-
cident eigenvectors, in which case they could be simulteneously diagonalized.
Now, in a group of irreducible matrices not only can ‘r;he matrices not all be
diagonalized, they cannot even be partially diagonalized. This means that
their. eigenvectors must certainly present a formidable array., and that only the
unit matrix or its scalar multiples may commte with 811 of them. The proof

follows the lines of the commutability proof. Assume that the representation

=13]-
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is irreducible and has been brought to the unitary form. Suppose there were

a matrix /4 such that

DCe) M = MD(a)

=l S ——————-Nk/gru-
then alzo M W) = Dla)
or, since 1D (a) is unitary

D> A ¥ = g% Die)
and the hermitean conjugate of M commtes with all the(ﬂDS. Then so does
Mefi# M-A¥ M

and YR the hermitean and antihermilean parits of 4
o 1 L)

. respectively.
Thus it suffices to prove the proposition for a hermitean matrix N . The ad-
vantage of choosing a hermitean matrix is that it may be disgonalized, say
by T.

A=TTNT
Consider now the matrices

]&(0_) :T#S'ZD(Q)T
which must commute with .\ , since if

DN = ) Dla [
T D)TT NT=T '/ TT ' D(&)]

L(a) A= Abkla)

writing this out elsmentwise

Xl ,Q,. (ﬁ) Xz&z(%) *“"\'\ﬁﬂﬂ‘(“) }\, ,p,,(&) x‘,g,zfg) _\x

- .

)‘ i %h: («) Azxnz {Q) - >‘n —ﬂn"(a) >‘n -'{h:(a) /\h ,{7,," () ~.,.\,,jﬁ7,,f.;‘(x;

now
¥ e"(q = L,ﬁdl(ﬁ.
. \Jﬂﬁ b J ‘
if
)a';é\z ﬂLJ'(ac)-—O aa?
~135-
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also, /03,«'— (c) =0
so that if one eigenvalue, say/\é s were to differ from the vest, the
row and column would be zerc save for J? <& (e) , for all =3 and the
matrices will be partially diagonalized, hence reducible, contrary %o hypo-
thesis. Thus all the A 's are equal, N is a multiple of the unit matrix.
Q.E.D.

The same proposition is tm_le for representationg of different dimension-

ality; namely,

el g
Schur's Iemma: Let there be two representations DFJ}’ (= )i and } 2 (z)}of
L ( - 3

the same group which are irreducible and let there be such a mateix /f , that
MDD ay. Doy p ‘g

with J = dinension of D’and Jp = dimension ot ®'”. Then £ J 4 4.
M=-@ . For //i */6_ » either M = @ or is a matrix with non-vanishing deter-
minant and the two representations are equivalent. Again, prepare the represen-
tations by bringing them to unitary form.

R B B yis = R™'D M) RRMS:
and consider r{"/"i Sin place of M , together with the two representations in
unitary form. Thus it will do no harm to take them as being slready in that

form. =
MDD () = Dy M )

@"' "'—# S— Y)
D () M= gAY DT

DU FA e g% D) 5)
premultiplying 1) by /9% . postuultiplying 2) by »

MY D) <« g% Dy m

B at) AM = AYD DM
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noticing that the name of the dummy variable is unimportant.
(4) A7 A
PAEM D ta) =Dy A¥M
=i b
so that M M cormutes with 211 the matrices ¢f the representation (1) 71t

s

thus satisfies all the conditions of the last preposition, and
AYH - AT
Now, when ¥/ ,iﬂz , either >\=0 e */"1 =0 , whence /' +@the condition in @les-
tion being that the hermitean length of each of the coiumns of /b: is zero, a
condition which is fulfilled only if each column is identically sero. Other—
mseS\i( O, I H [ # 0 , and M possesses an inverse, whereupon
M) MDDV ()
and the two representations are equiwvalent.
For j ) F ﬂz ) Mis a non~square matrix with
/‘7 *N ='>*E 5
and M T *;/UI]_—
as mgy be seen by eliminatingT) m(a) rather than|l) (?—S(a) from 1) and 2) of tha
last page. Now, one of the pair, H ?\M is a column of short rows if [~ is
not square. Say it is /"1 » for the sake of argument. It was proven that
tf F’\ /4’ gave the square of the volume enclosed by the rows of N~ 1 . Since
there are more rows than the dimensionality of the space this volume must be
#@ero, since the figure is by necessity flat. This was not shown of | Ff *M’,
but the proof can be readily extended to include a scrt of "hermitean volume®.
Thus lﬂ* " ‘ = 0 -'—)\l' , say; hence A= O » and by a previous argument
M- ©
Q.E.D.

With the aid of these propositions certain orthogonality relations may
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be deduced for the elements of the matrices of an irreducible representation.

With this object in wview we notice that

M= 2 D & 'Df')(as'"i

with GP an arbitrary matrix conformable wit.h’_D \a) andTD(” («)is such a

matrix as contemplated in Schur's lemms.
) 2) <1 -
P EM: 2 DT T @ P e

Cgij
(23 - 2y ¢ . o (')
== &aoﬁﬁ QM (o) D

[ 3 v U

(1)
= /H TD ( e e
this means that either the dimensionality of 1D 'andF) Oa.z'e the same, and
M =ML or the dimensionalities are different, and /1= @
ce)
[Mly:0=2 2 S [D cq;:] LG,
ifj J ~ 4

This is true for each Q of the right order, so take Q]CJ, ™ O“(Gd"f [-Q...)jr

Ci) -

Z £V (&)] fﬁ'bm(a)" Ji(j

If theTD S have been brought to the unitary form, this reads

é E'ID(Z)Ca)Jé = L_’D“(q)] ‘&

In either case if one imagines a vector space in which th° coordinates
have been named after group elements, those relations require certain vec-
tors in "group space"™ to be perpendicular. These vectors are corresponding
elements of the matrices of representation belonging to different group ele-
ments.

From the other proposition; that the matrix which commtes with each

element of an irreducible representation is a maltiple of the unit matrix
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follows another orthogonality relation. Namely, such a mairix /"! is

since P < QO) /VI = 2 TD(N‘)(O,)'TD( () QPD )

4 iy (1) Ci | :
C'—faa‘ﬂ) (aﬁa) QTJ (dvk m ‘:';"
_MTDU) (Gﬂ\
thus M.;AI
_Th(’ (@“')J g

N B paelis i i3 5700(0‘}9( fcﬂ

il ai may set b Z/J .
ere 3 n we se
W. g EG]/UVD‘SE'/U g\fz/»‘p}

€ €
\*"L 5\4,3: E IR (a) o x L (4“)726,
where >\)L has been so 1ndexec since the constant in question may very well

depend upon which [Q]/,y,we set equal to i -
to evaluate A , set o ~(3
(1)

2
al ! " &
Zk‘h? S&O(:ZZ):]DHCQ)JG(%LTD (Q‘lj—j?d\

A= d?f?‘ 2
= €4 -
it Z ETD (e) ]a« =& g rY
= 7 ° &
¢ is the ord=1%? the group.

If /Q is the dimension of the representation, Cg

this gives

>\a4v2j ngr‘\z
hoty g?f‘z

This gives
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: 5 'SR . ¢ =
+ 5y 35 - éZ ED () yw D w7,

. ? A9 3

which, if the representation is unitary, may be written

J ng Sa,g,-;% [ Jap Jﬂ“;ﬁ

This and the preceding formula may be combined. Suppose that there are

. : - i) 0 ~~ (2
several irreducible representations of a group, 0  “of ovder ¢, | D

/
(n)

of order 12 ~~=, D of order X . Suppose furthermore that they

J

have been brought to the unitary form. Then

> el F"L’D‘J(&)]M\rgﬂ:

‘e {] 3 /A-J/J 19y
7 ' al (] V4

There are just % ;/0 > 2+ - 54 s TR différent matrix elements with which
to form such vectors, but no more than vectors may stand mutially perpen-
dicular in group space. Thus ¢ ,z* & ”1can be no greater than Cé s thereby
limiting the possible dimensionalities of irrecucible repressntations.

The traces of the matrices of a representation gives the quantities "mmv‘n
as group characters. The set of numbers {% (QJ 3 l }(Q -, K } ( O)S
is called the character of the represen‘batlon&,‘) / ( &} _/ s where

‘Q(
j i)
P J
—~+ . st [ (a)],u/,,

At
+ P 7 0y

As we have already seen, the trace of each matrix of a class is the same, so
that the character of a class contains just the one common trace. Furthermore.

since iraces are invarient under similarity transformation, the characters
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of equivalent representations are the same.
There is an orthogonality relations for the traces just as thers is for

the matrix elements. Namelr, since

Z, [, (T

(! 5 |

2 e e s s 35, o
617 --— " O‘-/,s(‘):.»

54 7 1
f
=N I ,3_ -
: “! ,é:; 7’ C:j- <
') v

ar € ’) / % . . 4 _f)
2 y’ ¢ (q') /)Z (G) ’: G E _;‘ .¢ Fi
aa? J J J

Suppose one now sums over classes, weighting each trace by the number of

group elements in that class, |
Cq) : (f x - P |
2 7(@3(().;{@(} (q)z‘i//é = ]gaﬂ
Qe ) v
however, now there are only L. summands, if there are l’f classes in (57 » BO
that there are now at most"g different sets of class characters possi'gl-a.
Since all equivalent representations have the same character, it follows
that there are no more than 1‘/2 different irrecducible representations.
An interesting consequence of this is that, with an abelian group of

order 3 there are 3 classes. Thus there are 9 different irreducible rep-
resentations; but from the last orthogonality relation, o s A y - 5
hence 4 ¢ " 1 » and all the irreducible representations are one dimen~
sional. But this corresponds to the faet that all the matrices of the rep-
resentation commute, Ience can be simultaneously diagonalized, with /x |

matrices or numbers in their diagonals.
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These orthogonality relations for the character of a group finally en-
ables one to partially diagonalize a given representation as far as possible.
This provides a sort of canonical form for representations, just as the
diagonal form is a canonical form for individual matrices. Thus the matrices

of the representation mav be brought to the form of setep matrices.
' 77
A4,

e e B o W .‘rr,—\,...:q,.a
A

(X d I

oo

1273
Vo
it
il o

Now, the trace of such a matrix is surely the sum of the traces of the sub-
matrices, and is invariant under a similarity transformation, sc that this re-

lation holds even when[D(a)is not partially diagonalized. Thus

h_ (,)
o AT PRIR L o
I

() e
where/[ is the trace of the J = irreducible submatrix. However

| g 7/(“) 7[wc}(a) ¢ Z 2 5 T (3)(5_) :,(m)(a) 4
| / e
- JC "
so that the number of times which 2 given irreducible represertation occurs
is given by
Cp = “Ij' 2 7( (a) 2[

(k) b
(c )

| “1lo-




LTNEAR DIFFERENTIAL EQUAT.ONS

let there be an h*“ order linear homogeneous differential eguation, such

as ¢
d"x(+) o(.ncl?; ()
G v (+) At + o‘n-l (é) GL-&”“:——- A T (1': <+ ) =&
Dividing through by G, (t) # O , setting
G,y (4) s PR
ah ) & ekl ) e Hag (€)
I @ e 2 O{z_ (t) = —_— L L - -

Ay Ct) %

this becomes

g !
A b 4 CQH—{ )
DN G ARk iy i
4 T i_é'_r-.u-z ! p<|’\'.7v

which may be rewritten
-
L (A" x A7 A

T 4 = IR .‘? :'( "
de \gtzm ) A LT % =
while the following equations are triwally true
L e g g Mo
L oLk AT
%

¢(. 0{’1‘1/( ) 5{ e A
At NdLe -3 /)

— —— —

sl A x
d,‘ﬁ’ 0(—'&" - = Ot‘é"
=113

b TR



e —— I . — ey
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These equatiors may all be gathered into a single matrix equatiion

- n el -

-—i—(‘%-;\-:a,(" 9(\ dz ke B (R AN ’5("”),;_}
_4,_ n-i iy G @) L”(~t“m‘!
. 71 et x 3 l o - o e ]

A" A L s / I;TT.TT‘

Lo g o | & i

| £ t° L. 2 A

which is a matrix equation of = type that is readily solwvable. Write it in

the shorter form:
' A S

e i

If the matrix /\/] commutes with itself for all wvalues of ¢, such as will be

/ > '
the case when the 4 5 are constants, the solution is

M (C)'} '.'JCC/- -
X (<) = & %o ‘>§’ ({‘U)

cients, the solution reduces to

/\w"‘Ct"i‘:o)

X(t)=e S 4,)

The matrix exponential may be calculated with the aid of Sylvester's theorem.

