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A isa t r i x i s a rectangular array of mi nuraberSj called e lements , arranged 

I n m rows and a coluians, which are usually enclosed xsritkin a lai'ge parenthe­

s i s , as 

"-3 1 2 ' 

6 0 k 

2 - 1 7 

A matrix Biay be designated by a single c a p i t a l l o t t e r , say A, The v a r i ­

ous eleiaents of A may be indicated by specifying the rox. and colurn i n whidi 

they s i t . Thus the i j " ^ ^ element, c a l l e d !A|- i s J.ccated at the intsx'sectiou 

of the i ^ ^ row and j " ^ colur-ui. 

The number of rovjs and colianns i n a Eiatrix i s caj.led. the order of the 

jnatrix. The matrix above i s a 3 x 3 matrix since i t has tixrse rows and three 

columns. 

Two matrices are considered to be equal whan they are of the same order 

and their corresponding elements are equal. Thus 

A = B whoa [A].^ = [ B l . . i -̂ -"̂  » 

Two matrices of the same order iaay be added, l y defiLnition, t h i s i s 

dons by adding the correcpondiai^ elements. 

or, to choose a s p e c i f i c example 

0 3 

2 - I J 

- 1 0 1 3 

2 -3 J .0 2 

A matrix may be added to i t s e l f several tiiiies to obtain i t s integer 

multiples: 

(~n summonds 

A •> A - — A « n A 

so tbiat n ^ j ^ ^ « prompts the following definition for 
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scalar i n a l t i p l i c a t i o n 

N i j -^Mij 4Hlaj 
where k i s a complex ninnber. These numbers are often called scalars to 

avoid confusion with matrices, which do not obey a l l the sane arithmetical 

Since i t i s defined as an operation upon corresponding elements, i t 

follox-zs by direct v e r i f i c a t i o n that scalar rrrultiplication for matrices obeys 

the associatix^e, d i s t r i b u t i v e , and commxitativa Isses, and that scalar mul-tipli-

cation behaves the same as the multiplication of scalars siEtong themselves. 

The matrix, each of whose elements i s zero, Isvaves xmchanged ary matrix 

of the same order to which i t V^JS added. Such a siatr:lx i s c3sl].od an identity 

f o r addition, and i s analogous to the scalar zero, which also has t h i s prop­

ert y . Accordingly i t i s called a zero n a t r i x and i s designated by the symbol 

e M i j = 0 

Prom a given matrix another may be. forined by exchanging i t s rows for 

t h e i r corresponding colunaiG. This pi'ccess i s called transposition, and the 

res u l t i n g matrix i s the transpose of the o r i g i n a l . A superscrip bar i s used 

to designate the transpose, so that the transpose of A would be IT. 

S . - = A ., 

!(*»»>» 

1 1 2 

0 I 2 
1 1 

2 1 

The transpose of an inxn matrix i s a nxm matrix. Furthenaore, two transposi­

tions i n succession give back the o r i g i n a l matri::. 

A = A 

I f two matrices sre equal, t h e i r ti'ansposes are equal, since ' ". either 

case corresponding elements must be equal. The transpose of a sum of two 
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EVitrices i s the sum of t h e i r transposes, since 

thus T T ^ » I + B 

I f the elernents of a matrix are coit?)lex numbers, the; complex conjugate 

of the matrix i s gotten by taking the cosnplex conjugate of each element. I f 

a superscript s t a r designates the complex conjugate, 

and also (A ^' B)*<= k^'- + B * 

These two operations, transposition and conjugation, permit a c l a s s i f i ­

cation of matrices by certain syumsetry prox)8rtie3. I f a matrix i s square, 

or i n other words has the same number of rows as colusms, i t may happen that 

S « A* When t h i s i s true, ^ J ^ j ** j A j ^ i and the icatrix i s c a l l e d syaacetric. 

The o r i g i n of t h i s name l i e s i n the f a c t that i f one draws i n the ma5n diagonal 

of the matrix 

0,^, Q.r,x ^Va, 
the matrix then i s syiasetric fey ndrror r e f l e c t i c n in t h i s diagonal. Tlie mate 

diagonal i s also defined f o r non-square matrices, said passes bhiX)ugh the ele-

snents of the form O-ii. Transposition i s then the saiaa as mirror r e f l e c t i o n 

i n t h i s diagonal. 

Then A has the form 

On the other hand, the eleiaeats across the diagcnal mighi be negatives of each 



other, and 

or 

Such a n a t r i x i s called a n t i s y m e t r i c , and A = - A. The eleissnts on the maix 
t 

diagcnal must be zero, since [̂ Ji.? ~ " W i i 
Proa a given a r b i t r a r y square mati'ix M one may form a syii'snetrie as w e l l 

as an antisymmetric matrix; 

which i s symmetric, since H * I (M ^ and 

M(a) = I (M - I ) 
which can be seen to be antisymmetric l y s i m i l a r reasoning* Since M- Ĥ ^̂ M̂̂ ^̂ , 

M^^^ i s called the symmetric part of M, and M̂ *̂  the antisyamietric part.. 

S i m i l a r l y , i f one has A = 1 * , A i s said to be hexEiitean, while :lf A = 

i t i s antihermitean. I f A i s hermitean, the elements on the main diagonal 

must be purely r e a l , since [AJ^^ = [Aj^^'Ji-, and iiiages across the main ciagonsl 

are complex conjugates* Now, an antlhenrdtean E a t i i x may be tndtten as i time.': 

a hermitean matrix, since i f iS^- = 3JB, - i B * = IE-, B = -S-;;-. An arbitrazy squs.re 

matrix may be separated into a henaitean part and an .'intihenaitean part: 

M^'*^ = -i- (M + m) 

so that M = M̂'**̂  + M̂'*'̂. This process i s analogous to vnciting a complex msjber 

as the sum of a r e a l part and i times an imagiaaiy i^art. 

The elements of a matri:c need not be cospiex numbers, but may be Batr:Lces 

themselves, f o r exanple. I n p a r t i c u l a r , a matrix nay be part:ltloned into 

smaller blocks, and these blocks be regarded as matrices. Thus i f 



2 I 1 0 6 

3 1 2 6 5 

1 
1 0 I 1 1 1 

2 1 

then 

2 0 0 

N 
1 2 

1 0 

2 1 

j 7 0 6 ! 

^ 1 1 1 

2 0 Oj 

These small blocks are then c a l l e d suhmatrices, wlule K :1s then a super-

matrix. One case where t h i s partitioning i s useful l i e ? i n regarding a matrix 

as a row of ooltauns, or altei-natdvely, as a CO1U:IHI of roi s. 

I n transposing a supermtrix i t does not s u f f i c e to merely exchange the 

rows f o r the columns; the elements themselves must be tiTinsposed, i n additlor.. 

This can be most c l e a r l y seen by considering a matrix as a coluian of rows. I f 

the elements of the superraatrix were not also transposed., the transpose of th.e 

supermatrix would be a row of rows, i n other words a ver^r long row, and not s 

row of columns as i t should be. 

Matrices having but one row or one column are cjuilsd vectors. To d i s ­

tinguish the two cases they are referred to as row vectoi's and column vectors 

respectively- The transpose of a row vector i s a coluExa vector,, and the trans­

pose of a column vector i s a row vector. For t h i s reason i t ;I.s customary to 

regard a vector as a column unless stated othejrwlss, find when i t i s necessary 

to discuss a row vector to i^'i t e i t as the transpose of the corresponding 

column. Vectors are usually designated by ca p i t a l lettei's fron the end of the 

alphabet. For exaaple, 

'xi* 

X I «[x., X,, x^, , 



Another notation i s convenient for a colxana; i t i s called a "ket", 

l X i > 

The corresponding row i s c a l l e d a "bra", and i s cbtarned from the ket by 

taking both the transpose and the complex conjugate 
• ~~- •4' 

< x j l « [x. -K", x^*, — X.*] = f i i > * I X f > 

Since the symbol i s d i s t i n c t i v e , t h i s f a c t i s indicated i n no other way. 

Since they are of s u f f i c i e n t l y common occurrence, certain vectors are 

given a special sjnnbol. These are the so-called 30crd:ln.ai>e vectors, which 

have a 1 i n the i * ^ position ;ind zeroes elsewhere. They Jiz'e designated by 

r i > or <:ii accordingly as they are columns or rows. Thiis 

< 2 : = Co 1 0 — 0 } 

the reason that they are called coordinate vectors i s that ary vector of the 

proper order can be written as 

l x i > f X i :i> 

or <S3.1 

I f a vector i s interpreted as providang the coordinates o:? a point i n an 

n-dimentional space, these coordinate vectors point along the various axes 

of a cartesian coordinate system, and separate the various coordanates c ' 

the point. 

Because of t h i s interpretation one sometimes speaks of the dimension of a 

vector rather than of i t s order as a matrix. 



M 1 R I X MULTIPLICATION 

Two matrices may be multiplied together according to the fcUoifing riile; 

In order to form such a product the number of eo3.imas of A muvt be the 

s a m as the nuiriber of rows of B . If A is of the ordei' nxn and B is the orde?.'' 

nxr, the product is of the order mxr. If two matrices have such an c-ier that 

they may be multiplied together, they are called confcriiiable. All the squaivj 

matrices of a given order are conformable. / 3 

A row vector and a column vector of the saiie dimensionalily are co tormr-

able, in which case the rule for a matrix product reduces to 

or 

a x 

y 

this product between two vectors is a sca3.ar, and the product is called asx 

inner product, to distinguish it frcan an outer product 7 ?fhich v^culd be a 

matrix. The inner product is in a certain sense commutative, since 

In each case the first vector of the product is transposed. 

If one extends the concept of a thre^ dimensional space to an n-dimen-

sional space, he may generalize the pjrbhagorean theorem to read 

If a vector is regarded as a line segment joining the o-'igin to tiie point 

^y,^X3,^_--j«„) , this formula gXTCS the length o? ttis diagonal of a rec­

tangular byperparallelopipad in terms of its sides, or alternati^ly, the 
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- )^4d 

length of a vector in terms of its components. \ j 

This length, squared, may be written as 

= X;Xj + Xi'«^ * - - 4 X o /-n (l 

so that if £.y7 is the length of the vector X , 

ji_ / I Although ouch a definition of the 

length of a '̂ectcix- is ussful, in t s i ^ 

of this geometricEl pictLirs, ...1 :;;a;r 

have certain embarrass ring properties 

when theelesKjnts of the vector are 

cooplex ntffiibers, so that, for instance 

[ '.llflcj" -° 
and the ^length" of a vector may very well turn o at to be aero in spite of 

thefiict that the vector itself is non-sero. Siich a vect<;r is called a null 

vector, in contrast to a zero vector, ail of whoso components are aero. Such 

a product, in fact, is not even guaranteed to be real, so that another defini­

tion is necessaiy for a length which will be posiiiv^e, aiic. aero on3.y vxhen the 

1.1 

vector itself is zero. If ^ is a complex numbe;",^ ^\'£b this property, 

so that the product 

being the sum of positive or zero terms is itself positive or aero, and 

' X ^" Fnrthermore it can only bo zer a when esch term of the sum 

is zero, so that in that case 1x7 ' (D ^ a zero vector^ This product is 

called the hermitean imier product, and furnishes the j^ason for which a bra 

was defined as the conjugate transpose of the corxespoiidirg ket. 
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The heriaitean product of two vectors is not. fiossmtative, end. in fact 

To pursue the geoiaetjeic analogy further, -vrrite the cosine law for n-di-

mensicnal space, taking for convenience the plane contairing '̂ -X.̂ Vz -- - y ^ ) , 

CVnY^, ^ y v> ) ' origin. 

by the cosine rule '"k/ / . 

r y ~ x ) - 1 ^ ' ^ ';i \y\\yzi 

<iv»- ly^y - T 
2 I Xi ^ ̂ ' 

a iXi /// 

Now, 

(y^>o(v-y;- ^ y - ^ X x - x ) r / y - ^ x x - x 

Y -V y y - :i X ̂/ 
so that 

which may be taken as the definity relation for tliis quantil^;-, insofaj.' as the 

geometry has been used only as an analogy. 

This may be rewritten as 

This provides a geometric interpretation for an inner product, for the quan-



tity ^ - ^ ^ ^ is just the projection of vectcsr 

3 ^ , so that the inner product is just this projection araltiplled by the 

length of the vector Cbriously the roles 

of X and may be interchanged in this in­

terpretation. 

F w the multiplication of two matrices, -the fi ' be regarded as a 

supermatrix of rows, tee second a supermatrix of co3.-,iims, Iben this Iz done, 

the rule for the multiplicaticn of matrices reads 

•Ah' l .th 
•which is just •the inner product of the i row by the j ' colTasm. This gives 

a mnemonic de-vice for performing ma-trix mltiplication. 

O.f p v-O d >Jof* 

This gi-ves -the "over and down" rule; one s-barts at -tee left side of the 

row of tee fsu'st factor, the top of the j'^^ column of the second factor, as 

in the diagram abo-ve, multiplies the correspond-ing eleisarts -together, 

moves on to tee next pair, and so on until all the correEponding pairs iia-ve 

been multiplied. These pairs are -then added and -iiheia' sus placed as the ij 
,,th 

element of -the product matrix. As an exaniple 

- p 

The laws of multiplication, where -they hold, saist be verified for ma-fcrix 

multiplication. The following s-batements are -fcrue. 

1. Matrix multiplication is associative. 
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A(BC) = (AB) C 

so that tiie factors of a product may be grouped ss deaired, as long as thalr 

order is not changed. 

Proof: r^r^Oji-lCAJ-.C^Cj^. 

while LMOcj,- -:2[a6]u c^]y^ 

comparing 1) and 2 ) , they are seen to be the same; except that the order of 

the sunmiations has been changed, in one case the k stiams.tion coirdng first; in 

the other that o v e r ^ . But these two procedures give the sar© result, as is 

seen by writing all the summands in the following rcu-ays 

(constant^ , incraasir-g J?) 

constant ^ ^ " ^ ^ T ^ I ' ^ l ^ X . " 

increasing ^ J 

In the case that the k-guHaaation is done first, the COIUITJIS of the above array 

are first added, then the amas of columns are adied by the sujination, al~ 

together summing all the eleB©nts of the array. If the somation is per-

fonned first, the elements sitting in the same row ^re fidded bogether-" first, 

then these sums by the k susmation, again including all the numbers in the 

array. In either case the same terms are included in tlie; sum, but in dif-. 

ferent orders. 

2. Matrix multiplication is distributive: 

XI ( 6 f 0 ) -f AC ('-'"^ ^'-^ ^ 



In other words, parenthesis ray be raoltiplied out. Proof: 

^hile a similar proof f holds*for rightddistribu-stributivity. 

3. Matrix multiplication is not always comiiutativa; 

7̂  i 3 A general. 

A counter-example is 

'i o 
i t 

i I 
d? / 

f 1 

so that multiplying t5i«> matrices in the two possible orders may v&ry trjell gm-e 

different results, depending upon the order. Hcwever matris aultiplicstioii is 

not always noa-coramutative, 

since 
f 3 

i 0 / 

3 

O 

o 

1 

—• ^ 
i I 

The failvire of the comniutati-/e law provides the reason for considering both Si 

left and a right distributive law, but in both cases the order of tba factors: 

must be preserved. 