The eigenvalues of /‘1 satisfy _
0{' -)\ c;{ —- - - O( o | A

T 5
l X e, 8 i
f
- A Ty = o O
o c i I - A

il




r

Expension of this determinant according to the first row shows the characier-

istic equation to be
=

L) a &, (_)‘)M—a(z (O3 TR N S

N —r &

or = ] - \ F, - 7 =
hY -ia(,}\ + ok, M TS R TR
This equation has certain rocts, A L . It will be noted that this equation
qu ’ q
is structurally quite similar 7o the original differential ecuation: in
a(—*x/ £ o )K s e el g o F
4. * has been replaced by A . This is called the characteristic
equation of the differential :quiation, and its roots 4re the sigenvalues of

the matrix /M . Thus the r>lution of the differential equiation is

> D W € "R o
.o by W ridei] o< (L)
o TS I T O ({"’é”)\(n; Ly b (ee))
v
< >\‘: ("{’.“éo\l
PR A T
)

3 s - . . . Z . -
where the c's are dete:tined from the initial conditions §§ (\‘:f,}ar the sigen-

3

vectors; but mzv <sua’ly be found more readily if the e¢'s are ireated as ar-

o

bitrary - -9tants, wyse values are to be found by substitution., However,
o form of .the soluiion in principle gives the solution in terms of the
initial value of the fuiction and its derivatives throughh the (. n-1) st,
Likewise in the last form in which it was written, with arbitrary constants,
it is apparent that there must be specified w constants to determine the
solution.

The rule for determining the characteristic sxponenis is likewise the

usual rule which is given; namsly one substitutes an unknewn for the deriva-

w1l

e



tive operator, solves the resulting algsbraic egquation, obtaining the roots
of the equation as the numerical factors in the exponents.

This process is successful when all the eigenvalues of «’1 are distinet,
for then ™ has a complete system of eigenvectors and Sylvestcer’s theorem
applies. The situation which cccurs when an e:i,genvaiues is repeated is
illustrated by the following example of a second order differential equation:

A% A x -

e\ =

ALt * F % A+

The matrix /M is then

£ -2 - "\
L ] ©_j
with }\ =Jas a double éigenvalue. It has the scle eigenvector

by - 75 !;_ﬂ]

so that Sylvester's theorem will fail. Howsver the degeneracy is c3.e€;r1;r due
to the particular values of the elements of the matrix, so that some insight
into the failure of Sylvester's expansion may be gained by changing the els-—
ments slightly, and examining the result.

In this case we change the coefficients of the differentinl equation

slightlv., Write a new matrix
4 - Z ~i+ ET }

corresponding to a differential esquation

<
X
f‘__..__. 0(2( ) 2y = @
- * g« SEpe—— i ‘ & -
dt At
The eigenvalues of /M ‘are the solutions of
-~ 2=} ~1+g® | )
| =15
I gl
=116




with the eigenvectors
| Cr 1ted and

1te

Thus it is clear that as £ = © , the two eigenvectors coalesce, %o give
but one distinct eig'envegt.or for the matrix /™1 . However s if 2 s e~

panded by Svlvester's theorem, there resulis

-+ & 1+ 5
"“
Mir kb e g

=& \ - :

9 d45 .
where the tems {" AL i and ?l-_ itz arise fyrom normalizing the

projective operators. Clearing fractions this giwves

_S_',.'_‘i’-: b Shrre s bl [+ ¢

£
I I+ € ¥ > & ol o =g

- iy B ———

L 3 o ls I'tg

which adds up correctly to give M’ . 1f we now calculate G?H(‘é'{- 5
. .




/-‘ SOy
I-¢
I-f-g

RCACR '
and multiplying this by {¢ % )] to find the solution of the differential

equation,

(=14 e)(f-m)

gie)s & jxu)wueu(m)}
P

(=7-8)Ct-%,) _ A
coms ;K (o d1Ci~8) (e ,)

(=14 6] (£-4,)

(¢t,) je (-1 =g )(teta)
S { = $a fxed, )1X($o)§~’

Now, taking /\...& > the solnbion becomes
il (t o) .
) = (X)o7t " ‘
i 3% Je -rxc(tgf-?’(t)?' o
-é--‘!ru)

B le +o, %}

which is thé familiar solution from the ordinary theory of lineap differen-
tial equations with constant \coefficients. The origin of. the powers of ;
as well as exponentials lies in the fact that two solutions rcalesca, leaving _ g

~ an indeterminate form, which is svaluated by a process which zmounts to
differentiating the exponentials with respect Lo the eigenva uass, which

brings down one or more pewers of (¢-%.) The example shown hare may be ey
tended to cases of higher degensracy to show thic. Since we ai-e— stri#ing

only for a verification of the ordinary theory here. we leave the details of




of such a proof o 'f.heJreader.

For a lirear equation without constant coefficients it will be necessary
to use the series form for the soluﬁion to the matrix diffsrential equation
rather than the exponential form, due tc commtation difficuliies, 2 discus—
sion which we also forsake as irrelevant here.

The same technique which converts a differential equation inte a metrix
equation may be used to solve recursion formilae, and is, of course, most
useful for recursion formulae with constant coafficient. Thus suppose thab
there it given a recursion formula among unknown quantities 0, R

Vne A, Dna #, Dacat === #Kc Doy

to this may be added the trivial formulae
n-\ = D o

Dh"'&. ke ‘)"%1

Dh TRy = . Dﬁ_k"
which has the mtrix formula

Da D,
s S i

On'K'H
Dn-k £

Xﬂ . Mxn-l
:Nzxﬂ_

. "
o e
d:iagonalizing /‘1 this can ive written

L Z WSS

Lz |




£

s o —— w"

T(“

where >\:_ is an eigenvalue of /1 . Since LUa = <1125
i<

. s \ .k e R
Dn = ? AL L1 ><l )52
x

"
M
M
>

[
3

) I A ’ [N - - 3
Where & e Kt el / 2 | ., a constant which depends upon the boundary con-

ditions. Thus it seems that, like a differential equation, this type of
equation must be provided with l< boundary values, usually values of D,\ for
lower r—, and that there cccurs in a canonical solution just k arbitrary
constants which must be fitted to them. dJust as with the linear differential
equation with constant coefficients, the ) 's{are obtained fron solving a

characteristic equation

3! K- w2 n-K
" TR T R L

(J
which results from substituting \ for Dp in the recurgion Jormula.

As an example of the matrix solutien of recursion formuiae comsider a

class of n » ndeterminants which will occur in the later text.

t
{

d { (¢5) - @)

S B ©
Pa = O |l of .- 0

IR |

{ o R L A ™ |

Expanding according to the first row, and recognizin‘g similar determinants
of lesser order, the following recursion relationsis obtained.
v = o Do’ AT
Now, D, =dl Dz ._d\"'_, » from which one can deduce the simpler boundary

conditions Do = 1) D_\ = 0.

~ 25
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The equations
Dn
Dn

form the matrix equation

U

’

Dnyt ke
‘Dn {

which gives i

Q

L

y

/1

Dn‘

]

which will yield a solution as soon as the matrix porer has beet{ calcvlated.

The eigenvalues of the matrix are the soluticn of the aguaticn

o

=i
-1

].

G

\ =

making the substitution
! ' A

ey

2
‘the eigenvalues become

X

P

&

o(l.

-1

=t

A'L‘ 4

The eigenvectors are readily determined to be

A2 I 12y~ {

e ¥ e ¥

so that Sylvester's theorem reads

<t

la%4 E';

e~ 7]

-@a"_]

&2 )nd E'l
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A - @(n.}.\jf}o / _@'5" : ,.{n.{-\),y;l ;.- __e.g.f‘—{
O T | = +F ) El‘ﬂ’-:‘w~yg < 20 |
/ 2 & ¢ AL g j-e d lef—ew;
i , A
_
so that the(h+!) £ power is
‘ phnf (s 2) P - el (ned)
/_- R
ik o stk (nd) @ mald of
and D“ is

=z

ek lne ) f
s ‘f

“Da

THE TRANSMISSION LINE

>

The solution of the electirical equations for

T the concept of a

(=

transmission line illustrates the use which can be made

ntrensfer® matrix, which, in the present case is used to calculate tle voli-

line berms of the voliagee

3
¥

-
ps ]

age and current in one part of the transmission

ad

that saolving recur-

and current elsewhere. The procedure resembles

sion formulae where one solves for certain of the unknowas in terms of others

which are given,

The elemental calculations are donz with certain sim

le Tour terminal
networks. The entire transmission line is then synthesized {rom these elsments.
Four-terminal networks are networks with two "ia" and two "out" terminals,

and one strives to express the current and voltage at the output terminals

in terms of the current and wvoltage of the input terminalis. :

Current and voltage are reckoned by the followinz scheme

I > - cul 2 P4 T :
e B ety
V - 7\ Ry M—"tgq (96.—_—"'—'“” . '7\ \/_
‘ |
~152-
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7 and the equations for typical elements are

% }l“z ,\J,__ Va ) [ | o] ['Vl\ - ¢losed
PR T\ Ls .l circuit
- . bk 8 | : S o AN
e g :) y*, & ( Vo = 2 7 LT J open
—_— T, U st QO O e cirguit
iz Vo= Vs zJ, [ 2y [ )R [ !‘ ‘l series
e 1 & J, L.} Lo Jy _,3 impedence

parallel

et \I
i i ?(v VI ‘_ X L/ P T admittance

More complicated networks are formed by conneciing the slmple ones

shown above in series., or in "cascade®™ as it is scmetimes called. Tor in

stance, if two impedances are connected in series

)<k

1 ‘ L ]
Vv_ ’ ;\/ 1} { ‘\/! )
= — Z.