Matrix multiplication tluis proceeds as for scslars except that the ordes' 

of the factors must be always preserved, in the cases wh^ra they are noncum-

mutative. 

Two further rules are useful: 
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Proof: C/\\3]i'-- LA^)j^t 

5. (AB)* = 

Proof: LfA e)*j;̂  -- (L [A],vr 3j„, ) * 

. £A*S*U 

It should be noted that the preceding ^roof c telre for gi-anted that tee 

elements of the matrices obey the rules for ai'ithmeticj as is the case teen 

the elements are scalars. The fourth rule hovTSver involved tee interchange 

of the order in which the elentsats were multiplied, so uill be falsa idien 

multiplying superma trices whose elements fail to coiminita. 

Corresponding to the 1 of sca3.ar imltiplication tliera ai.-e unit natricess 

for matrix multiplication, which are designated ty the symbol - and Tdiieh 

have the property that 

J A - A A l ' -~ A 
for each matrix A. Suppose [^];^- ^ j ' ^ "^^^^ "t̂ '® equation 1^ A- A 

reads, ele^wise: 

vriiich, since the TAĴ - may be entirely arbitreiiy, car. only be satisfied 

0 
ty 

r ^ ^r, 
^3) • I ^'-J 



this symbol is called Kroaeker's delta. 

The Tinit matrices are necessarily square, s:nce tliey give back a matrix 

of the same order as the one which they multiply. 

A similar argument to the one sfcove shows tliat the solution of the equa­

tion 

A I - A 

for all A yields the same unit laatrices. If A specified that A in an .rjaoi 

matrix 

so that if A is not square, left and right units are actuall^f different, being 

of different order. However if A is square, the units cire -oho same, snd in 

fact, a unit matrix commutes m t h each square laa-̂ rix cf its orn order. 

A IT = E A = A 

The product of a matrix and a column is again a columr- although not 

necessarily of the same length. If 

V - A X 

A is then an operator which changes the vector X -^'Si-*^ ^he vector / 

The quantity 

is clearly seen to be q.y 

^ 04! . 

— • : a I: 

and the term Cl;^ gives just tee partial dependence of tlie element 1 '- upon 

the elensnt X ^ of the old vector. Purthermoi-'e a ma trie is a linear operator, 

ty the distributive law, since 

A C V - t ^ ) = A W f AzL. 

which may be taken as the definition of a linear aperatoa'j namely, one which 
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operates upon sums in the same m y that it operates he amcnands. 

The product of two matrices operating upon a ve.. . .. :..3 the folJ-oifing 

interpretation. Let 

H - A X 

so that 

by the associative rule. Hoar the dependence of t, I upon A \ has been dbta:1n-3d 

through an intermediate step, mamely through considerii-r Y which, de­

pend upon and then noting the dependence o f i xxgor. the Y ; altogether 

terns of the form 

to express the intsrisediary effect of the X- , and sue them to obtain the 

tolal dependence, 

which coincides with tee definition of a matrix produc-;.. Regarding the ele-• t i R i t i o n of a matrix nrodi 

itaats of the matrices as partial derivatives, 

I hi. a . - . r l A = ^ 3 ^ ^ M 

by the fomnia for the partial derivative of a .-.'nn5 r r of a function. 

Not only are matrices linear operators, b u ; ail lliesar operators on a 

vector may be -written as matrices, at least when teey axe sufficien-tly con­

tinuous, for such operators asay only involve th: first |:orer,s of the elements 

of the vector, multiplied by linear operators a;id summec, so that these opera­

tors become just the elements of the matrix. 

It was previously laonticned -that the prodUiJtA /'bex-fxesn tm̂ o vectors T S S 



called their outer product, in distinction to ths product in the opposite 

order, which was called their inner product. Such a product is a matrix anc 

has the property -bhat each of the rows, regarded as a sabicsitrir., is propor­

tional to each of -fche others. The same is true of the coluEns. 

y V--

A y. ^ \

- - V y , . 

When such a product is given, the factors may be recovered except for a m l -

tiplying factor. This is true since X)f<:o Vl) gives t;ae same outer product 

a s X y * Within this ambiguity the factors are recovered by noticing that tee 

first factor is proportional to the columns of tlie outer product, and the sec­

ond factor to the rows, and that if one selects the i^^ I'cw and the coluun 

the product of these proportionality factors must be Just L^- Y A =• ;< I 4j 

All tiese results concerning the imltiplication of natrices may be sum­

marized in the following table: 

row X column - scalar loner prothaot 

bra X ket '-' scalar heimiitean inner product 

column X row = matrix outer product 

matrix x column = columai 

row X matrix - row 

mxn ma-brices x nxr matrix = mxr mutr-ix 

DETERMINANTS, M^^^l 

The following examples have been chosen not on3y to illustrate some of 

the applications of vector methods in gecmetiy, out bGc-rase tiiey lead to a 

cleraer insight into the nature of a matrix inverse. 

Consider the problem of determining the distance frcm s. point to a plane. 
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Let the point be 6 ^ j , ) ? s i t t i n g i n a tta'ee dimensional space, and 

l e t the equation of the plane be + ^ i . * J - i /'>. >, : 3 } 

are unit vectors alon^ the Y- j y-, and ^ - a x e s respectively, and a vector 

represents the l i n e segment joining the 

point ( y . j y, , •/--<)of the plane to the 

given pojjit. 

Now, i f ^aer-e can be found a vector/v', of l e n g t h / , perpend:.. to 

the plane, bien 

•win g'-ve the perpendicular distance from the point to the plane. Thii-s nor­

mal '3c-bor, A/ insy be found by a consideration c f the points /x, . y,j-^.,) 

and(y-i,^^ ) J which l i e i n the plane. 

where net a l l the c o e f f i c i e n t s A, B, C are zero. Subtracting these two 

equaticis: 

t h i s :s the inner product of the t?^o vectors 

N ^- Lax. CD 

and "P'- r C x . - X x / (V,-YJ, ( - ^ . . - i i , ) ] 

By lypothesis, \ Y= O, X^ Y »so that the above equation 

-p /V - 0 
leans that cos \e two vectors are perpendicular. 

However, epresents a l i n e segment which poir ts from anj/ point of the 

plane to any other point, so that the only way that f\ can be perpendicular 



to a l l these vectors to be perpendicular to the i f i s 

divided by i t s own length, i t becomes a vector o; lengti: 1 -

Since A d 

which i s a formula that i s familiar from analytic gecvce ;.. I s generalisa­

tion to spaces of different dimensionality i s apimarent. 

I f i t i s not a plane, but soess other surface; whose ; i s desired, 

the same methods apply. Treating again the three dimensional case, consider 

a surface which i s specified by 

C< , vj, & ) = constant 

then, 

which formula i s obtained by applying a li m i t i n g prof:.: o:s methods of 

the previous exac^jle. As before, t h i s expression ear ' ' ' red. 

r d f 3P dA 1 
SO that the vector (,37 5 ^ J -̂̂  perpendicular to the v;.:ct.or 

l^<i*. <Yip /(_^ J ^X "which i s a small vector tangent to the Emface. 

Hence, „ 

L ' > 7 - / / 

i s a vector normal to the sux'face. Itien 4 i s -;he equation -of a pirns, t h i s 

reduces to the previous case. 



A / can be written i n ttie form 

where the quanti-iy ~ ; i> a- ; z> b ̂  ',3 7 i s a vector differen-

t i a l operator, c a l l e d "grad.** 

The corresponding column i s not a transpose of "grad", so that the 

di s t i n c t i o n i s made by the special symbols 

w h i l e V ^ C ; ^ ' , A 1 and differentsrates from the r i g h t , 

contrary to the usual behavior of di f f e r e n t i a t o r s . 

The expression 

J-e = O 

i s then written as 

and o?9 = . JlJC 

which i s somewhat reminiscent of the r e l a t i o n 

J - ? ( O c -P ' f / ) ^ X 

and the f a c t the gradient of a function, as XV-''- i s c a l l e d , may be i n t e r ­

preted as the vector derivative of a function. I t gives the rate at Tirhich a 

function changes upon l o o k i r ^ at different points. I t i s a vector j;erpen-

dicular to the surfaces P= con5.-taLr.-b and gives the maximum, rate of change of 

the function for any choice of the direction of the differentialc2 X. , sinco 

and err- Y3S.iA X ^ X equality holding onl3r when AgiLf^?-'" l?o '' ̂  

* i s p a r a l l e l to Jl% . 

In the present example the gradient was talcen by •^rarying the vsjctor fro-n 

the origin to the potet i n question, and hence had the element X)-^7 

0/ 
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i t might be w r i t t e n srv'-BJbolicalJ.y a s 

except t h a t a ) one cannot divide by a vector and b) the dj&rivative depends 

upon the d i r e c t i o n of X/ 

The v e c t o r s wi-bh r e s p e c t to which a gradient may be taken arc not l i m i ­

ted to r a d i a l v e c t o r s , and a gradient might be formed wite respect to ary 

vector 

A . r_x J- _ J L - 7 

To i l l u s t r a t e t h i s , consider a three dimensional p.arallelepipQd which 

has adjacent edges the vectors ^ ' volume of t h i s p s r a l l e l -

epiped i s then a function of tiiese v e c t o r s , and'Xx' 7 > -"^'^ i n s t a n c e . T i l l 

give the maximum r a t e of change c f the volume as the edge _X1 -̂ ^ v a r i e d . 
T k - ' ' ^ " ^ " — ^ 

• ̂ X The gradientt\7^ <^ m i l be a \7ecta: 

2 / " 7 ^ ^ " " " ^ / perpendicular to the face not •..ining "jQ 

^ ~"~~~"~~-....// ^ .̂̂ "•-'̂  s ince a paral lepiped with such a face w i l l 

have i t s greatest volume Tdien the s l a n t height s perpendiculscr to th© 

base, since the gradient points i n the d i r e c t i o n of the greatest ra'ce of change 

of i t s function. The length of the gradient w i l l be j u s t the area of the base, 

s ince tlie change of the volume,e^^, i s the area of the base times the d i f ­

f e r e n t i a l s l a n t height times the cosine of the angle between the v e c t o r s . 

= ( d i f f e r e n t i a l s l a n t height) (bass) (cosirie of Z ) 

= (base) ( a l t i t u d e of d i f f e r e n t i a l voluc^) 

\5Ẑ ^ i s perpendiculso* to the base not containing DC , and hence to Y and ^ 

X^-7 - ° 

W Z y • ' <3 'Jc 
and 

-.20-



since the l a t t e r expression gives the base of the f ig'̂ n-s imiltiplied hir the 

entire a l t i t u d e , not j u s t the d i f f e r e n t i a l a3.titude. The same i s true for 

the other gradients, so that i f i t i s observed that 

\y7^ -Y - o 
iJ 

But "Wiis table of equations i s the elementwise expression of the mairii: 

equation: 

\Vi ^ y 1 
i 

O o 
o t o 
Q c 

' J 
Upon setting 

t h i s equation reads 

yu \o 

V i 

A matrix Af"'having t h i s property i s c a l l e d the inverse of/"/ , and cor­

responds to the reciprocals among s c a l a r s . In par t i c u l a r sitch an inverse 

c a l l e d a l e f t inverse because i t s i t s on the 3.el't of tlie mateix tl. But, 
/ / ' V i ^ i l 

and the san© matrix i s also a r i g h t inverse. Thus 



and a square m t r i x conmites i?ith i t s oim inverse Also, 

(ri-T M-'-T 
so that ( M ' -/^ , and the inverse of an ijiverse gives back the o r i ­

g i n a l matrix. 

The inverse of a product of two matrices follo-ws a vcpeclal r u l e , nexXlrj 

( A ^ ) " ' = A ' ' . The proof i s as follcrsrs: 

( A f t ) " - - B " ' A " ' 

idiere one has smxltiplied frcan the l e f t successively by/) and(3 and pre­

served t h i s order on the r i g h t hand side of the equation. 

TO;ile t h i s argument for inverses has a c t u a l l f been o a r r i e i oiit only 

for three dimensional matrices, i t may be extended to the other cases. I f 

/ i i s a square matrix whose elesKnts are £ Al 1 [ ' 

where Y i s the volume of the hyperp'&ralls3.epiped whose edges are the rows 

of ri • Note that tlie derivative i n t h i s formula i s taken with respect to 

£ 3 ^ ' I not £ ,A\ . The reason for -this i s that the matrix n u l t i p l i c a -

tion i s a row by column a f f a i r , while a row ^lould be multiplied by tlie 

gradient with respect to a r(3w, not a column. Tie transposition soItoe 

t h i s d i f f i c u l t y . 

I f the quantity ^ vanishes the inverse does not e x i s t and the matrix 

i s then said to be singular. 

*jf ̂  the volume of the n-dimsnsional parallelepiped whose edges are the 

rows of /i f i s c a l l e d the deferndnant of Cf > sine i s symbolized by •, Al I „ 

I t i s written out i n f u l l as 
"V̂M ^ l i . 

I 1 m J ̂. 

'^v.J. .̂•<\ 
-.22-



to emphasize the f a c t that i t i s a function of the rows of Cj and i n particular 

of the olements of these rows. 

Next, i t i s necessaiy to discover an e x p l i c i t formula for evaluating the 

determinant. This may be done by making c e r t a i n observations about volumes. 

A determinant i s a l i n e a r and homogeneous function of i t s rows. % hamo-

geneous i s D©ant that 

Tdiich i s c e r t a i n l y true, since multiplying an edge of a parallelepiped by soiaa 

factor multiplies the volume by that factor. By l i n e a r i s n^ant that 

the truth of which may be seen by diagram 

two dimensional three dimensional'*^^ 

where the desired r e s u l t may be seen by f i t t i n g tlie various prisms toge-fcher 

to form the paralldepiped vAioss edges are the sums of the given edges. 

The volume has a c e r t a i n sign, since i t i s permitted that the edges be 

either positive or negative. In three dimensions for instance, i f a certain 

cube s i t s i n the f i r s t octant i t has positive volume; r^gative i n the second, 

etc. Also i n an n-dimensional space there areA.- -tants and a resulting hand-

edness for the parallelepiped; changing 6- -tants changes the sign; or changing 

sides changes the handedness and hence the sign; thus changing the order i n 

# 

which ai y two rows of the detezmimnt 

appear changes i t s sign. 



I f ts?o rows of the determinant are proportional, two adjacent sidesof the 

parallelepiped w i l l be p a r a l l e l and i t s wolvim w i l l be zero. Furthermore, 

the cube which s i t s i n the f i r s t L -tant, edges along the coordinate axes, 

of unit length, has volume 1. So 

with these four items of general information an e x p l i c i t formula ,2ay be 

deduced. 

Let {(11 -_ 

^r.\1 

2 - yiy 

2. vv, • : 

i ... 

Z ^.i< C' 

2 <Z' 

by l i n e a r i t y 

2L ^ 

>Vi , ̂  f t , ' 

the determinant 
f 2, 
y.: ' 

^y 

i s of the form 

by homogeneity 



11. 
6 

o 

7.) 
o 

I o 

and has geroes or ones for i t s elementSo ISjis determinant w i l l be seno un­

l e s s each of the I t e occurs i n a diff e r e n t colmfin, othenvise the p a r a l l e l e ­

piped w i l l be f l a t , and have zero volume. 

I f the I ' s occur i n dif f e r e n t columns the rows can be rearranged to 

bring them onto the main diagonal. Each interchange of rows required to do 

t h i s changes the sign of the volume once, and Hie volume i s i I when a l l the 

interchanges are accomplished. Thus 

'A: ( 4 ity Yk, i^i 
^ otherwise 

Altogether t h i s gives 

where r- . n ' except r r ,. 

I n words, to evaluate the detersdnant \ f, sel e c t an element from the 

f i r s t row and some eoluim; the second row and another column, e t c . M i l t i p l y 

these elements together and pre f i x the sign /)where A i s the number of 

interchanges required to put tiie numbers v , ^ . - - , r . ^ i n the order 1, 2 — , k^, 

and add the r e s u l t s for each possible way to do t h i s . 

These are b | suii3sands, since there -are b. to se l e c t an element from 

the f i r s t row; ( ir> - i ) from the second row and a different column, and so on, 

altogether w C n . / ) — (r ^ - n • f l " ) c ^ f 

for a 1 X 1 matrix 

for a 2 X 2 



fasSSEll' 

This formula recsivBS i t s v e r i ­

f i c a t i o n i n the diagram a t the 

left',, where the areas may be 

I z. 

matched up to give the area of the parallelogram. 

There i s a mnemonic device to evaluate a 2 x 2 determinant; 

The elements on t i e downward 

slanting diagonal are m i l t i p l i 

together and given a Ar sign; 

those on the upward slanting diagonal are multiplied and given a negative 

sign. 

A 3 X 3 determinant may be evaluated by the 3ame procedure. 

11 

z 

Save for the f a c t that there are'^'mary (2J4) parallelepipeds to juggle one 

could draw the same picture as for the 2 x 2 case. 

This diagonal rule produces but ̂ r v tenss, so i t f a i l s when ^n. ^ n/^ Ys 

'^^'^jJ ' For a higher order determinant certain t r i c k e r y must be resorted 

to, unless the rule derived above i s to be applied d i r e c t l y . One important 

such r u l e i s known as Laplace's development. I n fche formula 

I A! I 
write 

( - 0 ^ nr.^r^ ^^^^ *^nr^ 

It: "^J -i -

-7 • , J ( - y y d 

r'>D 

-26^ 



.. _ A^ l A ' - i r t where th© expression „ ^ C- / } * ^ r>i ^ . 

i s a STiffi wd.-fch the terms .̂̂  dele-fced frcmi the usual order. This i s j u s t the 

determinant which one would have i f he crossed the j * ^ 

frcan the o r i g i n a l determinaat: 

th 
r . coluiEi 

since such elements have been removed from consideration. Such - - -

r J i s c a l l e d the "minor'- of the element "̂ Jfj"» 'To see that the signs of 

the above expressions are correct, notice that i n calculating the minor the 

indices c f the elements do not have the arrangement Ij Z ̂ - - - ja- ; but rather 

the f i r s t indices are ordered Â  -* j j"^'>-• K . ivh' l a the second indice. 

are ordered b, - - T J ^ ^ S -'t ixmeasures y. Aterchanges 

required to a t t a i i i t h i s order, T/hile toattain the order J. 1 ^ - .-ŷ _ , require 

ing H interchanges requires that the additional elassnt <'i',, be inserted., 

say at the front of the sequence, and/j'4v^additional interchanges be made to 

place -the two indices i n the r i g h t order. 

The quantity l - ' - ' ' /J^k > minor Td.th a sign prefaxsd i s c a l l e d 

the c©factor of the element r ^ j ' k. Let 

H > ' - X 7 ^ - . 

k 

then 

t h i s expansion of tiie determinant i n terms of the elements of some row i s 

referred -to as Laplace's development, and ftirnishes a s^fstematic process for 

writing a determinant of a ce r t a i n order i n terms of deteimdnants of l e s s e r 



order. For example, use a 1| x ii matrix 

*^^-z. ^ ^ , - 5 yv>̂ ^ 

'^l^. 

11 
•»2. --,-5 3 

«Aj, 
11 "^r.x.^i.c' 

sAs. 

tJ 
A, xH 

I ̂jr» rtw/^^ r» • 

bV 3 1 
''Ml 

Recalling the formula 

I 
I 

and conparing -with the formula 4if the l a s t page 

' a / I J 

t h i s formula may also be v e r i f i e d d i r e c t l y from Laplace's de^i-elopinent, and 

shows that the p a r t i a l derivative of a determinant with respect to an element 

i s the cof actor of t h a t element. 

Geoiretrically t h i s development amounts to writing the height of the 

parallelepiped i n terms of the coordinate vectors, and using the f a c t that 

the volume i s l i n e a r with respect to the edge vectors to write i t as a sum 

of volumes of parallelepiped whose al t i t u d e s l i e along the coordinate axes. 

Since the part of the bases p a r a l l e l to the al t i t u d e does not contribute to 

the volume, the 4 -? coordinates of the vector of the base can be neglected 

Tdien considering the altitude i n the j direction, which corresponds to 

forming the minor by crossing out the C^ column, as w e l l as the k*^ row 

Tdiich contributes the a l t i t u d e s . But t h i s i s again the volume of a base 

which i s a volume i n (r»"''jkii3Basional space, hence again a determinant. 

However the sign of the base, determined by i t s handedness w-itb. respect to 

- 2 8 — 



the o r i g i n a l parallelepiped i s taken into account hj the factor i) ^ 

The folloviring checkerboard design i s helpful for picking out the correct 

sign for the cof actor. The sign s i t t i n g where the element was chosen i s 

prefixed to i t s minor to give the 

cofactor. 

Needless to say, when but one elea^ntm of a given row of a determinant 

i s non-zero, Laplace's method enables one to immediately reduce the deter­

minant's order by l.by -vTriting \ rst (cofactor). 

A number of properties of determinants, some of which have s l r e a c ^ been 

mentioned, follow inmediately from either the formula, t!ie use of Laplace's 

development, or the geometric picture. These properties are a l l of frequent 

commercial use. 

1. I f a l l the elements of a row are zero, the determinant i s zero. 

2. I f two rovzs are the same, the determnant i s zero. 

3. Upon interchanging tyro rows of the determinant, the sign of the 

determinant changes. This furnishes a proof of property two. Changing the 

rows leaves the determinant unaltered, y e t by 3 ) the sign changes \ = -/M/ 

and 1 Ai U (D . 

h. I f a row i s multiplied by a factor c, the entire deterimlnant i s 

multiplied l y t h i s factor. This property was o r i g i n a l l y postulated for de­

terminants to find t h e i r e x p l i c i t formulae. This permits the removal of a 

constant factor from a row, which i s useful numerically i n keeping the e l e ­

ments of the deteimiinant small. Note that t h i s property d i f f e r s from the 

corresponding property of matrices whereby to naaltiply a matrix by a scalar 

each element of the matrix i s multiplied by that s c a l a r . I f each element of 

a determinant i s multiplBd by c, the determinant i s multiplied by C ^ . 

5. A determinant may be written as the sum of two determinants viiich 

^ ^ i -
— + - - - -

29' 



are i d e n t i a a l save for the elements of one rovf, the sum of Hidh rows i s 

the corresponding row of the o r i g i n a l determinant. This i s the l i n e a r i t y 

property o r i g i n a l l y postulated. 

6. To a i y row of a detenainant may be added a multiple of apy other 

row without changing the value of tJie determinant. Writing the r e s u l t as 

the sum of two determinants, caie i s zero since upor factoring out the multi­

p l i e r , TWO of i t s rop;s w i l l be i d e n t i a a l , ^vhile the other determinant i s 

the original determinant. 

T i e use of these properties i s i l l u s t r a t e d i n the evaluation of the 

folic,'Lng determinant: 
2. G 5 -

0 - 3 1 V 

C - f c 

J z \ 

c 

- / 

•4. 

3 

0 

I 

Z. ! ! 

- 3 i 
O 0" a 

i ^x 

- 3 0 -



A sys-fcematic numsrical ruettiod for evaluating a determinant i s provided 

by the so-called reduction to trtengular fonas given the determinant 

\

7. lA( 

Leave the f i r s t row unchanged; multiply the second row 'iy 
bv.. t h i r d by 11 e;c-

r>i,, b ^ , , „ 

b i — 
1 * 

I itv 

K ' V l 

W . S k 

b . a i 

Subtract the f i r s t row from each of the others. ^ 

, the 

O «X 11 

1.1 

- 1 » 

Z?-n-» ' 
t7~7T~~~ 

Repeat the process wi/th the ninor of v>»jjand EJO on u n t i l the determinant 

i s brought to the form 

11 Wk 

o 

o 

• » . k 
& k 

o A^ 

By laplace's dsvelopmeat, ttie value of the determinant i s now j u s t the prcduc 

of the diagonal elements of the determinant. 



Upon considering tVe forraulae 

(-0"*^^,' ,^ 7. ^ y „ ^ 

i t i s seen that they are the same: j f1 > ' I I . In each case one selects an 

element ftom each row and column, and the number of interchanges needed to 

put the second indices i n the order ^ 2-, — . n when the f i r s t indices are 

already i n that order i s j u s t He same as to put the f i r s t indices i n that 

order when the second indices have alreacfy been so arranged. Hence the 

signs of the individual temrs are the same by either scheme, and eventually 

the same terms are summed. 

I t may also be noted that 

l/1i* r-O" »'v̂ k̂ , -^-e... - ^-^r.'r,T 

Geometrically speaking, one obtains the formula for 1 Af|by juggling 

the edges of the parallelepiped whose volume i t expresses. However, the same 

arguments hold when one performs the same operations upon the coordinates, 

and those r e s u l t i n operations on the columns of the matrix, i . e . upon the 

rows of the transposed matrix. 

Purtherffiore, each of the r u l e s and deductions previously made hold for the 

colmms as w e l l as the rows, a conclusion which follows from consideration of 

the transposed matrix. I n p a r t i c u l a r , Laplace's development holds by columns 

al s o ; 

a conclusion which also follows from the f a c t that t^'D'A - JL as we l l as 

C\' = ] r 



In or» case one multiples the rojirs ofM by i±e coluiuns of , and hence 

by the cofactors of the rowj i n the other case he multiplies the rows of 

and thus the cofactor of the columns of M by the columns o f / i . 

COQRDIHATE SYSTEM AND MORE DETEaMIKANTJ 

The forBiula for a matrix inverse may be applied l o the solution of a 

system of simultaneous l inear equations. Let there be equations iji un-

kncrwnse 

where the indices of the constants Cci^ t e l l i n which equations and of vdiat 

variable t h ^ appear as coefficients. 

These equations may be written i n the form 

and as such give the elements of Ihe matrix product 

d. ,, a-

Co _ - - a. 2l-l 

1̂  «-r> , ^'^z a n 

The equations are solved tsy expressing the ^ i n tei-ms of the C s 

there i s an inverse matrix ^ > 

\sy premultiplication of the previous equations 

- 3 3 -



where 
I 

with a^l as the cof actor of (j-'^l- Then 

M ; I 

the term ^ H : i C( i s nothing otlaer than anotJier determinant, whose l 

column has the C ^ , not the Ct^c^as elements 

- ^ 

a , , 
/ 

- - C - r v 

c 2 

•c 1 / CL ( 1 ro 

A i U , . J - - • - - o . 

' ^ a z _ - (3, 

- - - CO V O 

This formula expresses Cramer's rule. 

The ccaadition that a system of equations have a solution i s that tiae 

matrix of -their coefficients have a non-vanishing detGrirdnantj or i n other 

words that t h i s matrix be non-singular. 

An important quest-ion which can a r i s e , -wheny^-^^ . i s whe-thsr there 

are aqy non-sero vectors ^ such -that - (P . The answer w i l l be no, 

i f lA I 3̂  O for multiplying the equations by / 

•>i^ A'' =^ CD 

On -the o-fher hand, there w i l l be such a vector when \ \ O , as may be 

seen by casting the product A ^ i n the proper form: Gonsiderajig the rows 

of /A as submatrices, 



I f the determinant i s sero, i t means that the volume spanned ty tiie ravs of 

A i s zero, and hence that a l l ttiese vectors l i e i n at worst an in"'} d l m n -

sional subspace. I f the vector i s then chosen perpendicular to this 

space, i t s projection on a l l the rows w i l l be aero, and w i l l then be a 

zero vector. 

Sbppose that the elements of a determinant are functions of a parameter. 

to differentiate the determinant with respect to the parameter, i s to find 

one may apply directly the firsrala 

then 

in 

giving a sum of determinants: 

' " . z 

~P[2 --- Vs V 

»•-lr̂  

I ' - inr^ r\

ym ,, y ^ tt. yy, 

ol 'VS 

Yr\

4 

nr. m , _ . , k;., . 

J. <nr\ Jim .. 

Ch 



A similar formiila, in which one column at a time had been differentiated 

would also hold, as wel l as more involved formulae. 

Another, rather useful property of detemdnants, i s that tsso determinantf 

of the same order may be multiplied lilce matrices. 

\j M = i l l iA\ l A B I 

And, since j 4 | s / A l * three formulae hold in addition: 

I A B i r T A! i l ^ ^ l 

1 A 6 i ^ f A i ! B 1 

To prove the f i r s t assertion, consider the determinant of the supermatrij: 

m t h e f i r s t place, <A/) • / A M ^ i 

the whole determinant to tha -bfianguluar form. 

, which can be seen by bringing 

INI ^ A - H 
lO l3 

'i. ry - / 

o 

- o 

o 

0 

o 

The diagonal blocks A and B can obviously be brought to triangular form' 

separately, due to the presence of <̂  i n the lower l e f t hand corner, thereby 

bringing (1*̂ ) to triangular torss.. The detezmiinant i s then just the product 

of the diagonal elements, and the product may be written i n two parts, one of 

n i — » 0 0 - ~ - / 

6 0 A . 
Q - - 0 b 

xt 

0 0 



which vdll be ! A I , the other \ Thus f W' ~ 1'^'^^ * 

The geoKetsrical interprcJatica of this rnaneu'Ter is that two sets of edges, 

naxBBijU^ ) ~ ' - ^ J and£(P fSiJi have some isutually perpendicular CDmponents. Thus 

i f [j(P) 53^ i s taken as a base for the parallelepiped, only the components of 

the base [A ^ - H J perpendicular to i t w i l l contribute to the volume, and this 

represents just the vectors E. A J ^ go that the product of the "area" of the 

base CAJ with liie base '̂ J w3.11 give the volume of the entire figure. 

But . ̂  - 1 0 • O 

J i A, O ~ 1 - O 

' 'f- o n 
0 - - ! 