IL ¢ v / L

n

2]
| B——
] \
o
o

(=
<
W
. BT
e
3‘*
b
"
0 —
— .E*
TR
S}
Hg
‘\—,
it
T
ha
S
Thy
e
K* ————
i
[ .
L

I

The impedances add, as would be expected, to write the matrices for a

cascade network the matrices for the elements mus® be written down in order,

1 X . : g
from left to right, just as the elemeabs appear in the networics, as is apparent

in the following example
V.
T

it
s
5
- O
)
Y i
o ——
~
b Y
=
e
e/

w15 J




the transfer matrix is
I z
Y YR ]
while e -

][ 20 1Y

gives a transfer matrix [

I +Y 2 £

/
7 I

and the electrical asgymetry of the two networks is reflected in the non-
commutativity of the matrices representing their elements.
Two common elements for transmission lines are the "T" and "77 " sectlons.

so named from their shaps. Their iransfer matrices are:

. : Va I Z [ ST 1
v i —{a—[2])- [ Ty T)[s FiLL
Y , foh

, frevr R CqeYL) ] V]

¥ -[ »{ . :»’fb ’{ ! LIJ
v i oY er 0TV 9T \/;j
- [TL]'—[y l}l')lj!y "/LTf;
i -t : e 4 S5

. -
Y {2V o+ R

Considering the matrix for ail-section, its eigenvalues cen ba caleulated to

be

9

}\ = (1 +Y & £ ( ijy;;‘,:" )

~15h—~




Making the hyperbolic substitution
@My;!*?’i
they become .
Nocef heze 7

Making the additional substitution

M T

The eigenvectors are readily shown 4o be

!
Gl= azz, [’ Z .|

,l‘) =

W

SRR 18- Phas
% — / -
/7-7 1’2% ] <9’ /‘/‘fi; = "7""]
So that the transfer matrix is, by Svivester's thecrem

gt oy : EL{E’/ £a7+ Cij}'/ -2.]
y(asyz) vz | = 2 Zé:’ Db L"ﬁj ot

Either by Sylvester's theorem, or by dirsct cal-oulation it is apparent that
when the transfer matrix is written in this form it can te raiced to powers
quite easily since

' . 7 ¢
M? % ¢ A/-’NL f" /,(_’gn-ﬁ‘. n f 7\‘:' >w~*n &{:) 7

Z‘ow,f (‘A’vLj" 75(’&;._[2.\\:}? G«i‘-e\v\\f J
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which is the transfer matrix for a transmission line composed ofn 11 -sections.
As an example, consider a power line, in which the resistance of the spans of
wire has been taken into account as well as the leakage of the insulators on

the poles.

g
i e \\ . F»j
- ate R - |
- U TA
i 7\

Gon )= s 1 A
Far] 15 5
L Ll
" s 4
] e |
\\. e /:m/‘

Suppose the resistance of a span of wire is r ohms, the resistance of the in

- |

)
sulation to ground /3 ohms. Schematically the line is

where the end leakages have been taken as ?j ohms to 3implify the problem.

If there are n~ spans of wire, one has

e |
S ‘:7/6,:} T IR (i V'fi*'s)
1

with a transfer matrix
I+ Iii_ . o

_3__ }
= (9*%—) t-i-.%..;
s i = Ol/vocn:—oj\. (1 E:;g;)

2. VF mEr

Suppose the problem which is given is the determination of the effective ime

pedance of the line as seen from the powerhouse.

Vou
e
ef =

V(JH . (%\p\nj %-o /-;A”-Q'htf-,] 4\:/,‘)
Iqﬁ ‘:Mhb" Cﬂ‘j"n:f i\ .
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( ," Y § IS 5
%C‘-?{-‘ \;L tEatoe L \)
n = V. oy = 0O
%, I e " =
/
Ve X e

rem———————

w Z}a a \/I“'Y 1.

If, as is the case in practice, both v and 4 ars small, The second radical

is approximately 1, g1v1ng
e—?i- = \//v

which is the geometric mean between the resistance of thz spans and the re

sistance to ground. To choose some numbers, if - ~O,1 ohn, q = jo Car

¢
the resistance of the long line would be about 300 chms.

THE COUFLED HARMONIC OSCILLATOR

The expansion of the slastic constant for a vibrational problem accce

t;--

im,

e

ing to Sylvester's theorem has its interpretation in terms of normal modes.

If a certain displacement is an eigenvector for the elastic coastant, th
restoring force will always be opposite in direction to the displacement,

proportional to it. The resulting motion is 2 particularly simple typs

tion since then all the particles will vibrate with simple haraonic motion,

the "shape" of the motion, so to speak, will remein constant aid only it
plitude will vary with tims. Such motion is called a normal mode. The
tion is frequently described by saying the "time is separable,” meaning

the solution to the problem may be written as a product of twe factors,

=157

e

and
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ard

S alfi~
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7 depending only upon the time, and the other depending only upon the coordina-

tes of the particles.

The displacements corresponding to sigenvectors can then be discovered
by noticing which displacements of the particles give rise to forces always
pushing back directly along the line of displacement. Ar an cxample consider
three pendula whose hobs are all of the mase mass, . , and the lengths, £

— g )

of whose suspensions are all the same; but which sre, hovever. interconnected

e e o o i

| ‘ by springs of elastic constant J< , as illustrated in the diagram. Considering

o ke . o arer ONly plane motion with small enough

amplitude to justify the approximation

€ = e B the forces are:

r BTGB vveng . = Kx, =dia,+ Ky = T4 x,
i al Xa | 333 = KX, = kXy = ¥ X3

Equating the restoring faces to the inertia forces, and writing the equa~

b tions in matrix form:

i g Kib" e \
;:l 7;;?—_%— ,“—';: 1) A
| it RS T | LK A
" " _2 m ’ 2
s L A
s T om mt L &3

which has the form

X = —-'l(x )

The eigenvalues of K are the solutions of the eawation

l‘:—\-y‘%—)\ ...-\:-h o
] -
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The eigenvectbors can 13_e calculated from the formula:
o<t = -,',“ (k- 2E |
VT
(k-DNoT)(k=-A D)
I')('l— (R )(.\ As

©
(-,—‘&)(- ) <
0

: (e -)‘,F)(K "7)\?-1[)
PR i AR (i)

Likewise
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Under the substituiion U‘ ‘ X > 7 , equation 1) reads

T U KUY

15
., -

which gives the following set of differential equations when the correspond-
~ ing elements are equated. “j' oL % 7'
PR
j\ ’(Vp&#’m‘}‘fz

i K?*’%n)}




which have as their solutions

i = a e (Y e 4))
jﬂ.-_ “& o e (9 ‘1/1_*47”- ey 1Y

33 & AIA'/N( 'V} 3 P
3 e +555, L +§ )
3 % Saaded w7
So that by making the unsubstitution 5{ sl >
= [ : N
X ,77,4’[1731-}-‘::33
and one obtains the positions of the indivicual pendals as a function of tims
according to
1,(_’ =<'d:;>7'+ C I 27 9 .+ ( . r 3.',7('_,
The quantities Jo =2l | ¥ 7 are cealled normal cocrdinates, while motion
described by just one of them is a normal mode. There Iz, of course, a geo-
metrical interpretation of the normal coordinate an projections of the elgen-
vectors on the coordinate axes, but sinece it is di’ficult to see the comnes-
tion of such a space directly with the motion of tle particle, this interpreo-
tation does not have a direct physical meaning.

A slightly modified problem, which however has the same equation of

motion as the one discussed congists in three identicsl pendula hung frox a
string which has been rather loosely stretched bebveen two supports. The
coupling between the pendula which swing in a plane perpeadicular to the sup-
porting string is provided through this support rather %han by the connecting
springs contemplated in the problem.

The normal mode of lowest frequency has the slgenvector




b
so that when it is excited all the pendula havs the same displacement of
any given time. Thus there is rno force on the supports between pendula, and
1 all three swing as a unit. Since there is no additiorzl force they swing

with the frequency that they wouvld have when uncouplec; nemely ;Jg;';,—, \! ?Z@

The second eigenvector is

o
-1

and describes motion in which the center hob is =t rest and the other two

are displaced oppositely, but by the saume amount. There is no resultant

force on the center hob, since the influences of the side hobs cancal, being
equal, but oppositely directed. Nevertheless the end pendula manage to exerd
a force on one another such that one acts Lo retard the other. The action is
symmetric betweep the end hobs, and altogether the condition for an eigenvector
is seen to be fulfilled. The increased restoring force on the end hobs raises

their frequency from the uncoupled Y, :-é;,:/{— 9///4 to 357 / %mm:"'
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{ The third eigenvector is -

so that in this case the two end hobs move together but with the center hdb
always displaced twire as far in the opposite directiom. The frequency of
this motion is still higher then that of the other normal modes due to the
greater retaining faces exerited due to the coupling, and becomes E%? ‘4;'+§5$g
Again inspection shows that the forces are alwoys opposiie and proportional
' to the displacements, so that the condition for cigenvectors of the elastic

' constant is againfalfilled.

The fact that the moticn is described in terms of eigenvectors of the
elastic constant shows that motion originally started according to one normal
mode can nveer proceed according to another. A rthaer striking example of this
independence is afforded by considering the motion resulting after the center
hob has been displaced and then released, the end hots starting from rest.

‘ This is readily seen to be a combination of motion of the types 1 and 3, 2

being absent. Tvpe 2 provides the motion in which the end hobs move in op-
posite direction, so it follows that from these initial conditions one will
never expect to see the two end hobs going in opposite direction, a conclu-

: sion borne out by calculation and experiment. Actually the ceater hob will
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move with gradually increasing amplitude, finally coming to rest when the
outer hobs have taken up the motiocn, which in their turn begin to lose

amplitude, setting the center hob to swinging once more, and 50 On.

A ROW OF TANKS

Suppose the first tank in a row contains a mixture of C-g gallons of
liquid A and G gallons of liquid B. From time %= O , liquid A is pumped
into the first tank at the rate of r gallons per minute and a mixture of A
and B is thus forced from each tark to the next at the same rate. Assuming
that the tanks are perfectly stirred, calculate the amount of liquid B in
any tank as a function of the time.

Such a problem as this helps to illustrate the nature of a diffusion
process. Suppose that *n ) n= 0, |,---denotes the amouat of limuid B
in the successive tanks at time t.

In a time A ¢€see,

X ot
- - Dt
a 2
gallons of B flow into tank k,
while
A L
|
G
gallons flow out. Then x
O
AYK = (XK—I % %kB
6
gives the change of liquid B in the |< th tank in ptsec. Thus the rate of
flowofBis AX —L( %)
d.+ - G ¢ W -t i<

dx,

and setting X -, = O will give correctly Tz ° The equation above is

and element of a matric equation.
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Where A+ G oy
-4 [0 OGS ==
5 :_ v o 6 - -~
(&) I s
The solution of such an equation is
= b Ay [ &
X (¢) = } X(o)
X
= e G

T R
4 c © X{o)

= fz_mé-f ¢ir(&5- L

o
g
el >l
or written out in full
\\ o o. O xu(o)
~ NG
“C‘{ 'C.:‘\IT frgt & 9 Ay (o)
>+ = 2 -
i e = D e s ¢! 5.0
;o\(\,»%j N,G-é !
\\‘4 N 2 \\\
-

but

i e
X(O): —
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or, generally,

: \ r
R RIS L
Lal@= 27 lg/) ¢t ¢
This represents a considerable simplification over the series solution in

terms of iterated integrals
L

¢ T, _
X('{:)= fzr"' ]%’(0’)6(0‘ +J7 P(GI) é(cl)‘:[c‘z 7{6—;"'“*3—;{'(0)

but this latter solution provides a detailed physical picture of the diffu~
sion process. We have .
e
i R
and the differential equation reads
LXK = $ () X (o) doy
so that this is the expression for the amount of fluid flowing out of the
tank in o g minutes at the time < . By inspecing jf we find that it is
an operator consisting of two parts; j b shifts chemical into cne tan;c fron
the preceding one, while -_)7: diecharges fluid from the tank in question.
However )X has not only the interpretation of being the amount of liquid
in a tank, but also the probability of finding liquid B in a unit volume of
liquid. Thus A X is the probability for liquid B {o flow out of the various
tanks, written as a sum of the probability of flowing in from the previous

tank or out the present tank. Thus in}'ggneral term of the series expansion,

//-'/ é(o",) {‘0})-”1%(0‘,()530"‘ T 0(70"’ X@
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e
ber of ways it could have been left in a tank enroute, while @~ 2

The term j.;')— (o)X, A is the fractional probability of the liquid
flowing out from a given tank in a‘:déminu'tes; the first integral is then
the probability that it flows out incy,  minutes, since the probabilities
that it flows out in any &ime AG‘Kare independent. The next integration
gives the probability that if it flows from the given tank and also from the

next tank; and so on until the whole term gives the probability of flcw:ing past

ct

I< tanks, i.e., of going from one to the next, and from that to the ne
and to the next and so on. The reason for integrating from o© to ‘3'{)__‘ is the

7

G“i* integration is clear, for the liquid cannot flow into the ) +f =+ tank
until it has arrived in the d,ﬂv :

X (t) gives the probability of finding liquid in the various tanks in
terms of its probability of having come frcm one tank up the line, two tanks,
—;-, or having stayed where it started.

Since the order in which the shifts occur seem to be unimportant as long
as they are all performed, the formula

e
2 thr- £ (R)" [T T
is obtained at once; § is the probability of having liquid to start vith;
is the probability that the liquid will go to the next tank, hence ( té-') g

!

the probability for having shifted down to the hqﬁ tank, while w» | is the num-

-2

e

gives the
probability of remaining in a tank once arrived there.

The amount of liquid as a function of time is plotted belew.
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The curve starts off as tn, rerlecting the small chance of a particle soon

mgﬂﬁaﬂnﬂun"’"“MQngm.
N= 3

arriving far down the line, builds up to a maximum, and falls off when the
exponential dominates, reflecting the small chance of keeping the liquid

long in a tank once accurulated there.

AN ELECTRICAL PROBLEM

The present problem intrcduces no new concepts, but affords a means of
comparing the solution by eigenvectors and by series of the last tweo problems.
Suppose that three condensers, all

t @ having the same capacitance C, and three
LA

resistors, all having a2 common resistance
e 3/, - R are connccted according %o the diagram
above. The condensers are given certain initial charges. and problem is to
determine their subseguent charges as a‘function of time.

Writing.Kirchoff's equations, and letting i range through 1, 2, 3 cycli-

cally, one has

Qf,2| Q'
RIL#’/Q-F C = Q :O

j[ L=+ 1 - L + 4 = 0O

so that

RT; - —é" gq“.f.‘ ‘ZQthL-% L a3

These equations can be written in matrix form as

Q | -2 | ! Q,
Q?. o ; _Q ! Qz i
o

3 : / ‘.Q ks Q%#/

o




The solution, in terms of series, is

& - -
f‘#&‘[l-&!’&&ﬁ‘

RPet): e e e &)

The matrix exponential is jus*i‘.'

-9 | i
+~-4o
mreamm—— ! - !
RC RO
e -1
Writing M '—‘—S’-—Q_L{*‘f
-where

! by &
Since these matrices all commte,

/11 t-to

4:-,1’9

s 80 that it will

!
d ' -l gt g (t-ty)
g L " e 5 ®Re & “‘I‘:‘—"O-
C RC
ocbviously
. (E-%to) _ 2+ ~to)
e L TR - ¢ RC ,,Z[
! s
il e T
But, since §'is orthogonal, S - 5/ |  ade o %/

suffice to evaluate just one of these exponentials.

-¢
’ f‘i—: e o ke B “*“*)"
€ RC = 4+ S e Y 2! ¢ T i
(:-'&v 4.ty 4 [Ect. ot -2 ] .:,'"'.—\_ S
"' s'( RC ) *U e /T \’<C AT U<C>> ~S {(' RS/ B ¢
t-4t0v ; *‘ to IR i i B +..--“"~~-.. ' S S
-L - SRRt 4‘ ), ‘Q(- ~ i K 2.
= 2( ke r«
e B D — J . {__j
\.\‘\ _______ - Cl“ 4
i \.S\k o ")3 .-"'\i J
k . \‘\\v\ o //I-
\\\ ) Lo ﬂ"/“_ >
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A c ( g "\,..-’« .n.’;n&u)‘:' (‘\ _J.,’!’é_:'f'j;\l\“__”
These series S,‘-“"’Cﬁc ) 31+ Dt (Re ) T T AN R
can be evaluated from noticing that they all satisfy the differential equa-
tion aé.s .S S
L 3
with the boundary conditions $, (o)<, S,'(as-.c)! s, '"Ca) 20 %, (a)r 0 S, s &,
nr _ J :
S Lol 20 ¢ S;te)aty B 1) 0, e
and are readily seen to be =3
J' . & ks & ol N .k-_.ﬁu \ R
R - it e w = & 3
SI=3L6) = *G’w =C * @ "‘/) g il
e ) W
- b, o= {7 W T AR TT
o P SI =3 (‘"‘ 5 +we ¥ w € =6
: i ( -ty o 4.4 5 (f"'t“-’
’ —— 2y Y Ther wt Iy
5, S, z FAC R 4 e b ywe e
e, t-tu
and the matrix g e ‘s
Wi f*“" -Sl S‘L Sé
S l‘i’c
(o = Ss B 3
: - WO PR
and the solution to the problem is
20t -t} ) : .
Q (¢ St Sy S 5 By S ST % o ALY
; % . - -t rts)
Q; (f) - S‘ Sl S‘ 5‘ SI S$ la) c Re - ¢ Q‘({-&)
o fe .t )
B B N | R S | O LA
3 s -
-2 (¢-4y) -3 (¢- - (£-te)
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so that

. (£ -¢.)
(L) $1Q (€ Qy()}- L o : .
Gar: tia 2(4)- s e O, ()2 Qe £ 94, ()Y

]
seting 5 {Q IR, e g 1)1 €©yy
the average charge at time tl1s L ;e )3: <6 (4

?‘Qi'v.i

2
- = (£-1,)
O£ (‘6) = <Q(+‘)7 g % (G R’C [QL_'('L‘,)—Z Qé({:f.)‘f‘é}\{’l*f (‘é‘o)%

“
thus the matrix, @[ M redo s is an operator which expresses the charge
b
at the time t© in terms of the charge at the time t. It was of course obtained

from the product

Q) - [T-% MYI- Sy} T-2EHT0 )

which carries the solution forward an infinitesimal amount at a time. However
it is factorable into three opsrators -

T RT S H SR
The first of these produces a discharge of the condensers through anveffec»
tive resistance (5G s which would be just the resistance offered by the two
resistors if they were grounded to the other plats of the condensers to which
they connect.

The other two operators carry the charge to the left and to the right
cyclically, and they can be interpreted in terms of a diffusion process for
the charge if they are expaned in Taylor's series, such as was done in ths
last problem. -

Although the problem is now solved, it is interesting to solve it by an-
othér method, for the purpose of comparing the two solutioas. Thus we Ob-

tain a solution'by finding the eigenvectors of the matrix
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for when this matrix is diagonalized 'ti}e g2lution in terms of normal coordi-

nates, discussed in a previous problem, i3 possible. The task of finding

the eigenvector is simplified by nm';icjlng that this matrix can be writien as
w (S —ar«s'3=5g A

These ma:c.rices having been previgusly defined. Since they all commute , the

! =l " E
eigenvectiors of S are those of g . But the eig:nvectors and aigenvalues

are readilv seen to be

) I Le9z ; 137 = Y;
A {
\57 i

n

! oo 0
e W)

XE/”T ;
/J ‘ [L‘Jl ; tv.l
»‘ﬁ"t 5\1:_»9 >\3:¢u2-

. These are the sigenvectors of /“ ; the s'genvalues of M are

&l

o
i

where w=¢

P

the sum of the eigenvaluves of 3, “d7, anst §°'

()
>l ]l sdxy = O

i~}
)\z bu = A+ w=~3

. Thus Vwy are

)\3(/4}. wz_’;_*wz:_ 3
which gives a double eigenw:lue. Since this is true it is possit . to take
linear combinations of 122 :vd /2> for the purpose of obtaining rel eigen—

vectors. Such a choice is

digais (1 bR " 13y = B
e
i/ ra = o
f
IJ (“'
\ . \ :3
/\'~.0 )\.L'S >5
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Using Sylvester's theorem to write the solution of the differential equation:
o -t = B ek «3i‘.:_'é-‘-‘ o
Geors e’ " [paire T Re l2case " 1ars) § Q)

The normal coordinates then have this significance; charges which have
been distributed on the condensers as indicated by the eigenvectors will
cause their condensers all to discharge at the same rate, for the eigenvalues
of E%E,A4 are the reciprocals time constants of the normal modes. Thus
corresponds to a situation in which 211 the condensers have been é@ually chargeds
no charge flows, corresponding to the time constant oo .

The second normal mode results when

a wnit charge is placed on the firs% and

third condensers, and -2 chargss on the

=

X second condenser. These then discharge

at the same rate, no echarge flowing between 1 and 3, and the relation between
2 and 3 and 1 and 3 being symmetrical.

Finally the third normal mode represents a unit charge on the first con-
denser, no charge on the second, -1 charge on the third. The second condenser
remains with charge O, while one and three discharge into one another.
Clearly this relation is symmetrical giving a uniform rate of discharge for
all the condensers. These latter two charge distributions could have been ro-
tated 120° or 2h0° and produced the same results, since all the condsnsers are
equivalent. This is the reason for the double eigenvalues *37ﬁ1 s for then
any linear combination of these latier normal modes is again a normal mode.
For instance,'ﬁ {!&>1 137 4 gives a normal mode of the third type, but
with zero charge on the third rather than the second condenser.

The solution
- %% (4 -4,

Belsis < Graayate [Qes (8 -2 @ e w00 (40
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then has two parts: <O (F4))  is the charge represented by the eigenvec-
tors {'? , and remains on the condensers throughout the experiment. That
this charge should be the average charge is fairly'dbvious, since there is no
flow of current when they all have the same charge, so that after a long time
one should expect the fluctuations from average to have been evened out. This
is done by the term ‘g’c "%6? (‘J"‘;“'){QL glitel - 2 Q! (t}4 Qg+ ({w‘f

which is given by the sum of the last two normal modes.

THE SMALL VIBRATIONS OF THE OZONE MOLECULE

The ozone molecule problem illustrates the use which can be mﬁde of thes
fact that if twp matrices comﬁute they must have a comuon set. of eigenvectors.
The elastic constant for the ozone molecule is fairly complicated; however, ons
can find soﬁe relatively simple matrices which commute with it. My knowing
their eigenvectors, the probiem of finding those of the elastic constant is
simplified, for the matrix which diagonalizes the commiting matrix will parti-
ally diagonalize the elastic constant.