0 0 d? b„ b,^ ft. - bi 

0 o O 1:'2Z 

0 ^ 0 - - b n n 

imjltiply the f i rs t row by , the second by the n*^ by 

add a l l these rows to the ( n + i) <,-t 

Oft, J yv. ft- i o - - o 

- - o 

- ~ <3tft r. n. O o — - 1 

^ " < ^ . 2 
O o - - o 

0 o O -
o o o -- b„„ 

where 
' i - M b. , _ - .V 

' ^ . i b,^ 4 _ . .. 4 c^nx b, A 

a. ,^jo, , « s ' - b . ^ - v 

- 3 7 -
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or 1 

repeat the process, now nailtiplying the f i rs t row hj , tlie second hy 

i > 2 2 . - - > ' ^ ^ ^ ' ^ J ^ 

tl. k 

• 1-2 

O 

0 

repeating until there ramainci 

0 - . , a. 

\

n - ^ A X 

C « C sx 

Oft X n 

A ni 
(2. I P, 

~ C x . n 

O 

- - o 

o 

o 

o 

o 

a 

5 i 

13 A l ^ , 

0 

- -

CX-a A 

- \1 

O 

• A O o 

o o 

e A « ^' ' •' x - - 6 VA A 

o 

o 

~ i 

o 

Q 

b 3 ^ 

~ O 

O 

o o - - o 

or, 

I N 

u 0 

A - I T 

..38-. 



irtiose value, by the previous geometrical argument sJiould That this 

i s actually true i s obtained at once from Laplace's dsvelonmento Hencve 

l f 3 A / = i B l I A I 

since scalers comntute and reversing the roles of B ai'd A, ws have at once 

This fact can be seen quite clearly i f one of th? matrices, say A, has 

rows which are mutually p>erpendicular. Writing A and as subEatrices 

A B 

is. 

^ ' 4 > : y 

> ^ . ^ ^ . 3 f - - x ^ y . 

y j c ^ i > I i Gu ZJ£^7, 



Now, since the rows of A are perpendicular vectors, lAl \K,\Xi_^ " •" \

\ 1 thtis being the volonna of a rectangular parallelepiped, while 

1X' 1 co^ /i^.yj gives the coordinates of ^ j i n terms of a new axis system 

p a r a l l e l to ihe X i . so that the deteimiinant i n the expression above i s just 

/ f3 / . Hence I A 5 ! • j A l I (31 <> in other words, a matrix Tdiich multiplies a 

set of perpendicular vectors magnifies the volume which they span by a factor 

equal to i t s determinant. 

I t i s evident geometrical.ly that i f there i s a parallelepiped whose edges 

are unit vectors that the jsrallelepiped w i l l assuae i t s majdmum volume f 1 ot 

i t s minimum volume when each of the vectors i s perpendicular to the remainder, 

and one has a hypercube,> This fact m.j be derived from the formula for a de­

terminant by considering the eaqDrsssion 

and setting the collection of f i r s t order differentials equal to zero, to 

find the stationary values of the determinant and hence ihe maxima and 

minima. The conditions so derived w i l l be necessary aM not sufficient} the 

sufficiency argomnts can be supplied by using the fact tiiat ̂ IKIb con-
tinuous and defined over a bouxided and closed region 

where 0 represents terms quadratic and higher i n the d 
0 

-ha-



y ( ? i % 2 y C y i S y C f f c - y ^ j i o C f t 

/ - I y) K 

viiere the denosninator has been expanded i n geouietric series. 

When TIT Otiie f i r s t order terms i n ^ ^ c a n be equated to zero. 

Then 

which i s an expression vdiich mast hold for each ^ ^ I , Then, setting a l l 

^ - <̂  except for ^ , and recall ing that (^( (T) ^)=J6 arrl 

assuming that ^ ^ 0 

4l 

the choice of the components of ^ y^^jis s t i l l arbitrary, so i f L^X'ft|"\

^ ^ . j , set a l l ^^p<.-0 except ^ id '̂i? „ Then, using the Laplace 

expansions r 

•| X - j 'f'xu. j 

y j ^ = ^ 



How c a l l 1̂1 ^12 Xin' 

r -

A 

since 

7 7 y • 

A ^ , /' 1 ?. ) rv 

T / r " - Tr. n 

lias the f orra 

O 0 

C T ] 
kg 

c 
where t! = t h i s expression i s just Laplace's expansion f c - r ^ j where t ^ j 

,th the result i s a determinant whose i row i s i^peated twice, since ^ p ^ c o n -

tains the i row, and whoso y - row i s omitted; hence vanishes. 

Hy the result of the l a s t page, however. 

777/^ ''^^ 

r A, 

U n P 



and the product Z- now reads, i n terms of the elementsj 

f 

so that 

5 f ^ - i s < ^ , r r . i 

a circumstance which requires the rows of the determinant ^ to be perpendic­

u l a r . I f \L ^ - 1 s resulting figure w i l l be a cube of volume - \ 

which are the maximum and mj.niiaiia values possible. 

When two vectors satisfy the relation ^ 7y- O >- they are perpendicu­

l a r . This property i s often called orthogonalitf, Thus, for instance, the 

zero vector i s orthogonal to every other vector. I f a set of vectors a l l 

satisfy the relations , they are said to form an "ortiicgonal 

set" of vectors. 

I f a vector s a t i s f i e s ihe condition PS PS. - 1. , i t i s said to be 

"normal", or of unit leng-th. Any vector which i s not a, n u l l vector may be 

normalized by dividing i t hy the square root of i t s length. 

I f each vector of an or-bhogonal set i s also normalized, the set i s spoken 

of as an "orthonormal" set, Tl-ie vector of such a set satisfy the relations 

A set of vectors i s caliled "linearly dependent" i f idiere can be found 

scalers dl , not a l l of which are zero, such that 

or i n other words, i f any one of them can be written as a sum of toe others. 

Any set containing the zero vector i s autonatically l inearly deioendent. 

I f no such constants cfui be found, the vectors are called l inearly i n ­

dependent. 

From the equation abov«i tliere can be foomd a system of scalar equationsi 

they are obtained from premultiplication of i t i n turn by ^^^^^ , eto. 



d . P i ; ^ , ^ A ^ z ^ z . - - -^nK^-5yC^ .0 

K^.1 ^ t ^o(^ >S^X^-ft 0 

The problem i s to choose cA; , not a l l zero, bo satisfy these relations. 

In order for this to happen, ihe determinant 

bf.^d, KK, -- K , x . 
K . x X . ^ - . x , K , 

~ • Jtl Z. 

mast vanish. I t i s cal led the Gramm determinant, and i t s -vanishment i s the 

necessary and sufficient condition for l inear dependence. 

I t can be factored, so that 

or, i f 
K 

rv 

H - LX„ X . - X i l 
Ey -the rule for nailtiplying de-termina-nts 

i M I i r i l - o 

whence | fi I ^ O 

•vdiich gives -the geome-tric condition that a set of vectors are l inearly 

dependent inid^-space when the volume of the parallelepiped which th^>- span 

vanishes, an altogether reasonable conclusion. In fact, i f the vectors are 

normalized, this determinant, i n giving the voluns of their parallelepiped 

gi-ves same idea of how "flat" the space -they span i s , since the smalior i t s 



volume, the f latter their parallelepiped, u n t i l i t s vanishing requires them 

a l l to l i e in the same lyperplane. 

Throughout this discussion i t has been assumed that the voluase of a 

parallelepiped i s given hy the determinant of i t s edges; i n fact, i t was in 

this manner that the fomaila for a determinant was attained. I t i s possible 

to prove this contention rather than relying upon intuitive geometrical a r ­

guments . The proof i s contained as a corollary to the follcf?;in{; Idieorem: 

Let there be k v e c t o r s , X > ^ <. I f Af i s the matrix 

the determinant ^ 1^ H \s the square of the volume of the parallel­

epiped which they form. 

The proof i s by induction., For l ^ - l , the determinant gives X , X > 

the square of the length of the vector, so that the theorem i s i n fact true 

for . 

Assume the theorem for K=n\ Then for k̂ m-̂ t̂ the determinant i s 

S . K . S > , X , S , . ^ „ , , 

Now write 

where X j X = O . The d's T^y be found by solving the equations 

X y X ^ 4 . ''2o<i X^Ai y » , - - - , - v . , 

, »A . The solution i s possible unless \ t f ^ i r o " The for A I u 



determinant then becomea 

X i X , ^1 ^ 
Y»v+ 1 ' - X , X . X X ^..Xc 

X , ^ , K: X i X . ; , 

lyRt X j 2diKXz-AZ^Ax;7Xi, 
-t 

o u - -

-+ 

the f i r s t determinant i s zero, since the l a s t row i s l ine dependent upon 

the previous r®ws, since i t was deliberately taken to be part of X^-. 4 ! lying 

i n their plane, while' the second term i s of the form: 

2 ' 2 2 (altitude)" (base) = (volume) 

by the induction hypothesis. 

The c a ^ M ^ ) x 0 can perhaps be dealt with by renumbering the vectors, 

the order in which they appear being immaterial. I f this i s iu^sossihle, then 

each minor of the l a s t row i s zero, and Laplace's expansion gives a value of 

zero to the entire determinant. This i s satisfactory since i t assigns aero 

volume to a figure whose base has zero area. 

I f a set of W l inearly independent vectors do not form an crthonormal 

s e t , i t may be possible to define a "biorthcoorniaj." set. This i s a set of 

2 K vectors, tcS.^ and/S^ such that 

yi X X ^ '•'j 

t h i s expression i s a representative element from the matrix equation 



where 
X 

lA 

which i s capable of fulfillment whenjHl/ 6', for toon ^ Af ~' exists . 

This i s possible when the vectors are l i n e a r l y independent, for then the de­

terminant of their matrix i s non-vanishing. Such a set of vectors i s useful, 

for instance, in dealing with an 

oblique coordinate system, i n 

\diich the are called the co-

ordirate vectors and the a 

"receiprocal set", having the prop­

erty that each vector of the reciprocal set i s perpendicular to the remaining 

coordinate vectors, fhi le additions may he done viiih me coordinate I'sctors, 

for instance, the reciprocal set i s required for a convenient discussion of 

projections. In fact, i f one has 

7t-.SZ>^ 
C O that the reciprocal set are needed to isolate components. 

From the above 

so that 

7XAA 
a condition on a coordinate fystem that might be described as "completemens", 

since then asiy vector i n the space in question can be wi'itten in terras of the 



as coordinates. Since 

i t i s seen that the two ^sterns play equivalent r o l e s , and that e i ther may be 

regarded as the coordinate ^stemi m t h the other fox'ming the r e c i p r o c a l sys'bem. 

M T R n : FUNCTIONS 

From a given matrix others may be foimd by various processes. Square 

matr ices , for instance, may be r a i s e d to pavers., .added, and i n genera-l com­

bined as though they were s c a l e r s , i n bui lding up f imctionsi i t being nec-

cessary to bear i n mind t h e i r ncn-commitativity. 

A s ingle square matrix may be r a i s e d to powers; the i n t e g r a l powers are 

defined by (K a = A"" 

while i f , one speaks of i3 as the m'*̂ ^ root of j . Since tho 

commutative law f a i l s one cannot expect that there \ d . l l be only m m*'̂  

roots of a matrix; i n f a c t , there are many more i n scane cases-

I f A has an inverse h the negative powers are defined by 

The zero power of a non-singular matrix i s t i e u n i t matrjx: 

since the law of exp(aients holds, from the d e f i n i t i o n s , so that 

I f the matrix i s s i n g u l a r , forming the sero^^ paver produces a s i t u a t i o n 

analogous to that a r i s i n g when one t r i e s to f i n d O/O, 

Polynomials i n a matarix naj be formed, and t i e coef f ic ients may be e i ther 

sca lers or matr ices , although one usual ly means a polynomial wi th sca lar co-



e f f i c i e n t s i n r e f e r r i n g to a metrix polynoaiial 

Iv 

taking the l i m i t of a polynomial w i t h a large nmnber of terms i t i s 

possible to obtain power s e r i e s i n matrices. The f i n i t e geometric ser ies msy 

be summed by the same technique used wi th s c a l a r s e r i e s for instance. L e t 

/ ( X - A ) = T- A 
r+ 1 

f x - f t ] 

I f ^ A*^-( i ) , which means that 

The matrix exponential i s defined as 

e M.-^ H f ~ P ' t n / 

I t converges for each square matrix A of f i n i t e order. To shov.- t h i s l e t the 

absolute value of the l a r g e s t element of A bjr/O „ Furthermore define matrix 

inequal i ty to hold for each element 

then 

A < B vdisn L n ] . ; C LB] j • 
(j 

'U - -

I I 
I I - - / 

^1x9'. 



c a l l 
1 - - \ 

L > I --> ] 
n h - - n 

_ n n - - h 

so that k - » 

T h i s means t h a t , i n absolute va lue , each term of the s e r i e s i s l e s s than 
k K - 1 

/< / 
A 

so t h a t , i n absolute va lue , each element of e i s l e s s than 

vrtiich i s surely f i n i t e for each f i n i t e ^ u and r\ Eenca the s er ie s converges 

ab solutely for each s quare matriXr, 

Unli ke the s calar exp w i ent ia l , the r u l e for adding lo garith m s f a i l s unle s s 

the lo garlthiES commute. To see t h i s , w r i t e 

4 

4 
Summing t h i s by diagonals, 

= j r - ^ ( A t ( 3 ) i -57 ( z ^ ' ^ + g . / A B ' t S V - f 

I f AB = BA, t h i s i s 

= t C/A + 6 ) + i r C / A N A6-^i3A ^ B ^ ) + ^ iP^^px '•g^ ^ 6 A • t • r i A V - : > -



Now, A and -A coimsute so that 

a f a c t which could have been v e r i f i e d d i r e c t l y . Mo?.'ever, i t shows that 

- - A 

Logarithms nsay be added when they coamaite. I f they ars i n f i n i t e s i m a l 

they may s t i l l be added, to first order. Thus 

-- filial c - A t B ) t £ ^ A 6 t - - -

» C A 4 6 ) + - — 

. r A + ^ ) 

I f the elements of a mair ix are functions of a sca lar parameter, the 

matrix may be integrated and d i f ferent ia ted w i t h respect to t h i s parameter. 

The d e r i v a t i v e i s defined, i n the usual manner, as 

each of these operations may be performed d i r e c t l y upon the i n d i v i d u a l e le­

ments, g iv ing 

f ' ^ f i i i ! i 2 i i - l £ I i ! 7 L 1 

so that r 1 J . cpji 

and a matrix i s d i f ferent iat i fd by d i f f e r e n t i a t i n g each of i t s elements. 

The deri-'reitives of functions of a matrix may also be taken, w i t h formulas 

c l o s e l y resenibling the scalai* formulae, except where the f a i l u r e of the com­

mutative law must be taken into account. 



s i n c e : jf 

<i. t fi^ - * 

-J 

Since: 

0 AH 6 t A d.Q> 

d- ̂  
^ '3 

7 

r X ^ 

- di-T' 
cL 6 . 
cC 4 

while a s i m i l a r r u l e holds for products of more than two matrices . 