Such commuting matrices can be discovered from the symmetry of the mole-
cule, for 1f it has a certain symmetry, such that when tvo particles are in-
terchanged the matrix of the elastic constant is unchanged, this permutation
matrix +ill then commute with the elastic ccnstant, for one will have

Pk p-k
which can be rearranged to read

KP =< PIiK
which is the desired result.

In this problem but one symmetry is considersd, but for more complicated
problems 6ne might be forced to take advantage of more symmetriss. This re-

quires only the repeated application of the technique described here however.
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Only the plane motion of the meclecule is considered, and the particle
éoordinates are chosen according to the disgram below. The two coordinates
of a particular particle are chosen to be orthogonal so as to meke the mass
matrix diagonal; otherwise accelerations in the two directions would not be
independent. Springs have been inserted in place of valence bonds under the
assumption that the force required for elongation alonz a bond is much greater

than that required to change the angle between bonds.

X_g ‘
i1 v

The equations of motion can be obtainsd by calculating the force in a
particular direction when the particles are displaced in tern along the suc--

cessive coordinate axes, and adding the results. We use the abbreviations

@

el B0l 0z o~ 30O (e uvwf-;fw-{-;j
$, 2 ~2ke*x, ke, ~keTx; v Ox, - ksexg +ksax,
z -
C,z=Ke™, - 2ke™A, - ke ¥y o+ k50K 1+ OXy - kSex,

¢

§=~ke’x,- ~KQ Xy - 2KCY, -losex, 4 K SCX. ¥ OX(

2 g
Cyz O, + KSey, -"“”‘_,-:zks‘x,'\\q Xer KS 5
G o -KSCX, + OX, % KoQx, 41K Xy = 2k SHeak S X

8 1)‘4"'TK R
So- kSQX, ~RICX, y Oxy +kSTxy £ RS Xy ARSX

i




in matrix form, with ™M as the mass of an atom, and inertia forces substitu-

ted for restoring forces:

k >

or

 The matrix |< is to be diagonalized, to discover the normal modes.

The permutation of the particles corresponding to a 120° rotation of the
molecule about its center of gravity is a physical symmetry of the mole-

cule. The coerdinate exchangs resulting from this psrmutation is

X, =» Xo X, =%
K =2X, PG e fl
[}

whence |’ » the orthogonal permitator in question, is easily verified to com-

mute with K and is

&
©
o
o
o~
)

(o ¢ | 6.8 g ‘S' (0.
) ¢ =

P: — !

o U O G i @ 5

Qe |

i o o

e

(.\

G ¢
s

S O

/
where [° is the matrix which performs 120° rotation sbout the axes (1, 1, 1) in
three dimensions. Its properties have already been studied, and its eigenvectors

found to be:
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if ﬂu » :\w, , also ﬁla’t A so that the eigenequations for |~ is
satisfied by:

§ @ | & \ o) (¢ @ &) fa)
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« § Z © © © J G !_ Q /
which gives, as double degenerate eigenvectors for g
LRI 1) (o R g
I o =
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v ot o Y] { G }
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¢ i ¢ (U"- o W
gt e o

NG 1 b o™
with each eigenvélue double. This means that every wector in the plane
spanned by two eigenvectors belonging to one of these eigenvalues 21sc bew
longs to it. This means that the eigenvecters of < cannot be completely
determined, but rather that they are restricted to .lie in three absolutely

perpendicular planes. However, the matrix which diagonalizes I° will parti-

ally dlagonalize |c , leaving 2x: submatrices which can easily be diagonalized

separately.

A matrix ({ which will diagonalize P is then:

= L. 4. P )
i 3 V3 o o v L
i %o -
(= G L& '8 ¢ s &
L™
V¥ \£3 Ny W = , [;
)
Sl s p¥iiG o
i A
-l w s
(9] 6] (] ﬁ VE “"Fi
o w ¥ %)
'3} Q o A3 N7 =g
cjj']... e




where /() is suitably defined.

AL £
"pitidg j< in terms of submatrices also as K = Lm s j

- - O (7]
' VA AT J(i., /J.V/: B s \
U kU= |.@ nm @ ¥R

(&)

g
\9 gkl O a4

This matrix does not present quite the expected block form, the reason for
this teing that in the matrix u the normalized eigenvectors belonging to
the same eigenvalue were nct arranged side by side. This was donz so that
K Mcould be partitioned into coﬁvenient submatrices for multiplying the

product above out. However, the submatrices may be recognized for the fol-

lowing diagram, where elements of a submatrix are comnected by heavy lines:

A matrix L - ;’“
R T N ¢ O}
&g -6 1 ¢
L = (6} G { O G o]
O [ GRS G G
(6] O O O o) {
. C 0 0 | o G J

may be used to afrange the wectors of (,4’ in a more desirable order, and

thus to place U '/ in the form ™' (! |<{j| which is
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The eigenvalues and eigenvectors of these 2x? submatrices are
Matrix Eigenvalue Eigenvector

AN 3 -[_lc]
1 510

-

Al 7

Bl &t

[-‘ /
and matriees@, Q; A ’ which diagonalize each of these bloeks separately, are

given, in their respective orders, by

N Q= 7 @ -L

,// ' G s

so that finally Q"Q G L

o %% 44
Uiy QQ'Q

is diagonal.
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It is: (3 © 00 o0
O o o o o] CJ
6 © Yo O
S 6 ¢
0 O ¥z ©
o ¢
4 @ o G
¢ © - L
] s = a s L{.’,’ \,/\,
and |< eigenvalues and eigenvectors are the columns of (wir"'a'a. ).
b Telfwe_q[ve]  [E][7e ]
VAR ¢ /M AV w7ve | | ,: 5‘
1y e m)[z’ wC 3 e w//(;’
Py H Ar;‘ -t Vi
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o | |3 |-iwdvE cwl/ve ;‘i o i
2 Ne -t WG
J 'lG S '154)‘/1?; Lo “ g
> A

(&
It is of interest to note that Q 1s the unit matrix, and that the upper left

hand block of L™'(/ KU L which it would have diagonalized, was already di-
agonzl, even though it had two distinet eigenvalues and hence was not & mul-

tiple of the unit matrix. This was purely accidental, and was due to a

fortuitous choice of eigenvectors for A . s Q could have been ocmitted

from the discussion and advantage taken of this coincidence. Furthermore,

Q, Ql, Q:ll could have been combined into one matrix.
It is now possible to¢ sketch the normal mods patterns. Taking the proper

linear combinations to obtain real eigenvectors, there resultis
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by proper choice of tj A

combination /§)cen @+ 162 = f

there resulis, with frequency

translation

translation

in any desired dirsction

i
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¥any modes which should be éxpected are recognized, namely the two

translational modes, with zero frequency, corresponding to the fact that the

molecule can move in any direction at a constant velocity and experisnce no

restoring force.

The rotational mode was also to be expected, howaver the

motion illustrated will eventually stretch the molecule wut and preduce a

restoring force, despite 'the zeéro restoring force indicated by the zero

éigetﬁmlue. The solution to this paradox lies in the fact that ons discusses

"small® motions alorig the arc of a circle may be replaced by motion along =

tangent; as is the case here. The elastic constarrbﬁ*f, /< as originally writ-

ten is only correct to first orders in the displacements.
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The uniform dilation cbvicusly gives restm*:i.ng forces in the direction
opposite to the displacements, and proportional 4o them, which is 2 property
of 'motion according to a normal mode. The remaining two modes are degsner-
ates and they are not cbvious.

The motion of the molecule froﬁ arbitrary initial conditions may be
synthesized from these modes by methods already discussed.

, It will be recelled that the submatrix coﬂ‘baining the rotation and dila-
tion modes was already diagonalized by the matrix U, hence they should be in-
variant under 120° rotations, which inspection shows to actually be the case.

Among other questions which one might ask about this problem is the fol-
lowing: It was noticed that there were two degenerate modes, cne with eigen-
value 3// 2 m which was doubly degenerate, and one with eigenvalue O which
was triply degenerate. The question is: MAre any of these degeneracies’im-
posed by the symmetry of the molecule?" Reflection shows ﬁlat this is the
case, but cne may make use of group t};éory to see precisely how and to what
extent. The ozone molscule is symmetric under the permutation group on
three letters. Its symmetries are 6(;’ = Sé, a, b, AL, *§
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With the multiplication table

e a bc¢c 4 ¢

eje a b ec d4 f
ajab e d f ¢
bjbe a2 f ¢ d

c c £ d e b

(5]

did c £f a e b

£l1f d e b a ee
This group has three classes
{ed 5 {a, b , Zc,d,fg
and one non-trivial normal diviscr
2;, ab
The group is of order 6, and since it has three classes there are thres ire-
reducible representations, whose dimensionalitiss satisfy

‘) k4 ~ 7

A j .ﬁe“ CY P 8. ¥, &

U d 3 5 L i J ! <
The irreducible representations are easily discovered. The representation

in which each element is 1 is irreducible and of the dimension 1. Call it

C;__?I Q——-‘?/
2 b Aot & /g
Ayl -{v‘%l
The representation />
e S ]
ﬂ.’ & = | al'"‘"} e 67/5".';-) }Lj
b —> | [ — -1
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normal
is also irreducible, and is the factor group of Cﬁ by the non-trivial/divisor,

and separates the rotational symmetries from the reflective symetries.
The third representation must be holomorphic to 6‘077/ d2}, and is two

dimensional. The plane 120° rotation and reflections are elements of +his

representation, y'. | |
/ o Con [ B ¥ et (2 o
. ¢ -7 [o ¢ G = [l 129" s Jo2o°

7 EN 9
e [ DO° - Rome 1 TO

] 1]
b= i 150° e 129

!’
o b 2 PDY | O ”

"—% e 1At 1 D’

To find the characters, we write a table

'relement' e a b e 4 ¢

representation i

e |

5 IR AR P T

A
1 1 1 -1 -1 -1

2 -1 -1 0 0 O

Traces of Flements of Representations

so that the rows of the table are the group characters. Note that the ortho-
gonality condition for group characters hold.

It is now necessary to determine which representation of ’7 is to be used
to commte with /K . It must be six-dimensional > but reducible to two equal

three dimensional representations. If the three-dimensional representation is
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g . , S, & /
! ‘r @ { G f ¢ “ <
it ~ II“‘ ! E o H! / s 5 / C/ I
S L2 IC T !'If// -5 TR { e L —7 O
r o L el N
CS ' - / / J'— [ / c I ] / e
W T
o i (i
(e o A
4 I - S f
¢ = 1 bt ¢ A= % 4 g B
! @ "d o ) ! (;-/
The desired representation will be
ST ) : i, Mg R N e R
G | be, i1 (o @/ L JesSls g S s
L g 7 «>g 5 o7 &) Tle-) PTIe0l
“»{4' A8 \.'_,' 0 y L.‘r & 4 - o
The character of this representation will then bes
e PR L WS SRS |
e 'L o I |
3 i g ,;' l’F 8 {
Ry e A

To find out how often the irreducible representations 4, /7, ¢ ars contained

in the reducible representation ¢ ., one applies the formula

a A q Cre ) 3
e 2 [/ (a) (o)
ol ) J , .
&¢
r‘-?

where g dis the number of elements in ,7, n(K)is the number of times the

K“;’f irreducible repressentation cccurs
e T L Colr0f + 0.1t O-1 4 0 J+ o]

= 1

r.\(/j-'); ';:"{(-.*If Gl + 0. 4+ C ] +C |y 0__;5

4
_L g
L gC 21-0./1—(;‘/1-0.;'1‘()./1"‘-/

X3
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This means that the representation £ can be brought to the partially dia-

gonal form. r;‘“""“"“""j
e
[«
L1
by
R
£ LS -I
and /< , since it commutes with each matrix of mast, when diagonalized,
also be of the form F{‘ i
Ry
LR e~
Asl .,
s
| AL |

Thus two double degeneracies are forced\'»ﬁ;'ion' ’K - One is clearly the double
degeneracy with eigenvalue ° r/:/ The other is the pair of translation modes
w:lth eigenvalue zero. That the rotational mode had zero eigenvalue alsc was
purely accidental, and was not forced by the symmetry. That this is true
may be seen by binding the center of gravity to the origin by an isotropic
linear force. This will change the frequency of the translational motion with-
out changing the zero frequency for rotation, although the symmetry of the
problem has been preserved.

This discussion also shows that the eigenvectors are free to be chosen
in specific subspaces, but to cbtain much more detsiled information the metheod

originally propounded in the problem must be rescrted to.

THE ASSYMETRICALLY COUPLED OSCILLATOR

Sometimes the solution to a particular problem is difficult because of
difficulties arising in the finding of eigenvectors for the mairices which

may arise in its solution. However, if the matrix differs but slightly from
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one whose eigenvectors are already known, there is an approximation method
available. Suppose that it is desired to find the eigenvalues and eigen-

vectors of the matrix

H*gﬁ’ 1)’

and that the eigenvalues and eigenvectors of )/ are already known. If one

can find a matrix A such that
T - /
U B
he will make a small error in adding to 1) enocugh terms to complete the ser-
ies ) =
Ht ELMH Y Tm M LAP]] L LT 1 A, e

which may be recognized as

e

£ e - ™
e I ¢
p T
A &M P
Since now 4 +£H = & AN G .
“EM ol o CTRRL e
M o= & { M SR

. 1 Jood /
Now, if (f disgonalizes |4 , {4 a Mwiz1 diagonalize/”+£ M; from above.
Since the matrix whose columns arc eigenvectors is the one which diagon=—

alizes matrices, it is apparent that the new eigenvectors are the columns of

Ue M
But, in the eigensystem of /4 , these are just the columne of e‘f M. To first
: <
order in £ , @ is I +£ /M so that the corrections to the gigenvectors

are in fact just the columns of /1 .

The new eigenvalues are given by

Tredd i b Py ¢’ ¢ 150y
= K 3 /,*"“ bR & 2! (:‘ fﬁl& V (‘r/""‘/d,('>?'(‘ e ;,’-;',",_'}'.‘C‘ff_:) ’;
which gives, in view of the extremal properties of the eigenvectors

T L i . I
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For an example consider the three coupled pendula comsidered in a2 pre-

)

vicus problem, where the alteration of using a slightly stronger spring on

the right and a weaker one on the left has been made.

’
3

‘é} L ’/."? S V"\""‘_'M.u;r:'
prl ey ot
i e ‘5
The quation of motion was = A
. - . P
" Rfem 1/ - Fe ) “ %3
%y - P
. E "7«,4* ..’allfl.f = Py X 2
¥« < - - k'; ! m 2
0 : A2, / X
« & “ B v ) i
R
% s

R o
while the perturbation to the problem consists in the matrix

¢ Ff oo - ¢ #frn <
/
z H 2 5 Fef er ¢ i /"'/mr
R

which represents the force due tc the modified springs. The solutions to the

origimal equation are already known; the eigenvalues and eigenvectors of the
elastic constant were A, = ;]/J'

A.z = j/-pf .ﬁy’f" /\ 1 v /?/5! 3 f'&],,.-,,.,.

} 135 2 /

! 1 v ~

'l)‘.'- .’!:: ) '27" vf‘_ O =
Y3
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In the eigensystem of H,'

H = ¢

o

o

g
e e
¢ 7/" -

7, =
3 ceH'= 10O
¥ o
z ‘é/a’ﬁ
B

The matrix M which solves the commutator equation

is given by
and is g
¢
O
[
%

(A, HI=H
v ¢d g2
cereip s SoE
9 L
£ 43
o -
43 <

-
o>

so that the new, approximate eigenvectors,

Note that although they contain terms of order &

to first order in 7/ .

—

’
$2> 2 O
!
i A7

o

<

in the eigensystenm are

[
V3

<

€ c?

Y

These approximate eigenvectors were given in terms of the eigenvectors

as a basis; transforming them back to the laboratory system, they =re

4

i
ER T
V3 /

!

.

jry’ =

A=

S
1= :

VL
¢ N

[« f - t/2
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While the new, approximate eigenvalues are the same as the old ones. The
first normal mode is unchanged from the un-
! ! { perturbed case since there is no influence
o " {‘_uﬁ" due to springs in this mode. In the secomnd
mode the center hob moves slightly, the end

bob lags by half the displacemsnt of the center. This compensates the un-

{ | ‘
v !

a
s .
b i gt

> B e

st SR R
equal coupling. In the third mode Gne of the end hobs leads, on the left, to

f I [
/ ! !

compensate for the weak coupling while the one on the right lags, to compensate
for the slightly stronger coupling to the center. Net result on center is the
same as befores hence no frequency change.

This process yields an approximate solution, but the series cannot be ex-—
tended as it is to terms of order ¢ 2 Since this error was alréady neglected
at the start of the problem. One can however expand Hr¢ Hlby Sylvester's thearem
with the approximate eigenquantities, expectidg it to be correct to orderé , and
obtaining a small correction of order 5.7'. The matrix could then be erxpanded in
a commitator series accoi*ding to powers of £ d » 2and the process continued until
a recognizable series, or the desired accuracy whichever'might be preferable was
attained.

Actually, in practice, the whole series in powers of £ is assumed, and the

various terms calculated by evaluating the coefficient of { by suitable




trickery.

Since the matrix:i//'is regarded as a small perturbation on the matrix
H, the procees just described is called a perturbation calculation. Depend-
ing upon the power of £ +to which it is carried, one speakes of n = order
perturbations.

The matrix /] remains arbitrary %o the extent that any matrisx which
commtes with H may be added to it, as may be seen from the process by which
one solves cut a commitator bracket. But such a2 matrix would be diagonal in
the eigensystem of H, and if M is to represent 2 rotation, must be anti-
hermiﬁan, so that these diagonal elements must be purely imeginary. This meams

zero when dealing with a real matrix.

This process certainly fails in the case that two eigenvalues are equal,

i.e. when H is degenerate. This situation is discussed in the next problem.

OZONE 1\7 WEAK SPRING

Tﬁé approximation formula for the eigenvectors in the last prcblem fails
when two of the eigenvalues of the unperturbed matrix happen to be equal. The
reason for this is that the migenvectors of the matrix Hripmay be cuite well
defined, while some of the eigenvectors of H may be taken quite arbitrarily
in some subspace. Since then two sets of eigenvectors need nol even approx-
imately coincide, and, which is more important, msy not even coincide in the
limit as £—» 0, it is impossible to transforr between them by an infiﬁites»
imal rotation. A similar situation cccurs when two eigenvalues hsve say nearly
the same value, for then the reciprocal of their difference will Le very large,
. corresponding to a large change in the dirsction of the eigenvectors, relative
to the small pertubation, £ . Such a situation gives slow convergence when

one attempts to carry the perturbaticn calculation further. On the other hand,
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&5 if the numerator( [l-"f / a‘) of such a term 18 also small, it will cancel the small
denominator, indicating that the eigenvectors already ceoincide approximately,
or, in the degenerate case, if the element¢ciH’ :Jhs zero, it will indicate
that the eigenvectors already agree in the limi% as & v o, and the caleculation
will proceed without further complication. For, as may be seen by examining
the derivation of the formula for solving for an unknown inside a commutator
braclet, this will satisfy that formula.

However, if the elements (_gi R J'»)zero, the degenerate part of H must
commte with the corresponding part of H', which is readily seon to be the case,
since this degenerate part is merely a multiple of the unit matrix. Since any

- vector is the space spanned by the degensrate part may be chosen &s an eigen-
vector, it is a simple matter to choose those which are eigenvectors of H!
‘\_ ' rather than those which were originally chosen. This then gives the correct
eigenvector from which to start the perturbation calculation.
This amounts to diagenalizing a submatrix.
The process is called a zero order perturbation, since one is mere prepar—
ing a convenient set of wmgtors for the first order perturbation calculation.
The ozone molecule considered previocusly, since it contains .degenerate

_ eigenvectors, will serve as an example. Let the perturbation be provided by

a spring whose elastic constant differs slightly from that of the others.




The unperturbed elastic constant is already known to be:

-
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The perturbing matrix is found by investigating the influence of a small spring

£

connectied thusly 2
= e

X

S

o— Y N —_ g
4
z

and is

X Xy
e £ o
AR I o o G
<H e R Sc o
SSC  ~5%¢ ¢
o] o ©

diagonalizing H, and cbserving the
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Since H is degenerate, the corresponding blocks of H' must be diagonalized.

They are: 1
: - o STt 3G
2 i and l 72
o & ¥
Sg/i <3l

o o ©°j

=

The first is already diagonal. The eigenvalues and eigenvectors of the second

are ;
c ;
>'=0 '1)5[5] )‘7:'3’1>=‘[—C]
Let V be
T @
V-: e 5
o [ <]
Then the matrix
B, 0 ™0 o -3
T 3
()
o
-l sl / f'( 0 o O 6
VY u 'R Oav= 1 6 g o TN AR
0 O o o [ o o
0 o) o ¢ ] e}
iy o o 0 g —3

will then be the correct zefa order approximation, to whiech the perturbation
calculation may be applied. The matrix M which yields the corrections to

the eigenvectors is:

"'1921"" .




00 00 0 25
00 00 OO
00 00 0O
00 00 0O
00 00 90
=260 0 0 0 0]

so that upon writing the first order approximation to the elgenvectors in the

laberatory system., we have

/ [0] [ 0] (o] ¢ ] [srzs
Ll rr2ec ) ; =5 . & i‘ .A_l': ~C ‘.‘Lf1 S y2E |
Bl-we] HBlo| w3 Y 3p 0 N T
e i (4] -5 S ok
9 ! SN 3 (’;:
< 2
'IJ CJ *SJ Lt o ]

. LM - \\——.\/_,__:/ 2k o
35 (178) e 35 (-2t

O L. Zm

with their corresponding corrected eigenvalues.

It is int,eresting to note that the degsneracy has been removed for the
modes of eigenvalue H V- Y but not for the other degenerate.mode » With
eigenvalue 0. If one were to apply the second order perturbation caleculations
to the problem, it might be necessary to repeat this zero-order process again
before continuing. In the present example it is obvious that the degeneracy
would not be removed until an anisotropic force acting upon the center of mass
of the molecule, i.e., an external force, was providad

To sketch the eigenvectors, we have

- 2-"‘:
B
{1428 .
liyar | 1-2¢ o s £
1y J 1 R (1-¢) dilation

o &m\
< \
ie* e
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| 27 rotation unperiturbed

137 translation unperturbed
a, translation unperturbed
oy ,
? s Ny s ik < (unperturbed to
Ly ¥m Vi \ first order)
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The adjustment of the molecule to the new sitwation is apparent, especially
in the removal of the degeneracy betwsen the modes 5 and 6, since the per-

turbation has clearly destroyed the previously existing symmetry.