I n d i f f e r e n t i a t i n g powe:rs, say , one hai 

^-yM^A^,.-f^y 
A and dA/dt do not u s u a l l y ccHsmsute, I f A commutas wi th i t s e l f f o r a l l values 

of i t s parameters 

the matrix and i t s derivati-i'O v d l l commute. The reason for t h i s i s that the 



d e r i v a t i v e involves the difference c f such ma.trices. I f A ccsainutes wi th them 

i t w i l l commute w i t h t j i e i r difference and hence w i t h the derivati'^ra. 

- / dfi-
-3Lr 

y.t 

A 

-A -Zi A 
-I 

dy 
d-t A - / 

AAA . 
db ' lb A 
A M , dd ^ A 

r d. 

dt 
A 

I f dA/dt commutes w i t h A, the terms i n ^ may be factored out. 

- [jTrd f- 7 7 / 4 / - j - ^ 4 -

,^^AA.^A± , 

To integrate a matrix wi th respect to a parameter, w r i t e the i n t e g r a l as 

a l i m i t of sum ^ 

{ A (d)'Ao-. A^ £ ^ (^:) 
•Ic 

which, being composed of a l i m i t and a sum, i s an operation upon the indi-'/idual 
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©len^nts of the matrix 

so that 
r -b y LAC a-) C -f' 

d 

j 

and a matrix i s integrated by integrat ing the i n d i v i d u a l eloiaents. 

With the introduction c f der ivat ives one must contend w i t h the p o s s i b i l i i y 

of d i f f e r e n t i a l equations, ^ '̂llet as matrix methods were used to solve l i n e a r 

equations inirv. unknowns, so they may bo used to solve ^sterns of l i n e a r d i f ­

f e r e n t i a l equations, such as 

-2^y„ (t,,,(,) . 4 , . ! * ) ^ . ^ + - - ( * ^ - - ( ^ ) 
d'-b 

db ^ ^' 

Hf±lA}.^^, ( i ) i ^ , . n t ^ ) / . ( t ) h - + - t M n ( O X , 
dt 

cLbr 

cLt 

d-t J 

• 

D i s c r e t i z e the equation 



to f i r s t order indT, , I f ^ - i * , ' =̂  V ^ have 

) 

e ^br£(b,) 

I f a l l the exponents commute. 

taking the l i m i t , ^.^^ ^ r ^ ^ J ^ ^ ^ . 

h t n ̂  0 

X 7 t 7 - - e y rro)7 ^ j .^-^, ,) 
r 

t h i s assumes a p a r t i c u l a r l y simple form when F i s a matrix of con-??iants: 
tX 

whose v a l i d i t y may be checked d i r e c t l y , and which resembles the solution to 

the corresponding scalar equation. 

I f the matrix F does not commute vrith i t s e l f for a l l values of the 

parameter, the solut ion of -aie equation i s more d i f f i c u l t . Recal l ing 

and w r i t i n g 

XC-^tT^)- [ j 4 4 4 ^ r u „ ) ] [ X 4 h ^ ^ „ , T u . . . ) ] - - - \Et^ir(t)]}^i, 
which i s s t i l l correct to tiie f i r s t order i n h " t . C a l l i n g 

we have 

^1 2 1 f'Ui) 2(u)ra,)^A:c^d j^^^^ _ _ 

-55-



the general teici of t h i s s e r i e s i s the r * ^ ; 

n 

there are / v ( / v - ! ) C N-rfi)Jr ^ terns included- I n such a multiple 

sum, which i s of the order 

A/" 
9?/ 

R 

each sunsaaad has the cu-der of magnitude^dl't , so that the vdiole sum i s of the 

order of magnitude 
A 4 

but 'Voi N A - ^ » so that they are of r e l a t i v e s ize 

and hence the s e r i e s for converges as w e l l a 3 the e>:ponential s e r i e s . Taking 

JA2. ^ > term by terra, there a r i s e expressions 

^ ^ 2 ^ f U i ) f 'C-t j ) - -r7-^)/3x/:7 , . . 
0 4«^ J < C 

, j j ^ f i^^)f{a£j''~-^^^M<^^ d<r^,x~Hrx^'^ 
t < 1 

~+ o 
cr 4 

so that 
7 

t 4 

7 - - -

^ H f 7 ) - n 7^'(^^ 



t h a t t h i s expression a c t u a l l y sa.ti3.fies the d i f f e r e n t i a l equation laay be 

checked by term by term d i f f e r e n t i a t i o n of the s e r i e s . 

I n the case that a l l the F ' s coaanute, tiie range of integrat ion need not 

bo r e s t r i c t e d to presei've the order of the f a c t o r s . Then one has, for instance 

-t+7 -t + c; 

i J f(cr,)f(a-jclallc-x-

2 } j r C c r ) 7 c r \ 

di-'y 

the region where CJ^ <f cr^ , i s 

j u s t h a l f the area over which the 

double intagrat ion of the second i n t e ­

g r a l i s extended, giving the factor 1/2. 

S i m i l a r l y the other i n t e g r a l s go over into 

r 

7- CcT 

which gives the previous r e s u l t . 

EIGENVECTORS 

I t was shown that when mult ip l ied l y a matr ix , a given vector was changed, 

into another. The elements of bhe matrix give the dependence of the elements 

of the new vector upon those of the old- One important c l a s s of vectors , which 

depend upon p a r t i c u l a r matr ices , are the vectors whose d i r e c t i o n remains un­

changed by matrix m u l t i p l i c a t i o n . Such vectors sre c a l l e d eigenvectors; and 

since they are d i f f e r e n t f o r di.?ferent matrices they are spoken of as belonging 

to a c e r t a i n matr ix . 

They s a t i s f y the matrix equation 

A X - X X 
irtiere X i s a s c a l a r , c a l l e d an eigenvalue, end r e f l e c t s tije f a c t l i ia t the 
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length of the vector my change even though i t s ±lraction i s held fixed, Sinco 

dif f e r e n t eigenvectors w i l l be changed i n length l y dlfferexit amo-ints i n gen­

e r a l , i t i s customary to r e f e r to eigenvalues belonging to a c e r t a i n eigenvector, 

since i n t h i s way they serve to distinguish the different eigenvectors fiom one 

another, 

A t r i v i a l solution to the dgenvect-or equation i a i the zero 

vector. I t i s disallowed as an eigenvector. I t fjhould be noted that t h i s i s 

not the case with n u l l vectors, whose lengths are merely'' zero, without being 

zero themselves. I f they a r i s e they are quite legitimate eigenvectors. 

The equation 

may be written 

Suppose that J^~A]rj had an inverse. Then multiplying by i t from the 

l e f t . 

I 

which has been forbidden. Thus i t follows that ( / ! - A r i i s singular, hence 

that i t s determinant 

/ A - X J / 
must vanish 

c 

1 1 0 

»̂  1 • 1. - - - d t •> V - A 

-^8— 



I t may be expanded i n powers of \o obtain 

4 \ 

d, , tLj ^ O- 1 

d 

d i 0 

•z I " - I t - — o-

The f i r s t term i s got by taking the term of the expansion contairing a l l the 

diagonal elements; the second by considering the term writhv"^" 
o x ' s 

can come only from the diagonal and one other term, which mast also corns from 

the diagonal, and not being a A i s an . Summing for each possible way 

to do t h i s gives ^ a. il as the c o e f f i c i e n t . Hie t h i r d tern i s obtained by 

multiplying ("n-2l) X's together, and two other terms. These must either s i t 
on the diagonal, giving d^- ^ - i -{ * °^ ^^'^ ^ 1 > whence the 

other must be , giving - '̂ •̂  ̂  ^ \  *  interchange needed to 

put the second indices i n order contributSjig the Eiinus sign. These two terms 

may then be combined into the single term 

i d i i l e the l / 2 r e f l e c t s the fa c t that the sunnnation should be<^ ^ 
•i <l 

rather 

than ^ ^ 

The other terms are formed i n a sim i l a r manner, giving f i n a l l y the term 

free of \, which i s gotten from the expansion by taking the diagonal e l e ­

ments and multiplying the d S together, which i s the same term as would occur 

i n the expansion of j A | . 

Since t h i s i s a polynomi.aI equation i n A , i t can have a t most A..-roots, 

hence a t most b. d i s t i n c t eigenvalues. This equation i s c a l l e d the character-



i s t i c equation; the polynomial the c h a r a c t e r i s t i c polynomial. 

I f the eigenvalues of a small matrix are knovn, the eigenvectors may often 

be obtained b̂ - simple manipulation. For example, consider the matrix 

0 i ^ 

C O • s ' = 

i t s c i i a r a c t e r i s t i c equation i s 

-X I 

0 -A I 

1 o - X 
V (-X)' t i .-- 6 

UJ s .O e a i t : 

The eigenvector equation i s 
i 

o 

o 

forX a = 1 

Jr - 1 

'a-
• 

-^1 
4 

From so that the normalized eigenvector belonging to X ^ 1 i s y y 

t h i s i t appears that the length of an eigenvector i s completely indeterM.nant, 
' J 



since matrix multiplication i s l i n e a r . eg 

A ^ ^ \ ^°*^ '*°^^* 

The two other eigenvectors are readily determined to be: 

cu Vrb 
Al 

X -

and i t i s of i n t e r e s t to note that these are n u l l vectors: 

The ge<»netrical interpretation of the f i r s t eigenvector i s obtained from 

noticing that since 
O 
o 0 

o 

o 
/ 
o 

y 

makes the coordinate interchanges: 
X 

X r 

which corresponds to a 120° I'ofc tion about the ax i s ( } 

The eigenvectors belonging to A = i are then the various vectors point Jjig 

along the a x i s of rotation; thej- are l e f t unchanged by the rotation. The 

other two, being comples, do not, have an interpre bation i n a r e a l 3-dimsn-

si o n a l space. 

I f two eigenvectors have the same eigenvalue, then any l i n e a r combination 

of them has the same eigenvalue. 

-61. 



Then 

so that i f ^ and y are not p a r a l l e l , each x-ector i n the plane which thsy 

determine i s an eigenvector with the same eigenvalue. An example of such a 

matrix i s 

o 
o 

o 
I 
o 

each vector i n the ̂  ""^J plane has the eigenvalue 1. 

The equation/1 -• X defines only r i g h t eigenvectors. L e f t eigen­

vectors are defined \sy 

which leads to the same c h a r a c t e r i s t i c equation and thus the same eigenvalues 

as for the ri g h t eigenvectors. 

l&ich information conceminf^ the eigenvectors and the eigenvalues of a 

matrix may be deduced i n a purely formal vry, by manipulating their synanetrjr 

properties. 

Theorem 1. A l l the eigenvalues of a hermitean matrix are purely r e a l . 
/ I K = X X 0 

0 

1 ' 
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since by the hermitean property 

/ 
In a similar manner i t i s provai that 

Theorem I I . A i l the eigenvalues of an antihsrmitean matrix are purely 

imaginaiy. 

Theorem 1X1. E i i h e r the eigenvalues of a r e a l symmetric matrix are r e a l 

or they have n u l l eigenvectors. 

Theorem 17, E i t h e r the eigenvalues of an antisyrmneta'ic matrix are zero or 

they have n u l l eigenvectors. 

Theorem 7. The l e f t eigenvectors of a hermitean matrix are the comples 

conjugate transposes of the r i g h t eigenvectors. 

Theorem 71. The l e f t eigenvectors and r i g h t eigenvectors of a matrix, 

which belong to different eigemaraes are orthogonal to one another i n the 

hermitean sense ^ This i s sometimes expressed by saying that 

they are u a i t a i y to one another. 

then ^ A y"*-
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Information concerning functions of matrioss may be obtained 

Theorem V I I . The eigenvalues of A""̂  are the i ^ c i p r o c a l s of the eigen­

values of A , and have the same eigenvectors. 

y ' A " A 5 < r ^ x - ' X A - ' x 

Theorem V I I I . The eigenvalues of A are the square of the eigenvalues of 

A , and have the same eigenvector: 

AA(X) =A(A}^hAhK 
A similar r e s u l t holds for ottier powers, and polynomials, and functions 

expressible i n convergent power s e r i e s . 

Theorem IX. For each matrix A, the eigenvalues of A /A are r e a l 

and non-negative. 

They are r e a l since f\s h er mit ean 

^ * x y O v ( ^ X J 

Si*-K>rj A^*AX^o 

•• i > o 

From Theorem V I i t appears that i f a l l the eigen-'/alues of a matrix are 



d i s t i n c t , the l e f t and r i g h t eigenvectors form a biorthogonal s e t , i n the 

hermitean sense. 

Since the vectors are determined a t best by direction and not at a l l by 

lengtii, i t •vrould be convenient to deal with a set of unit eigenvectors. This 

i s s t i l l not possible, due tc the p o s s i b i l i t y of the occurence of n u l l vec­

t o r s , since a n u l l eigenvector cannot be normalized. 

For the cases where some: sort of normalization i s possible, i t i s conven­

ien t to use a d i s t i n c t i v e not^ition. Thus one writes 

These vectors can be distingtiished from the ordinaiy bras and kets i n that 
th 

there i s a number written i n them, designating thorn as the i eigeribra or 

eigenket, while ordinary vectors have nterely elements, as UC/^^-^y^C written 

i n them. Thus / . „ 

i s presumed to hold whenever such a choise i s possible; the eigenvector then 

being taken as "normalized" ly convention. T i t h a hermitean matrix, for i n ­

stance, t h i s normalization i s always possible. 

only i n special cases, such as when A i s hermitean. 

I f perchance <\ /1 ̂  = o , i t w i l l be impossible to form a complete set 

of eigenvectors, since an a cjomplete system 

but, i t i s possible to choose <(l1K'/ O j ' ' < C C ^ ) / ^ > and the vectors 

could then be normalized to make 

, a contradiction 
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xt should be noted that i n a biorthonorsal set one requires only 

not that 1 < L / / i s as the condition for normalization. 

Let us investigate the hypothesis that the eigenvectors of a certain 

matrix form a complete biorthononnal set. The condition for t h i s i s iliat 

^ / t > < c l TT 

Such a sum i s an inner product of the supervcctors 

4 I 

since 

But als o 

0'/> d 2 i2> 

-/7 

S O that ' '̂ •̂  * ^ *" J 

< ^ / > > <(^|T.7 < n/n> 

and that 

\'P I 6) , which i s the true condition for completeness. 

The hypothesis i s not always true, as for instance i n the case with the 

matrix 

I t s eigenvalues s a t i s f y 

0 \ 

1 -\

0 4 -"X 
~ L 



so that, there i s a repeated eigenvalue, 

i<^.^2 ft 11 •| I 

'1 « " 

L i = L /3 

S O that, f or one thing, there i s only one eigenvector to span a two dimensional 

space, but also 

Frcsn the completeness hypothesis follou's a theorem known as the "Spectral 

theorem" 

\ 

2--1 

Proof: 

2 A / ^ x u . 2 VH )<c | 

A 2 ^^x^^'- AT -_2 Xd l i x c ! 
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Furthermore, considering the product "p-' 

>^. r^ \ 

<.1.l 

J* ^ " 

A [ i . > - ] 

X,<'h> \ .)i> \ /o/ 

A , 

o 
o 

o 

Such a matrix, which has elements of the fom\ 1 , i e with eleinents 

only upon the main diagonsl, i s c a l l e d a diagonal matrix. The transformation 

i s c a l l e d a s i m i l a r i t y transformat i.on, and i f ' P A ' P * / J , a 

di.agonal matrix, the process i s c a l l e d diagonalization. 

The diagonalization process f a c i l i t a t e s the proof of another important 

theorem: namely Sylvester's theorem: 

and ( X C } converges for e a c h X i ; as a Taylor's s e r i e s , then 
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Proof: i f P diagonalises a i t also diagonalizes A for 

- r ' A ^ T ^ - r " A e r " A F 

and likewise any power of A. I t w i l l a l s o diagonalize polynomials i n A, 

S XIXC6 

and likewise convergent power s e r i e s i n A. 

^ ( A ) P -- ( p - ^ ( A J v a.,A4 -je 

j,X^o-. .^X, o 

O ,+X,CX.,4X2 V , + 
o 

O O ' tX ^ d. yycL^t 

% i \  ,  

. X ( \

( X n ) 

O O 

~- 6 

O d̂  o 

f (X . ) 
o -

o 

o o o 

O <3 
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in 

Ay,Jl < i : P - L 
r<'i 

JLJr ?.AL:ti43Ate A - K > 7 
|l'̂  d t « . p o w e * . S e r i e s "f 

•'. ? c i . - ) i f < ] i 

Although stated under f a i r l y r e s t r i c t i v e conditions, Sylvester's theorem 

appears to be of more general v a l i d i t y . For irstance i t gives corractly nega­

t i v e and f r a c t i o n a l powers, logarithms, axid even functions which have been ex­

panded in.por,-er s e r i e s beyond t h e i r radius of convergence. The question which 

a r i s e s i n such cases, hov/evtar, i s whether the r e s u l t s are unique. 

No e x p l i c i t process has yet been exhibited for calculB.ting the eigen­

vectors of a matrix. Such a formula i s possible, and can be derived by the 

aid of SylA^ster's theorem. 

Suppose that ) i s the c h a r a c t e r i s t i c polynomial of the ma-brax A. 

By d e f i n i t i o n , the eigenvalues s a t i s f y 
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so that i f A has a ccsaplete sat of eigenvectors 

w i l l vanish i d e n t i c a l l y . This i s a s p e c i a l case ^f the Cayley-Hamilton theorem 

which s t a t e s that every square mata^ix s a t i s f i e s i t s oivn c h a r a c t e r i s t i c equatioi. 

Being a polynomial,, P(A) can be written i n factored form: 

Let / J be the following polynomial: 

S O that ^ 

or, since P(A) » 

vrtiich resemliles tho equation for eigenvectcrs, except that T̂ ' i s a matrix, 

not a vector. I t may be regarded as a row of colimns, hoT-ever, and the columns 
th 

must be multiples of the j eigenvector, since 

Using the other member of the equation above. 

I t appears that the rows ^ i s t be multiples of l e f t eigenvectors: 

also 
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A 

\ T d 
t l) 

so that 

X ; a-

and i f the eigenvectors are taken normalized as meiiifoers of a biorthonormal set 

i t appears that both the rows anti columns of are proportional to them, so 

that i t s e l f must be proportional to an outer pi'oduct of l e f t eigenvectors 

and right eigenvectors. To discover the value of Hie proportionality constant, 

diagonalize "fV . . r —- / . \\

. -IT, f K \ - X t 3 7 

Q 

o 

.1 L 
o 

o 

now, i f Xt / X̂  
TC (X«Ac) = X "^^-^ 

since i f K / j , X i w i l l ran through X ^ i n the product. 

J 

I T j 0 ^ 



t h i s l a s t matrix i s "the quantity which appears i n Sylvester's theorem, so that 

i t may be taken as i t stands, or i t may be factored to actually obtain eigen­

vectors. 

The quantity 5 ? A K - c J '^'•J '^J c a l l e d a quadratic form, y, ~^c^ 

i s c a l l e d a hermitean form, and so on. They are a l l s c a l a r s , and the hermitean 

form of a hermitean matrix w i l l be r e a l , since each term i n the expansion ap­

pears wiHi i t s ccanplex conjugate. Real forms may be further c l a s s i f i e d accord­

ing to t h e i r s i ^ n s . Thus i f for a l l vectors K ^ K ' ^ A i s positive, the 

form i s ca l l e d p o s i t i v e d e f i n i t e . Other classifi.cations are 

negative definite form < *̂  for each K ' -/ (P 

positive semidef i n i t e fonn ?/ O R « " 

and positive definite form j> o R « 

Thus i f A can be factored into the form C**" > i'^s hermitean form i s 

positive semidefinite. 

An ingiortant extremal piroperty for bihermitoan forms may be deduced: 

the quantity <̂ i( / A ) yX assumes an extremal, for fixed <1 y( y > , when 

i s a l e f t eigenvector of A and i y > i s a r i g h t eigenvector of A . 

To show t h i s , consider . , , , v 
<i X S A 1 y> 

form — 1 , set the f i r s t order terms i n J ̂  f . 
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equal to zero. This gives 

U : < I V > 0 , / > cx,y> • « , x > ^ 7 ; ^ + g l i 2 . ^ o < x ' ) ] 

c o l l e c t i n g f i r s t order d i f f e r e n t i a l s , equating thorn to zero: 

<A\K\y> 7 < x i r y > ^ ^ v i v > ] ^ < ^ v ^ A i y > <^iAir^) 
< y i y > (. < x i y > < x » y > ) <</y.> ^ < < i y ~ ^ 

divide out < xi y ) ^ d 

A /y > <>. > 

since f x' and ^ I are a r b i t r a r y , both 
< xl A f y> 

< x i A . < . i • 7 7 7 7 7 " 

A . < x i A i y > ^ 

and /y. I and I y ) must be eigenvectors with the eigenvalue 

The equation 

represents a quadratic surface i n n dimensions, when A i s hermitean. I t 

i s a skew quadratic since cress tenns i n the variables appear, but i t i s sym­

metric with respect to the origin. The eigenvectors point along the p r i n c i p a l 



A axes, since they are Hie extrenials 

of tlie quantity ——.-„™ ^nd thers 

fore by the above equation of <v-l){ > 

tlie square of the distance to a poSn 

on the surface of the quadratic. 

The eigenvalues of A are Hie reciprocals of the squares of the lengths 

of the semiaxes. To see t h i s l e t the matrix be diagonalized by a matrio: P , 

and s u b s t i t u t e ^ ^'k^ y ^ so that 

so that < / I A I ̂  > * becomss 

V, 7 . ' ' + X , l y J ' .̂ _ . . , | ; , ^ , y j z ^ | 

which i s Hie normal form for the equation of a quadratic surface, while the 

eigenvalues are the reciprocals of the squares o i the length of the semiaxes. 

That a hermitean matrix always has an orHio'iormal ^stem of eigenvectors 

can be deduced by considering i t s hermitean form. These vectors point along 

the semiaxes, and hence al>^eys e x i s t and can be chosen orthogonal except in 

the case that the suirface i s a surface of revolution, and two or more semi-

axes are equal. But Hien there i s a t l e a s t a plans of vectors, a l l of which 

make the form an extremal; and since t h ^ a l l belong to the same eigenvalue, 

the degeneracy already encountered with a multiple eigenvalue i s reflected i n 

t h i s symmetcy. However, i n these planes one can always s e l e c t two orthogonal 

vectors, even though not uniquely, and s i m i l a r l y with higher degeneracy. 

From the diagonalized fonr; of the heimitean form the nature of the sur­

face may be deduced: a positive eigenvalue gives an e l l i p t i c a l section, zero 

eigenvalue a parabolic section, and a negative eigenvalue a hyperbolic one. 

Thus i f A i s a r e a l hermitean matrix, W )> a r e a l vector. 
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would define an e l l i p s o i d i n iliree-space i f the three eigei'values of A were 

positive; a hyperbolic paraboloid by two zero and one negative eigenvalues, 

and so on. I f a matrix i s positive definite a l l i t s eigenvalues are positive 

and the surface i s closed. I f the eigenvalues are non-negative i t i s positive 

semidsfinite, and may have a parabolic part i n addition. 

A complete orthonormal sot of vectors forms a suiteble b a s i s for a car­

tesian coordinate ^stem. Thus, the eigenvectors of a herraitean matrix have 

the property that when t h ^ are chosen for a coordinate syEtem, their matrix 

i s diagonal, and i t s hermitean form i s referred to i t s p r i n c i p a l axes. 

Hence diagonalization, which consists i n applying a sira-jlarity transfor­

mation to a matrix, i s nothing other than a transforraation to a new axis eystem, 

possibly oblique, i n wtiich the Jiiatrix i s d5-agonal. I'Jhen the matrix i s r e a l and 

hermitean, t h i s may be done by a rotation, a process which w i l l be considered i n 

d e t a i l l a t e r . 

By the spectral theorem, 
A/ v . ' I ^ X - ^ 

^ X i : c > w : 

so that matrix ^ transforms the r i g h t eigenvectors to a system i n which 

they appear as coordinate vectors, ; o > , while ^ transforms the l e f t 

eigenvectors s i m i l a r l y . Since the l e f t eigenvectors, transform by the i n ­

verse matrix, j to that which transforms the r i g h t eigenvectors, the moti­

vation for the name "reciprocal system" i s seen. 

I n a sense, ^ transforms Hie columns of /i , while ^ , multiplied 

frran the other side, transforms the rows, as may be seen by vrriting 

P " H F - - 5 p - ' ; ; x j ' f 
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= 2 c^i . }n<\t 
s i J J 

so that two matrices are needed to transform a matrix, while but one i s needed 

to transform a vector. 

The existence proof for eigenvectors j u s t given was purely i n t u i t i v e ; i t 

may be formalized as follows: Ix ) = ^ defines a closed, bounded region, 

namely the surface of a un i t hsrpersphere, ^ / v ' / " ^ - ! .<xi'^l>^> i s 

a continuous function of these A^ , hence attains a la r g e s t value: the '̂ '̂ '̂  

for which t h i s i s true then being the eigenvector with l a r g e s t eigenvalue. 

But the region defined by<K/v)s|^ <:<iy,>iO s a t i s f i e s the same hypo­

theses, giving <>! 2 > the eigenvector the next lar g e s t 8igenvalue.<x / x> - h. 

Of <^"'>i s. 0 i s used to obtain another eigenvector u n t i l a coEiplete 

set has been found. The process may f a i l when there are two lar g e s t such vec­

tors , i n which case there are i n f i n i t e l y mary l i n e a r l y dependent upon these two 

and one of them may be chosen a r b i t r a r i l y and the process continued. I t w i l l 

then not be unique. 

The reason that the proof f a i l s i f A i s not hermitean i s that < y\A\)() 
i s made extremal, with<.yl and ' as eigenvectors. But, l Y ) so 

that ( Y / Y } - :i does not define a bounded region. I t T f i l l succeed for 

any matrix whose l e f t eigenvectors are the conjugates transposed of the r i g h t 

eigenvectors, however. 

With an understanding of the significance of multiple eigenvalues, the 

formula for eigenvectors alreacfy obtained can be extended. The expression 

w i l l f a i l to define I p ( 1 i f X« ^ X. 
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I f i s a double eigenvalue, define the quantity 

diagonalizing i t . 

9 
. r r , (x.-xy 

now 'J 
• f>. 

"P 

I 

J 0 

V ./At J J ^ 
But the diagonalization was not unique, and i t i s preferable to define 

X 4 / V><-)Z 
sxnce 

gives 

= IJ?>^ ju I ̂ ><X 
- G 

so that G j d o e s not depend upon the p a r t i c u l a r diagonalization. Furthermore, 
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i n c e X j X ^^j ' '^^^ ' ^><)) I - A j d ^ whenX j Sylves-fcer's theorem may Since 

be stated 

where the L> ̂  are outer products or sums of several outer products when there 

i s a multiple eigenvalue, since a sindlar argument to the one given w i l l hold 

when Hie m u l t i p l i c i t y i s greater than 2. 

The ( 7 / form an important c l a s s of operators, loiovm as projective opera-
() 

t o r s , which are said to project vectors into certain spaces. They project vec­

tors onto u r i t vectors i n a certfiin space, which gives a s c a l a r , by 

<PI ^ 
This projection, onto a unit vector, i s then made the cornponent of the corres­

ponding reciprocal vector toKS\ namely ' g i v i n g the product 

/ ^ X ^ / K " 

Often one desires to think of a \-ector and i t s corresponding reciprocal 

vector as being r e a l l y the same ^'ector, with coordinates i n d i f f e r e n t systems, 

since i n matrix problems they both belong to the same eigenvalue, and for other 

reasons. One then c a l l s the regular conponents of a vector i t s contravariant com­

ponents, and the corponents of the reciprocal vector i t s contravariant com­

ponents., This may be done for eigenvectors; for ether vectors, t h e i r components 

i n a given sys'cem are the covariant conponents; while i f they are expressed i n 

terms of the r e c i p r o c a l system, the components are t h e i r contravariant components. 

Upon knowing that a hermitean matrix can always be diagonalized, the f o l ­

lowing theorem can be proved: 

Ti70 hermitean matrices commute i f and only i f they can be diagonalized 

s imultane ou s l y . 
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1 

To show sufficiency, l e t them both be diagont.lized by kJ^ t 

y\.A.^-.yx^A, 
since diagonal matrices commute. 

/ 1 6 - 6 A 

to show necessity. Suppose AB = BA 

Let L\~'J^U-A 
since a hermitean matrix may be diagonalized. NCTY, define C by 

^ •'/^U (2 IZ­

BA = AB 

/. Ac - cA 

X , c , . \,c,^ X .c .^ 'x,cp \.^c,, --A.c.^-^ 

X i ( 2 i j XzC,^i ---/n 

X o C n . )^nCAj , _X,/'.,, >.xC„, --A.Cno 

T r y I / X J a i • 
0 

-80-



C i s hermitean, since the eigenvectors of A, s a t i s f y <(1 / = 

thus U-'^^T"* DnVSaiM 
S O 

--4. 

« 1 

A 

I t i s furthermore of the shape 

n h i l e U ' / ' l y i s 

so that C i s mostly diagonalized. The undiagonaliaed submatrix of C i s s t i l l 

hermitean, and may be diagonsi-ized by Q. Then t i e matrix 

s a t i s f i e s ^ ' , and the product 5f ' C ^} w i l l be hermitean, and 

diagonal, while ^ 0~'/^ if ^ U'/] Lj > ^^d the diagonalization of A 

w i l l be unaffected. Thus w i l l diagonalize both A and E. I f there 

were several blocks of C l e f t undiagcnalized by U, corresponding to d i f f e r ­

ent sets of multiple eigenvalues, t h i s amendment process would be repeated 

several times, diagonalizing each of the remaining blocks i n turn. 
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The f a c t that a matrix ^ may be necessary i*s due to the arbitrary choice of 

eigenvectors to d i ^ o n a l i z e A, because of the m i l t i p l e eigenvalujj. In a 

ce r t a i n subspace the eigenvectors may be chosen a r b i t r a r i l y , hence need not 

coincide with those of B i : i the same subspace. But t h i s matter i s e a s i l y 

corrected by selecting instead the subeigenvectoj s of B, which i s done by 

the matrix . 