PERTURBATION FORMULAE

Having discussed a technique for obtaining approximate eigenvectors and
eigenvalues, we now attempt to obtain a series form for the perturbaticn cal~
culations. OSuppose that a matrix is given in the form of an infinite series:

(e}
o e € 2)
ﬁ“H ¢ H ""‘EIH I-f---

where £ 4s a small parameter. Now assume the series
) (el

3
O S R S I S
I(ul ) ]
R L e e
Ty KEREAOY o i

which are power series expansions for the eigenvalues and eigenvectors of H,

The corresponding eigenvalue equation may be written in the form

LH- NIy
substituting the above series into this expression:

(2 N2 em 0= 0
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multiplying this exvression out, and equating the coefficients of the various

powers of f to zero, there resulis a system of equations:

o ¢u )
{HIU)-)\‘( 3 ]T'i ii = Q e " e
4 3 -\ L E":?
{H(b) (7 Z’ > 5 _{H >\L i

s

e i o e P - 2 114 (n-n;)
T W LD T RN B T

Mzj

Pres)

with a similar set of equations for the left eigenvectors. The first equaticns

of these series are just the characteristic equationséi‘or the unperturbed ma-
t )
trix H .

"’he terms of the series for the eigenvalue are cbtained ty premultipli-
()
cation of each of these equations by< " . The left hand side of the equa-

tion wvanishes since
. &) ('-’) —
([/(6) {/"/’ —->\4‘ L=

leaving 2 b,

6) 2 Crv) (& ’/ 4 -
i h TR e f A S K
vz f

for "=\ s this gives '

¥ ) iy,
)\ " = <L/ ]l/ /(>
for : . ¢, (0l

\L(“"_)\ { - /m/ )"’+( 1

1) v
and so on. Now,)n.' can be calculated from guantities bearing a lesser super=-

t.1 &) (‘)’,:

[d) ' ¢l H

script, so that it is possible to solve

RO W L TR W T
forl. )"’, since the equation involves nothing else but already known quan-
titles. If there were an inverse matrix ] /4 :)\T':}"’f, this process would be
straightforward. But there is no such matrix. This means that /. )")will be
indeterminate, and may have any component at all in the direction of /. pt *

It is nevertheless possible to determins the remaining
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components of e Suppose that H hag a complete set of eigenvectors

and that >\L is not a multiple eigenvalue. Then

f vl AU
l J J 1 ) ¢ 1) .("]7' I >f"')
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ced
The components of ¢ 7 .m the eigensystem of H have not been discovered;

but the zero denominator when I = ,0 forestalls any attempt to find the im
component of /. }U}, since the formula then gives the indeterminate form o/o.
Inspection of the formula for A,' ~ shows that it wowld be convenlent to
choose /. 7(”80 that { U/ A t')(')vanishes, which is always possible when one
compenent of & 7 i is arbitrary. This enables the formula for 1¢7? i to be put

R Sl
in a neater form. Observing that when < ¢/ / L)

; 2" ‘ﬂ) <£, z /}>(Q(f’(b1/<‘>“)
=y

since a zero term has been ocmitted from the summatlon,

s 122 ot {H N T,
= 2 4 e .

2 (
<9(M (/‘>
Z

ip s
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o) a%)
These formula, for i¢’/ and ¥, are clearly the same results as already

)
obtained, {i/ may be found by a method similar o that here skeiched for
Cr)

I'4? | But we are in a position to obtain the second order quantities

without much additional labor. With the choice of ¢¢) 'u/ B v s we have

o) Y ) i ey (3) 4, ¢¢)
R et M et et BT Ly

Thus the second order correction to the eigenvalue depends not only on the
diagonal elements of the second order correction %o the matrix, but alse the
second order terms remaining from H(I} o It will be recalled that those terms

did not appear in the first order because of an extremal property of the eigen~

vectors.
The equation for /¢ »P1e ) (R L (3, 4 ()
(& LA T
T Wt (1 R K NI TERAS LY O e
o i .2 L & - SRING

)
The same observations made for /i)' apply here, as doces the method for solving

vy L2 gt ) :
for 1) . As before, set (¢! (7 =0 , TUpon performing the necessary

algebra, the result can be shown %o ba : '
(¢ 0 (o) ,, Crd o, (e}
I‘) = (‘; k “') "',’L )‘c"n’ _)\ttu)
ALt

It is clear that the series may be extended, term by tei'm, to any desired order.

<) N .
These formula may be summarized; recalling that <</ A lJ > = [AJLJ

in the eigensystem, ma have Ay

(4)
! H‘ )
1l (c) )\
1¢y = —2—
= “) q()

%1 H., 2 a2
A ¢ =2 —:;—-(i; + M
s N g A

) <

H 7, 2) fo

hipY s G
§A" T Lre e s
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The case of repeated eigenvalues mest be treated by zeroﬁl order perturbation
theory in which a correct set of eigenvectors of H(O}’ is prepered so that
the eigenvectors of H approach them in the limit. This procese has already

been discussed.

ENERGY CONSIDERATTONS

The vibrational problems presented have all been discussed from the point
of view of the forces operating between the particles, and the ensrgy considera~
tions have been lacking altogether. Suppose that the potential energy of 2
system of particles is given by V( Xy yly; ), where the Y'a are the wvariocus
particle coordinates. Then, ifX , = 0, X, = &~ ,‘y mn* & is the particle

configuration when the system is in equilibrium, it is pessible to develep the

potential in a Taylor's series about the origin. /
N L YT
IS AN LTE LD A V(G, O;”"‘:o) *oox, N O 3 B =l W C
o174 o B &
LY : i e
V(o) +@TOX |V + 37 L i"ﬁax:a;:’fx .X:; i
/:U . 2 0O

The potential is indeterminate by an additive constent » 80 that it is possible

to set V(o) = & ., Since the particles are presumed in equilibriumm at ‘4{0 S

oV =
S-Y.:’.’Xu; O

term as an approximation to the potential.
o 8 iyt
i S / , :
V(X.‘.)g =l ZZ Xt.':)’éé)(d‘ x‘_’-:o &J
¢ d ¥ f - o

which may be a good approximation, provided tna’fo it itself does not vanish, an’

3 there are no forces acting at the origin. This leaves the second

that the Yy, o a,»d_ are sufficiently small that the series converges. But

the terns
B
QAIOKY KL= o
L ;
.?‘L_) o
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are Jjust the elemsnts of the matrix of elastic constants fop an equivalent
linear problem, and this first approximation is one~half the quadratic form
of the elastic constant matrix:

V(x) = 7 <xd K %42
A result which could alsc have been cbitained from ths expression

VIixe) = f( force Id x>

: :j(;ﬁé}Kld’.&J)

But, the eigenvectors provide extremals of the quadratic form of their matrix,
. 80 that the motion accordiz;g to normal modes is motion which makes the poten—

tlal energy of the system an extremal. This is a circumstance which may some-
times be used to advéntage either in determining normal modes by inspection

or in calculating them.

The fact that the normal coordinates are orthogonal for a symmetric matrix
shows that the total ehergy of the system can be written as a sum of the enor-
gles in the normal modes and that the normal modes do no work on one another.
Newton's third law requires the matrix of elastic constants to be symmetric, by
requiring that the [<“i‘. force due to a displacement along the J ot coordinate

of a particle be equal to the force when the particles are interchanged, i.e.,
H

the c’ force on the « ¥ particle.

THE TRIPLE PENDULUM

The problem of discovering the eigenvalues and eigénvectors of a matrix
is of considerable inporhéhce » in veiw of the convenience affordéd by using
Sylvester's theorem in the solution of problems. Although they can be found

for small matrices rather casily, =s the site of a matrix increases, so doss

=201=




the tediousness of the arithemetic invelved in carrying out the forimlae for
eigenveetors and eigenvalues.

In addition to the techniques already presented, which, with the excep-
tion of the perturbation theories, have been exact in" nature, thers are a few,
primarily numerical in nature, which are often useful. We show twe of them
here.

The first consists in noticing the approximate form of the high powers
of a matrix. If it has a complete set of eigenvectors, we see that:

M"es W' 1xdd
The largest eigenvalue d;ninateg this expression, and one commits a small er-

ror in writing:
o L N \k><#a

for aufflciently large n .

Now the trace of such a large power is

P e T Vs

which becomes in the 1imit, as we also take n > roots.

\max = /\/)\ +)\z o “‘)‘!(

also: ;
{)\v\ M }
r\-§00
gives il
250 it, Z>\ [t xi) - L.W§<>\M )
r\-)ao ) = [4<RY

it }\K is the greatest eigenvalue. If the eigenvalue is degenerate cne obtains
instead, the projective operator into its subspace which will not be a linear
gubspace, but of a dimensionality corresponding to the multiplicity of the

eigenvalue.
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The next largest eigenvalue and eigeavector may cbviously be found by

applying the same process to the matrix

{ M —->\mk.)< lm (¢ mat/ \z
and so on. This methed has as disadvantages the facts that it finds only the
largést eigenvalue and ;ormspmding eigenvectors each time, and that the ex-
traction of succeeding eigenvalues depends upon the accuracy with which the
preceding ones have been discovered. Furthermors, the process converges
rapidly only if the eigenvalues are well separated in value, the smeller the
ration

>\ next largest
>\ largest

the faster.
The second process claims that it is an reasonable guess for the value

of some eigenvalue and 1) is an approximation to the corresponding eigen-

{M-XI}" 14y

will be an even better one. It will not be normalized. To see the inner

vector then

working of this process, write the matrix in its sigensystem. Then cne has

R, "R
\
Al’)
W
4 M=)
and since )\-M is small, its reciprocal will be large, and honce the matrix
oduct ' %
pr r‘__l__ B r )\t
A-n
e %
Ao -
- ‘ By
>\ " ")‘ A ‘1J
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will emphasize the ¢ . ] component of the vector, and if the new approximation

is normslized each time, one has upon repeating the process several times:
Al - ))h i
3 Ni-A
Y = MY ey,
A=

which becomes in the 1i£nit
(@]
IL>001 ] ’C). = ,(} c;c,'tua,)
4]

gince in this gystenm | ‘-) actual e ).

This method dependé for its success upon an initial good guess for }\! and
upon the other eigsnvalues differing considera‘bly from the one under considera-
tion.

The first process may be illustrated by the problem of the triple pendulum.

LLLLLLy

| ' whoge suspensions each have equal lengths are
!