The amount hv idiich two matrices f a i l to commute i s c a l l e d their commuta­

tor, denoted by the symbol 

AB - BA = £a,bJ 

which i s c a l l e d a ccanmutator br icket. 

I t i s possible to solve .an equation for an mknown inside a comniutator 

bracket. I f A and K are :<no>m matrices and II i s unknown, l e t 

DS,H] = A 

MH - = A 

I f H can be diagonalized, l e t U be the niatr±>' such that U~' ~ A\ 

J 

and the elements of U i n a Imown coordinate system are knof-Ti. 

When H has a multiple eigenvalue, X-|' «i \ , say, the elements of U may 

be chosen a r b i t r a r i t y , and any choice w i l l give Likewise the 

diagonal elements of A must vanish, or no solution w i l l be possible.. Mien 
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they vanish, the diagonal elements of H may be arbi t r a r y , corresponding to 

the f a c t that to any solution of the commulvitor equation may be added a matrix 

commuting wlHi H to give aiiotlier solution. The proof w i l l f a l l through also 

vhen H cannot be diagonalized. 

Note that the vanishment of terms mentioned i n the l a s t paragraph occurs 

i n the eigensystem of H, not i n the ystem i n widch the problem was o r i g i n a l l y 

stated, which i s commonly c a l l e d the laboratory system. 

The following comroutato;* i d e n t i f i e s are r e a c i l y v e r i f i e d : 

tM^ A 3 ] - IM, A3 6 t A L / 1 , B ] 

L - - L A , A l l 

£ n , / i ' ] . . / r ' L A 1 , A ] A " 

L ^ . A + a F -/-X^^ AM, G] 
LA. icy:jjy irx lC.(^]2iCC-lP\A}l-0 

^«)A o The reason f cr t h i s i s that commutator cxprvossicns, l i k e derivativris, 

involve differences. 

I t i s possible to represent c e r t a i n functions of a matrix i n terms of 

commutator s e r i e s : thus i f 

CHAM. LA, — Lf1,H2A3]A 

i f A) -1 irf e 
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expanding in powers of £" 

H . . ' i f / i t ' - 1 / 1 \  I f i ^ H - x Httii-m-i^l . . . ^ 

which expresses the transformed H as a commutator s e r i e s i n M. For s u f f i c i e n t l y 

small £ one has 

H e A - ̂  tC4i, A 
r A - l^-^ A 1 

Under a s i m i l a r i t y transformation, the determinant of a matrix remains 

unchanged. F i r s t note 
I p-' PI ) I I -~l 

I P'T I ^ I P " i / ^ i 
• : IP"I'^IPI " 

then ir-'Avj AB"!mi \n - /AI 
which proves the assertion. This means that the c h a r a c t e r i s t i c equation i s un­

changed since 

/A -X r / - ir"^ m -.>r> / P ; 

and not only are the eigenvalues of a matrix independent of the coordinate ystem 

i n which i t i s expressed, but so are the c o e f f i c i e n t s of the c h a r a c t e r i s t i c poly­

nomial. Thus 

i s invariant, as was seen i n examining the c h a r a c t e r i s t i c polynomial previously. 
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The r e s u l t nsay also be provsa l y d i r e c t calculation, since 

- ? f f « l . A i . 

The trace of the sun of two matrices i s the sum of t h e i r traces, sines 

X ( d . 3 ) ' I L 2 [ / : ^ j . , . . f 3 j , ^ , j 

= Pf 4 t X /3 

while the trace of the product of two matrices i s the same whichever order i n 

which they are multiplied. 

'kfiz 

Then, the trace of a commutator i s zero 

In contrast to the invarianoe of eigenvalues, one has 

At t \
y -m PP^'x X ' ' 7 / 

the same matrix which transforms A then transforms the eigenvectors to new 

coordinates. Tiie eigenvectors are than c a l l e d ''covariant" rather than invariant, 

Also since 



ORTIIOQONAL AND UNITARY MiilRICES 

Vectors are regardod as having not onlj direction but magnitude. Having 

found the conditions under which the direction of a vector i s l e f t invariant 

i t i s natural to inquire for the circumstances under which magnitude i s l e f t 

invariant. I f one considers instead tlie square of the length of a vector, 

rather than i t s length 

multiplying t h i s out 

^. ^' J', ̂ '^^z + - . A,a,„x^ 

t - • -

since t h i s i s true for each n-dimeasional vector X", set 

thus /I /1-/t^J i/V]'. . c!. 
0 u 

and N i s antisymmetric. B i i t / f / y i s sy™3etricj 
H T T^A? ^ ' = A - A / 

such a matrix i s callod orthogonal. 



I f M -

from 

X c ' X , X j •̂ 
J u 

and the rows of M form a coimolete orthonormal set. From A '"UL. the 

same property i s seen to be true of the coluBinSc Thus/i i s of the form 

Cr- of ̂  

/St, 

O.̂-̂  c^^ " 

do-* 
- • - <Uj 

with direction cosines for elements. Since Ajpi-JT^ Ipp ^/^ l/jj - t J 
The determinant being non-zero, the rows are fui-ther guaranteed to forra a 

complete set. 

To avoid the d i f f i c u l t i e s concurrent wi^ih null-vector's, the hermitean 

length "̂X /x^of a vector has been introducedo I f i t i s perserved 

and by an argument similar to that above. 

Such a matrix U i s called unitary. By the sa^ae reasoning as before i t s rows 

and columns form a coJi?)lete orthonoraal set i n she hermitean sense. Also, 
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and tha absolute rvalue of the determinant of such a mEtrix. i s . 

Two theorems are true: 

Theorem X. The eigenvalues of a unitary mat.-ix are of absolute value 1. 

Proof: 

Theorem X I : The l e f t eigenvectors of a unitary ms.trix are the conjugate 

transposes of the r i g h t eigenvectors. 

Proof: 

In f a c t , a unitary or hermitean matrix i s diagonalized by a xmitaiy matrix 

•when the leng-fchs of the eigeirrectors are chosen so that U - i i} 

Of course "these leng'ths need not bs so chosen. 

Two more theorems are ta-ue: 
c H 

Theorem X I I : I f H i s hermitean, then B - U i s unitaiy. 
4,̂  

Proof: ^CH"' ^ . n A / , ^ ) ^ 

*V t f 7 ( f '- '"t- ' - ̂  

=-(A^A" ' 
. 8 8 -



Since <. c / ::. / i)foT unitary na t r i c e s , by the argument alreacfy given, 

there can be found a complete orthonormal set of eigenvectors for a unitary 

matrix. 

The theorems l i s t e d abcve hold also f or ortliogonal matrices with the ap­

propriate changes i n nomenclature: 

Theorem X I I I . The determinant of an orthogonal matrix i s •}• 1. 

Theorem XI7. Ei t h e r the eigenvalues of an orthogonal matrix are ]^ 1 or 

they have n u l l eigenvectors. 

Theorem XV. I f A i s antisjunmetric, then ( 3 i s orthogonal. 

Also, the following i s true for hermitean ntitrices. 

FINITE R'OTATIONS 

Two cases of r e a l unitary matrices are of p;:irticular i n t e r e s t : those 

are the two and three dimensional rotations and r e f l e c t i o n s . Let us f i r s t 

consider the two dimensional case. A matrix A 

Theorem XVI. I f H i s unitary. 

having r e a l c o e f f i c i e n t s i s unitary when 

these r e l a t i o n s suggest setting 



while the t h i r d equation raquJjrss 

^ <̂  -t C fc t i ) T 

a 

This gives two d i s t i n c t forms for A, depending upon whether k i s even or 

odd, namely 

B 
f - (Lo-.. G •'=2 

which may be distinguidied i n that j B) = -f 1, C ~ -1 

Taking C f i r s t , i t s c h a r a c t e r i s t i c equation i s 

X, = 3 X . - 1 

- 0 

The eigenvectors are obtained from the formula, 

/ 1X1/ = 



while 

X G 3 

J 

The eigenvectors bear out the conclusions of some of the thsoreias. They are, 

i»3hing •iiiem upon a plane, we have: 

Wi-tli "'dae diagram the geometrical 

picture becomes c l e a r . Tlie trans­

formation C makes a mirror r e f l e c ­

tion i n a l i n e t i l t e d at an angle of 

for instance, mutually perpendicular. Grc; 
y 

Thus,<9i i s perpendicular to the mirror, 

the mirror, f ^ ^ / ( j o i n t s into tha mirror, 

mirror i s unchanged by the r e f l e c t i o n . 

The other tyiie of orthogonal ma trie:, 

- / k 2 - ^ itc-*-

x = 

- ^ i7ith respect to the ̂?^«a38is, 

and i f i t originallj'- points out of 

< ; j 5 lying p a r a l l e l to the 

B, has eigenvalues given ty 
1 

s (La~x^3 t /y.-w.^g-y 
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Since these eigenvectors do not have eigenvalues _ 1 , they are n u l l eigen­

vectors. Since they are complex, they cannot be drawn i n a r e a l diagram. 

But by observing the transform'tion 

one recognizes the familiar fonnula from analytic geon^try for the rotation c f 

a point i n the plane by an angle ^ , 

The matric C was diagonalised by the matrix 
< ^ 0 

e X ~ i 
which performs rotation by an angle . Writing C - .Ai j> b"-''''Ĵ ' 

1 

C 



we see that C operating on a. vector i s equivalent to rotating through an 

angle ^/q , r e f l e c t i n g i n the x-axls, and rotating the vector back again. 

A r e f l e c t i o n can always be factored into a rotation and a r e f l e c t i o n i n the 

X-axis, either as above, or Inr v r i t i n g 

„ e ^ 6 xi^. & -1 p c , ^ 6 y^£y^l I ' O -J 
I L^£y^ C x r ^ ^ j i ' J 

r e f l e c t i n g f i r s t i n the y-ax i s and then rotating. Thus a two dinjensional 

r e a l unitary matrix represents either a rotation, or a combination c f a 

rotation with a r e f l e c t i o n , which i s i t s e l f a single r e f l e c t i o n , c f course. 

Since the r e f l e c t i o n s have determinant - 1 , the rotations determinant-tl, i t 

i s seen that two successive r e f l e c t i o n s , represented by the product of their 

matrices, gives a rotation; a rotation and a r e f l e c t i o n , and two rotations, a 

rotation. 

Note that since they have the same eigenvectors a l l rotations commute; 

but that r e f l e c t i o n s do not ccammits with esch other or with rotations except 

i n t r i v i a l cases, a conclusion which i s confirmed by experience. 

&;-lvester's theorem may be invoked to fin d s matrix analogue to Euler's 

formula; e^^ = do-*- ̂  f J xtxX^ ^ . Since 

so that ^ t-T̂  

but. 

• 0 ' 
- I 0 J 0 !) 

Now J =s -J^BO that, expanding e"'^ by Taylor's s e i i e s 



The diagram at the l e f t i l l u s t r a t e s 

the pO!;?er series expansion as the s i a 

of a s e r i e s of operations on a vector 

IT^' -̂̂  ® vector perpendicular 

to > f since , 

so that for small angles e ^]f e If ^'^'^^ "to a vector a s n a i l part of 

length ^1^1 perpendicular to . Since a tangent departs from a c i r c l e 

by terms of order & , the length o f ^ i s l e f t uncharged to f i r s t order by such 

an operation, and hence i s a rotation to f i r s t order i n 6' -

The diagram a t the r i g h t i l l u s t r a t e s 

the matrix Euler's formulae The vector oaijl"/ 

i s now resolved into new conipcneats para-
l l e l and perpendicular to i t s e l f , and the - ^ i j ^ ^ ^ - A - ^ v , ^ ^ \ ^ ^ — ((x.-^ 9 H r ^ ' 

% 

new transformed vector fcrmed with such 

coordinate axes. I t i s also I'sadily interpreted by suratrdng the r^rpendicular 

and p a r a l l e l vectors of the other diagram separately. 

The three dimensional case i s sJxiilar, Recalling that the exponential 

of an antisynHnetric matrix i s orthogonal, ^•vrite a 3 x 3 antisysametric matrix. 

0 
1 

u 
I t s c h a r a c t e r i s t i c equation i s 

- 0-

- c 

0 

- e 

- I 

c 

•\

J 

whence 



making -Uie substitution 
a. 

h 
/3 

and 
0 

e 

/T^-

• yx o Cb-^ I 

_ cur- O 

I t s eigenvectors are obtained from 
M X = oTDiV^i BIT) 

( 0.- L 6- X d 4 «.M3 

I- (LtTir yi . e 

(US-- d Ur—. y' 

Ccr-o. /5 
J 

Jp X a / ^ 
X ( r - 4 c SIT) 

5 - 0 ) r-^6 + i f ) 

C - c 8 . e; i(x) 3 
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Note: /''•/'<5/=(/3^<3)) . Their actual evaluation may be readily 

carried through, but they are not needed for tht3 following discufision. 

By % l v e s t e r ' a theorem: 

since the l a s t two terms are con^lex conjugates, C i s r e a l . 

The eigenvector of C with eigenvalue 1 i s r e a l and gives the axis of 

rotation. Thus (,Qa^A ^ ci<r-/3,£^ ^ ) are the direction cosines of the axis 

of rotation. 

To obtain a geometrical interpretation of C i t must be expanded by a 

formula analogous to Eul e r ' s . C a l l i n g 

1 

II-

r o 
0 

- tyjrz ol 

f " 
Ot-t. 2^ 

~ yt o 

61 f 
' - flcra-yt 

6jr-v /5 - ito-at 0 

L 
O^tt-O" Ai C*-a. ol 

Cff-- cil Co-, y t 

_ Co—^ ir- - . .—^ 

(Co— y 1 
Co-— /3 e^ - y 

Since 

Q.'Z Af 
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or C = [j - JOOl^o.-^-'^ t;//yzf^-G t l ' U ' i 

The quadratic form x^ yjj f f w i l l occur in tlie following discussion. I t is 

But 

where 

1\ ( - , ) ' ' l'>.. c'j,'< = some permutation of 1-2,3 

i s t 1 depending upon whether S ! - oo-m in cyclical order or 

anticyclical order; and sero i f two of 1,2,3 are rei^eated. Thus 

f < -') > i V - i I ( ) | . 
which is nothing other than the determinant 

/ . X . X3 

as may be veridied by expanding both sides of the equation i f desired. 

Thus H ^ is a vec tor perpendicular to i and 2 ^ , since '><f ^ / 

as well as <i| y7l X - 0 , 

0L-\X\)7x 

plates' X b> 

the product contains thiee terms: 

<Uy^ 6 I'/Ol] ^ 

^ A 7jl AA 

I '><>! i f 



The l a t t e r i s ihe portion of p a r a l l e l to the s x i s of rct-aticn and i s un­

changed. The remining two terms are written i n ierms of y/'l ">£ , perpen­

dicular to 10 and 5^ and hence i n a plane perpendicular to ' indicated 

hy the red arrow i n the diagi-am, /'X'/ A <£ i s the part of ^ 

p a r a l l e l to the plane perpendicular to j , ani i s indicated by the green 

l i n e . The prevj.ous discussion of the two dinBnsional case now applies. 

That rotations occur i n a plane may be further shown by p a r t i a l l y diagonalir.ing 

C. Thus the matrix 

where i f , '' > and are three mutually perpendicular unit vectors w i l l 

transform C to a coordinate system i n which the axis of rotation i r the £ ariz. 

Notice that S i t s e l f i s orthogonal, determinant + 1, and gives a rotation. 

However 

but i f I y^^y^iy form a right handed coordinate system, s&y, fJ/ , y = f i 

giving > ;7/ X 

e,5r». 

3 
CyO-O-
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which i s a two diitminsional rotation embedded i n three-space. 

This matrix i s further diagonalized by 

which contains a submatrix vdiich diagonalires the two dimensional rotation, so 

that 
Co-o- A 

diagnnalizes C. 

X, 

t 

I 1 

3 J [ - z 

X M->'i x , - i ' z, 

^ iz 

x^ f J 

This r e s u l t i s interesting i n that i t depends e x p l i c i t l y upon 

i f and i ^ 5 even though the eigenvectors of C are unique. Fe s h a l l return 

to t h i s point a f t e r completing the present discussion. 

I t now appears to be possible to give a prescription for producing a roatrix 

irtiich w i l l rotate through a given angle ^ about a given ax i s ^ C r ^ t-y^fi, cca g<^ 

I f the following matrices are defined: 

o 

o 

1 V 

o 

o 

o 

o 

- / 
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then 

Q [ C v - a t + Oct. \ 

C c 

has the desired property. Tiie converse problem i s also sojuole. The trace 

of the p a r t i a l l y diagonalized matrix C was 

which by the trace theorem gives 

> ,9,-' - ^ G - ' 1 - ^ ^ ' « 

The eigenvectors giving the a x i s of rotation may be found liy r e c a l l i n g . 
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which has the anti.^ffimetric part ̂  , whicii alreacfy contains the direction 

cosines i n question. Thus 

Now, not only an antisyraaetric matrix may ba the logarithm of ar i ortho­

gonal matrix, but certain oilier matrices as w e l l - We had 

c c r -

where C /I were the eigenvalues, necessarily' of absolute value 1, of C. 

But i t i s also true that 
) H ><i / T ^ 2 i ( 

s a t i s f i e s ( 

Now, the orthogonality condition was 

<9^. .£ e 
r p. 

Now, a matrix commutes with i t s own inverse, hence tliese exponents must ccaarute. 

t c, r-f 

Now, P^. 1"^ i s twice the s^Tnmatric part of , nanKly<3p , This condi­

tion leaves the anti^snametrio part completely a r b i t r a i y , which-is a ease already 

discussed. 

1J^( Z (.= ' " ' ' 1 ' I 1 X 
}• 3 
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Now, the 'j ^ cannot be arb i t r a r y , since 

and P^ and P commute, so that thev must have a common set of eigenvectors. 

Unless ^ = (9 , there i s but one set for P , 0 1 / ^ ^- 0, in t h i s case 

the projective operators of/ are those of/ and when diagonalized, C 

must be 

0 (-') 

o 

0 

0 

6 (-/) 0 

/1^ 
o P 

P;J"' 
d f a 4 ~) 

4 p , rr) / 

I f only \ i s odd, one has a r e f l e c t i o n i i the plane perpendicular to 

the axis of rotation. I f ''I j. and K j are both odd, thei'e w i l l be a rotation 

by 180° more than expected. I f they are both eiren i t riKikes no differend®. The 

case where one i s odd and one even cannot occur, since then one would have 

hX'i ~ t e I 0/<pJ-Q-'^l i><:^\ 
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which would give a non r e a l matrix 

I f ^ - o , e ' " - ' i l , as with r'^= (0,e^--]r 
may occur i s a matrix with three eigenvalues t 1. 

The combination would be 

determinant 

Thus -the other case -syhi-ch 

1 1 1 •k 1 identity-

- 1 - 1 - 1 r e f l e c t plane 

1 ^\ 1 -: 1 

1 -1 - 1 T J- 180° r o t X-axis \ 

-1 1 1 ~ 1 r e f l e c t y-z plane 
..1 1 - 1 -f 1 180° rot y-axis 

- 1 - 1 1 +1 180° rot s--axis 

- 1 - 1 - 1 - 1 l80° r o t , r e f l e c t y-z .-ixis ^ 

so that as i n the two dimensional case, matrices with determinant hi are pnrs 

rotations; -those with determinant - 1 are mixtures of rotations and a r e f l e c t i o n 

i n the plane of rotation, or pure re f l e c t i o n s i n ncme plane. 

SPINORS 

I t was pointed out that the matrix 

Z3 - t r y 3 ^ t y 3 

diagonalized a pure rotational matrix, where /i>57and ̂  were three mutually 

perpendicular r e a l unit vectors, 1 giving the a:cis of rotation. 

Since ^ and I ? ^ may be chosen i n a plans perpendicular to with an 

ar b i t r a r y orientation, t h i s freedom of choice seems to contradict the imique-

ness of < 2> and ' 5^ as to direction. This i s not t-e case as ws now see. Fe 

have the condition that /27 / - 0, since i t i s an eigenvector of an orthogonal 
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matrix not belonging to N - - i . Writing i n terms of i t s r e a l and iHiagin ary 

equating r e a l and imaginary parts, 

W -t ^ o 

so that W and iz, are of the sa lergth and mutually perpendicular, a condi­

tion true of and above;. Tht^ are perpendicular to i>> , since 

and again equating r e a l and imagjinary parts to zero the desired resu3.t i s obtained 

1 2> i s , however, undetermilned up to a phase factor, ie a scalar multiple 

with r e a l ^ , since the eigem^-ectors may be multiplfed by any scalar i n virtue 

of their l i n e a r i t y . The only r e s t r i c t i o n we have imposed i s that 

to obtain a biorthonormal set of eigenvectors. Now, since the m t r i x i s ortho-

gonal, and ^ f 2^ * 

i ^ 
a condition also s a t i s f i e d bj- Q.~ *^/-z>. But 



so that Vj and have been rotated through an angle ^ i n the plane perp on-

dicular to I') . This not only resolves the paradox but also permits another 

reprei^ntation for f i n i t e rotations i n three dimensions. Not only does each 

n u l l vector provide an axis-system, namely W , and pp- , but transforraa-

tiona of the n u l l vector have their e f f e c t upon tlie a x i s of the rotation, i n ­

dicated by the vector l'> . 

Now, i n f a c t , i f 0 i s an orthogonal matrix, j.^ | /z.^' transforms W 

and ;^ to a new a x i s ^stem:Ow'-W' * ̂ ° '̂̂^̂  

transformation must transform h 7 6 I >7 •.-/ >^ ' 

I T-^ i s a n u l l vector, so that i t s components are not independent. I f 

then 

c a l l i n g 

C - - U V-



where U. and dr' are s t i l l undetfjrmined with respect to a common i r sign, 

and IT" have been deliberately chosen so that the following equation holds 

" a 
[ k o r ] 

- X 

The transformation O l z ) ^ 3-space w i l l cause 

the matrix jf* to vary. HoTr^ever, i t s determinant w i l l remain constant, so 

that the transformation 0 on \> may be replaced by a ner transformation 

on "F ; P'= 9~'P<?which w i l l transform th3 vectors | ^ * ^ J ' 

£u , or-j , which are given the name "spinors". Thus a transformation on 

\_^'\s to a transformation 0 on 1̂ ) , and hence on io • 

Having discovered a fxani l i n e of argument we now forsake the n u l l vectors 

and consider transformations leaving the determinant C;<\ /̂̂ -g."̂  3 j j i v a r i a n t . 

Thus 
I P Q ) = I P I 

setting, unlike above 

we have \\ - ( /"̂  t / t-^'^ 

For the logarithm of Q write 

and 

observe t l a t P i s of the form 
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where 
o r z -

0 
1 0 

with 

- c 

o J 

0 
- I 

These form a set of "unit vectors" which have the following maltiplication 

table: 

I ft ft ft 

I ft ft/ ft 

ft -ift 
ft. ..ift I t'ft. 
ft uftx 

so that they obey the miles 

e r r ' ' 

so that 

_<m7,<5^.]= 3^077^ 
with t h i s we may proceed to establish a correspondence between the three d i ­

mensional rotations and tiie transformations of p . Writing 
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and r e c a l l i n g ihe series 

K'-I2. 
« L 

: > 

of the previous discussion. I f the corresponding '^enns of the -two series are 

compared, the f i r s t terms are 

f x , ; i> 

•with the correspondence C<TT.j>, ' ^ > , wiich agrees v/ith t h e i r respecti'/a 

choice, as unit vectors. The second terms are 

f X, r a ^ c ^ : ! 

f x , P ;i> 

so that 

I f -the righ-| hand side i s multiplied out, a multiplication -table a r i s e s 

• 2> : 3> 

f . / o - ;i> : •2> 

^x : j> - '> 

- : x y » b> 

•which must be matched -with a catnmu'tator -table foi the and 

La 
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Recalling the commutation rules for the CZT '.g, ±t seems that t h i s table i s 

s a t i s f i e d by 

%, - - t c ? l 

% - - i 

The ^stem i s now closed, and the higher terms of the series w i l l already 

agree by putting the C f ' s f c r the ̂  's. Thus 

-3" - - [ e^c^i qj^ ^o>-^S ^2T^ a-< Cff > 
where the unit rotators are now also vinit vectors. 

Since CtJT ̂  yf , there i s an ecsact analogue of Euler's formula i n t h i s 

representation. I t might be pointed out i n pass: ri'^ that t h i s rspresen-bation 

i s c a l l e d the "quaternion representation" since /T . - r - / —^ 
— > ' ^ x . '^^/, . q j - ^ , 

multiply together as quaternions, i n contrast to the other representation, 

c a l l e d the vector representation. 

Set - ^ + CJT^ $'^y 7- ^ 

then F 
and ^ t -f - -rr ^ / ̂ JT 
although 
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•which way be compared -wi-bh -the expression ob-hained i n the •vector representaticn. 

To evaluate (p e x p l i c i t l y , no-be (p = 3 ^ 

•which i s a unitary matrix. 

There i s a s l i g h t geome-^ric connection •which may be made be-fê een these -teo 

representations. 

V 

The polar s-fcereographic projection maps -the surface of a sphere of diaire-fcer 2 

into the conplex plane -tangent a t the sou-th pole. Thus rotations, corresponding 

to -transformations on the sui'face of the sphere are mapped into transformatiors 

i n the plane. The quantities >^ ̂ S'^'^ f-ovw. the components of a vector; snj'-

transformation carrying one point of the sphere into another corresponds to ar 

or-thogonal transformation of the vector( P, ^ , j c . _ , ^ ) . One may then in-?estigat8 

the corresponding -transformation i n the complex plane. 

Calli n g /9 the colatitude and dra-wing a section through -the sphere: 



<w, carrying out the requisite algebra 

J -77777^ 

since , -we have 

^ - - - ^ — 
? - 7 . 

Now the variation of £ can be found when (j', J F " 3̂  rotated. Recalling 

6 c^^S< +2c^o' t^Sf^^3 <Wo/ e«̂ ^ 
• ~ T • — — — i L t f . - /3 alX- 6- I 

. ^ 2 X .cx.^ & I / 
/ ' p ^ x T -

.7 
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^ , . e 

Recalling Q I ^ , ^ ^ .9. 
" / c tx«. a %-tc^P>(!^ a c*«- ^ - — ^ 7 

Cal l i n g 

•we can show, omitting a large amount of algebra, that 

/3i 'c^ Zt c r ^ ^ - e / 3 j ^ ) 

and "with the aid of much more algebra, that i f 

then 7 £ 

which gives the transformation of the ccmplex plane corresponding to a rotation 

of the sphere. I f one writes 

£ . 1 1 -
the vector 

1 
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transforms by 

-fi X J 

or, since Q was unitary _ , 
^ N -dQ 

So to summarize, a l l the fojJIowing transforirations are conccmitent 

<j£. -<5t / t) 
Q--N 

i n addition to the transfornation by n u l l vector, f o r which an e x p l i c i t forimjja 

has not been given. 

Rotations i n higher dimensional spaces may also be discussed. Pure rcts.-

tiona are written as the exjionentials of antisynanetric matrices. Nov/, 'for a 

r e a l antisyinnetrie matrix, i f 

' ^ s l l ^ 
I A XIl O 
) - A->J= O 

vdience | A "Ô JI ) =- 0 , and where i i s an eigenvalue, so i s - X Thus 

A may be diagonalized to 

i . 

and can be written in'terms of submatrices which w i l l give two-dimensional r c -
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tations i n a nmober of absolutely perpendicular <̂ ;ubspaces. I n an odd number 

of dimensions, there must always be one zero eigenvalue, and hence at l e a s t 

one r e a l eigenvector for which X = 1 . Notice then that the rotations may bo 

factored into a number of rotations about an 1^-5 dimensional a x i s , with a l l 

of the planes i n which rotations occur absolutely- perpendicular. 

As i n the two and three dimensional cases, orthogonal matrices with de­

terminant - f l give pure ro-tations, -those wi-bh determinant - 1 , combine refl e c t i o n s 

also. 

A problem which may now be discussed i s the following: A hyisersphere, 

center f i x e d , i s given two successive rotations about ai^bitrary a:ces and a r ­

b i t r a r y angles. I s i t so possible to choose the axes and angles that each 

point has been moved to a new position? 

I n two dimensions the protlem i s t r i v i a l , Talre F ' *" F ^ 'L~iTl< 

I n three dimensions, i t i s not soluble. For, i f C, i s one ro-tation and 

C ^ i s another, 0 z, i s also a rotation, since 

and 

and i n -three dimensions theire i s an axi s of rotation, so that no matter what 

i s done, two points at l e a s t must remain f i x e d , the second rotation putting 

back two -the f i r s t moxiedo Howe^'er, i n 

four dimersions the problem i s again 

soluble. TeJce d ~ R ^ where 

X, -X, 

then '•e Q , with 

0 

L 

X 

o 
o 
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then C - Q- r Cr, C a > since A^, A^ ccmmute, but altogether 

C - <2 has no r e a l eigenvectors. Here the f i r s t rotation has been -nade 

about the^ - y plane, moving vectors i n the£-c-j plane. The second rotation 

now moves the vectors i n the ax i s of the f i r s t , leaving unehariged the vectors 

i n i t s own a x i s , which wei^s a l l moved by the f i r s t . 

I f one considers plane ro1:;ations only the problem i s no ionjer soluble 

for lA , 7/ • i " ' , since there are too mar^ '<rector3 s i t t i n g i n various axes. 

I t may also be remarked jni concluding that a hermitean matrix, having 

eigenvectors such that 

i s diagonalized tiy a unitary mjitrix, since 
^ 

tnl 

so that a r e a l hermitean matrix i s diagonalized by a rotation to a suitable 

coordinate system, namely tJie orthonormal eigenvectcjr system. 
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