Three pendula, whose hobs have equsl masses and

hung one from another, given certain initial dis-
> X placements, and 1left to swing.
Rather than displace the particles, and cal-
culate the forces arising, it is more convenient
P —K '
! in this problem to apply given forces and see
how far the particles are displaced. Thus apply-
X
PR ing a force to the first particle horizonbally

and considering small unit forces we have all the particles displaced equally

by an amount /Z
b = _;;;

If the unit force is applied to the second hob, the first will be displiaced a

=20)




distance a, but the second and third will be displaced further, by a distance
a y b, where 2
L % Jlm}

Finally if a unit horizonal force !s applied to the third heb, displace the
first by a2, the second by a+ b, ard the third by (a+ b +c ) with
This gives a set of equations

% = af,+af 4 agg

¥z a¥, r(az/}f-;_-y-(c.l-l,}-?z

*3

"

i+ od e Carbue) £

i

or, equating the 3's to e inertia forces, writing a matrix equation

%, . .7 9% 8 X,
x - - (X

2 - Q; 2 S S x”
Y 2 SN 4 4 X,

To determine the noral medes and frequencies of their vibrations one must
find the eigenvalue arnd eigenvectors of

2 2 2
/f ] 3 5/ J’
b, gl

If )\C are the sigenvalues of this matrix, the frequencies of the motion are

given by r—/
= ¢
.Lu" = K:J:Q

=X

it
|}
4




12 2L 36
M= 2h sk 8| M o= 19.g0
36 8L 150
ULk 32 sho
e Lzh 738 12k2 qu AL A
[s10 1202 2w
It then appears that M’will be a reasonable stopping point for two-figure
accuracy; dividing /"f " by its trace, we have
locie M 0475 107 178
ﬁ 107 .2k .lao
178 410 .707 |

These results may be compared with "Pipes® page 200, who does a more exiensive

approximation

1k.4309

Iy 2 254865
.58;225
1.000000
e (X 119C)is subtracted from i we have to subtract
68 1.55 2.57
1.55 3.52 5.80?
2.57 5.8 10.2J

=206




to give

1.32
0.15
~0.57

" 2.26
1.72
=1.56

10.50(L)
L.65(3)

16.48(L)
6.16(3)

33
25
"023 "‘030

2 122

J2) =

.86
.65
-.60

Nl al =

1

This process contimues with

-020

0.5
1.18
-0.80

1.72
3.03

V)

(L)9.34
(3)3.83J

25
olily

57
.67
=.18

.65
15
.78

«33

-002

-0.57
~0.80

7

e /’;): 30‘-30

0.80

~1.56
-2.08
1.60

"023 _
~«30

<23

&0
.78

60

—603

y S

»20 « 99

.20

2T




.68

~e57

115
When these resulis are checked by multiplication, it is found that 1) is
determined fairly well, as is >\., )\2 » and >\3 « However, I3) is quite

badly off, due presumsbly to an error in the subiraction 11-10.8. This il-

fs) &

lustrates the care with which the first eigenvectors should be calculated;
even though the accuracy is not needed for then; it chows up later in the
calculation.

Sketching the normal modes we have
Lr ol
(1)

p Bl PR AR =
lowest frequency

it sr

(2)

(3) highest frejuecney

)

Note that in such & problem as this, the ead of the chain hos o 4- ndeney

to whip around, while the end of the choin nonvar e

T P SEENT NGy T e e
Wl el SSRATE g LiLLV.akg

5]

greater restoring foree movas but slishilr,
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‘QUASI - CONTINUUA

THE VIBRATING STRING

The vibrating string illustrates the use of a discrete model as a basis
from whih to obtain a differential equation, through a limiting process by

which a supposedly coritinuous medium is more or less accurately approximated.

Suppose that there are v balls, each of mass wA » suspended between
two supports by springs of elastic comstant |< » and that gravity can be

neglected. The following diagram illustrates ile schema:

7

n 1\1 'r‘ b 3 oy 'f‘ s,

;*L
ATV w\i.‘;" Y ':-
o N

sy
The equaticns of motion can be cbtained by considering the forces on s

certain ball in terms of the displacements of the neighboring balls.
Mgz K iut-a AU P g vf o L+ ne

MU e {-ab 4w, 3
h‘unu i< {un-\'zun}

Written in matrix form this is

[u,q -8 I o i o u‘~
Ve k i -4 —

u, R R ' o U,
Y o O C - - 8
U, | =1 s

This matrix ‘:l.s inconvenienﬁ to use, primarily becauss it cannot be written

as a sum of simpler matrices which commte in any obvious fashion. The diffi~
culty is clearly due to the supports at the end of the string. One may attempt
to remove it by adding a v+ '&.: ball, and then coniinuing the string periodi-

cally, later imposing the boundary condition that U, =0 . This scheme

fii g
failé, hoirevar, since the boundary condition implies a force of constraint

which is not contained in thesyustion of motion. But if such a force is
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already provided in the eguation of motion there can be no objection to such
a procedure, and this will be the case if an(n4+i) & ball is added, end then

the string doubled in length accérding to the condition that

U n=t ¥y o uh«\-H-l

01‘ ] '
u v = u 2na L t L
and then contimued periecdically. This gives a matrixz equation, when the

pericdicity is borne in mind

Lty il R e ]{ “,
o 2NN B Y SR e b,
R o B e
ulﬂ*lj I o 0 My ~:{ LL{I‘:’:.I

where the elastic constant may now be written as the form of three matrices:

-

iS¢ F >
{2l

where ' is the matrix

o | ¢ -- ¢
0 0 | -. ¢
AL+ B gk 1o
These matrices all cbvicusly commute. The eigenvalues of Sﬁ are the solution
of 3
-) i C -- o
I YR i

LI 0 0 -~ A
The development of this determinant by Laplace's method gives

2T o 33
2 e 202
>\ k- C :
so that the eigenvalues are the distinct 2 n+2 5_{ rocts of unity. The elgen-

value equation

o I 0--o0o(a, ° G,
- S - i L Gy \ Gy
T = S AR
R T . ,
E G‘:th LI S
«210-




quickly yields the eigenvectors

0l %, Zndr .y
" 2R TrEr el.‘:i g Zhi'l_ t ) - /G FAL | e li
"‘) = [ < Znay l7):‘ i _._L,/
P et L - A!;;«-'-‘ - -
Vnes NTrte | [ o e f
- 27t 2 Trhta /__"r’; ot
Int 2nyy e =
& 1 L Z
i - \
Thus S 2,7“‘ 5 -1 has the eigenvalues
L /< i<
C)ZRL‘ znfz‘ TR c —1';‘1. 21‘\+z
.?— 3
S
or = L/ 2 i s A
Rk, 3 4 2
Since these are degenerate, one can pick linear combinations of them to give
1) e 2vner=-§ (Tns q-3) Cevie=p)
el % RO TR LR At T
I‘e? ‘2{'£71"¢'n¢-2°497j‘7_’/"~;; A e P-foe LA 2 v kg ﬁ
i - = Sc’ £
LS _ . S
:-é-/lé, inia +€’¢." $hra /l
e a2 @
= i e
! = "k 2 ’I
'
Lot e 1o - a0y
e Y A oy gt EAD
= )} "Hﬁ’v 2ny 2 R
So that we choose, as eigenvectors of K _
may 298, ge T
T ".‘ . ‘ »
l ')fb A 2 [2): "‘/""“22-'\1»1_
;ﬁ.:z U I
i‘"‘z"’z MZ Z"iz j‘-
g - P el P -.771
. A : ""‘l:""""_'
2(‘11 ./.".-—NC 2

and drop the comine eigenvectors, by imposing the boundary condition that

Ll,\ 1 = O , which leaves just n eigenvectors, and the degeneracy is removed.

ey R T e T 2l mmmyie
)\d = R rrna m “ v

Ve have

The normal modes may now be sketched:
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THE VIBRATING BEDSPRIKG

Pundamental.

first overtone

second overtone

! ] “:4-

overtone

It is possible to solve two dimensional problems with the same msthods

used for one dimensional problem. As an example,

‘considar the

tions of the following ccllection of springs and masses.

! { { 1
e T G S
e YN N e B Y —M\,—-gf QAY«; ~~~~~ )
; ( ¢
! i J
L I 1;
m'\_& s ‘i——/‘w N \______:é}l e VRN —~.__.‘(‘V\ e Iy
i

Except for the edges the equa’c.ions of motion read:
i £ P : s v oy e u" U -_‘..
U:J‘ =m ["‘/ULa"Ut#l,]f‘ut —c‘J# J+I' ,J ;

and it is formally correct there if cne puts U=o for any coordinates that

lie beyond the rim of the figure. In matrix form this becomes: (4 ==K {J

-4/1 0 0j1 00 0/0 0 00O

1-4 1 001000000

0'1-4 1/0 0 2 0/0'0 0 O

& .|loo1-klooo 10000
= = 1000 100100 0
0100/¥-L 100100

0 0 10001~ 210010
000100 1-4 0001
00000 1000<5 100

0000 0C10021-h 10
000000 11O0 0 1=k 1

| 0000000 10 0 1]

R
o
]




e

-

or, writing the appropriate submatrices:

N T O
Ik = r N I
© T N

3

Since each element of b{ » the coordinate vector, has not one but two indices,
and since the elements of the elastic constant should hawe not two, but four
indices, some convention other than the usual cne must be used for ordering
the elements. The one adopted here is to list them in the librarv order,
that is the first indices are ordered first, among the vectors, then the
second indices with the same first indicss are ordered, With matrices, the
first pair of indices determines the row, the second pair the column in which
the element is located, by the same convention.

To find the eigenvectiors and eigenvalues of [ﬁ' s one may first diagonaliize
the supermatrix. Since all its elements comrute with one another, it is ap-

parent that this may be done as though the elements were Scalars. The deter—

minant which must be evaluated to find the eigenvalues is the ome treated in

the discussion on recursion formulae. The eigenvalues are the matrices
X k = /N = ;l\ (W it‘:‘: (

and the eigenvalues of these eigenvalues are :
el .y R
{4.;.4—1 5 1 Reem = Fo 3° j
>\ Iicfile® . T L/ g

and are in their turn the eigenvalues of K . The eigenvectors of the super-
matrix are the same as those of the matrix treated in the vibrating string

problem, which are:




K

2

]

e e e i LR A

e —— T

———

' i.[).‘ ¢
ey = (av— 34} = |1 we Ni) =

‘ BT, T
Ms*' C !__

iﬁ r he) = _/I i3
i
i ] S
b NT |
ir A

and the eigenvectors of the eigenvalues of the supsrmetri x are gotten from

the same formula, thelr motrices being similar in structure.

which diagonalizes the supermatrix is

Thus the maiwix

A S G

The matrix which diagonalizes the diagonal elements of the diagonalized

supermatrix is a . .F - -
i -c ‘ g
A -;‘, At ‘,‘-’ LA -L’z
L ods . 88 b
— pe AR 5 Rt TGE Atz ey
- A ~ ' 5 o
. £ i —— '3 -
o Ayt Lty
2w =T i S oy
" St izn (N
e ALES Ao T St = ...-’-;-
3

So that the matrix:
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Al

A ——

f’-\ - completes the diagonalization by diagonalizing the diagonal elements of the

diagonalized supermatrix. The final eigenvectors are then

s GlER T e’ |
r W.%:. PrenRs ﬁ._:l.ﬁ.
L
K = e
” /4 K) ‘ 28 ’ e e
o Y s
¥
e e e -
s Tk LA
- i —
- ! KT A Klz
LR e il e AT - ///J{/rs/ Rt — T\
VAN il o e - = 5*‘ v,
¥ of & 7
bl S 3 KR
3 o
" T Wi ‘-
e s 3 A
b e
i @v’uw UL ] i ’
- ";‘_‘_‘— g .}l 14 )
[ 4

Note that each element of the eig;envé'e'tors have been written as a product
of two functions, one of ¥ ‘alone and one of 7 alone, for as (7 varies the
first index varies and one moves in tle 7 direction in ?hs—:v network, while
as the second index | varies the ¥ position of the ball under consideration

changes. This bas again separated the variables, a consequence cf finding

the normal modes. Sketching some at the normal zxiodes we have:
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