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A matrix is a rectangular array of mn numbers, called elements, arranged

in m rows and n columns, which are usually enclosed within a large parenthe-
sis, as

-3 1 2

6 0 L

2 «1 7

A matrix may be designated by a single capital lctter, say A. The vari-
ous elements of A may be indicated by specifying the row and colum in whid
they sit. Thus the 15%0 eclement, called (2] 332 is located at the interseetion
of the ith row and jth colurm.

The number of rows and columns in a matrixz is caliled the order of the
matrix. The matrix above is a 2 x 3 matrix since it has three rows and three
columns.

Two matrices are considersed to be equal when they cre of the same order
and their corresponding elements are equal. Thus

=B when [8]35 = [H],, -
Two matrices of the same order may be addsd. Iy definition, this is
done by adding the corresponding elements.
b+ 8l = [4]5 + [l
or, to choose a specific example
[ o 1 3 [o 3]

-8 =
2 3 0 2 2 -1}

L
A matrix may be added to itself several times tc obtain its integer
multiples:
{(-n summonds
A+A we~*A = nA

so that nft];s = [ma];;, which prompts the following definition for

e B i f...____ _-.4.
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scalar multiplication

[ i3 = x{4] ij = @kjm
whére k is a complex mumber. These numbers are often called scalars to
avoid confusion with matrices, which do not obey all the same arithmetical
laws.

Since 1t is defined as an operation upon correspending elements, it
follows by direct verification that scalar multiplication for matrices obeys
the associative, distributive, and commubative laws, and that scalar multipli-
cation behaves the same as the multiplication of scalars among themselves.

The matrix, each of whose elements is zero, leaves unchanged any matrix
of the same order to which it is added. Such a metrix is called an identity
for addition, and is analogous to ths scalar zero, which also has this prop-
erty. Accordingly it is called a zero matrix and is designated by the symbol

o [©k; =0

From a given matrix -another may be formed by exchanging its rows for

their corresponding columns. This process is called transposition, and the

resulting matrix is the transpose of the original. A superscrip bar is used

to designate the transpose, so that the transpose of A would be Z.

i..=A

ij ji
112
i L 11*’6]“““'
el 0! 2] 2 1 2

The transpose of an mxn matrix is a nxm matrix. TFurthermore, two transposi-
tions in succession give back the original matrixz.
E=4

If two matrices are equal, their transposes arz equal, since ' sither

case corresponding elements mmst be equal. The transpose of 2 sum of two

B e S i G w—

[ ———

Ls



&

witrices is the sum of their transposes, since
BBy = Reslyy Wy By
r [1.1132 [B] 33 % [K . Eém
thus X +B =LK +3B
If the elements of a matrix are complex numbers, the complex conjugalte
of the matrix is gotten by taking the complex conjugate of each element. If
a superscript star designates the complex conjugats,
[A*] i3 a [A] j_j*
and also (A + B)#= A¥ + Bx
These two operations, transposition and conjugation, permit a classifi-
cation of matrices by certzin symmetry properties. If a matrix is square,
or in other words has the same number of rows as columas, it may happen that
T = A, When tais is true, 1A} 1 = [R]33 end the matrix is called symetric.
The origin of this name lies in the fact that if one draws in the main diagoral

of the matrix

o -

h‘\a,‘, .t 0.,-,,‘

Chay QN e G S,
‘z\

~

£

Moy g Geppa === &\,J\_ }

the matrix then is symmetric by mirror reflection in this diagonal. The main
diagonal is also defined for non-square matrices, and passes through “he ele-
ments of the form G.;;. Transposition is then the same as mirror reflection
in this diagonal.

Then A has the form

.
As | A §
P

On the other hand, the elements across the diagonal mighl be negatives of each

o
4
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other, and [A.} ij = "{A-]ji
or © B »..C
L M it
—r - - -

Such a matrix is called antisymmetric, and A = - L. Th2 elements on the main
1
diagonal must be zero, since [a]s5 = -[2]at
From a given arbitrary square mafrix M one may fora a symmetric as well

as an antisymmetric matrix:
u(s) -

Wi

M+ ¥)
which is symmetric, since ﬁ(s) =2 (M+H) =2 (F +«M); and
u®) = 3 (- W)

which can be seen to be antisymmetric by similar reasoning. Since M= M(s),bm(a) -
u(2) is called the symmetric part of M, and M(g) the antisymmetric part.

Similarly, if one has & = A&, A is said to be hermitean, while if A = <J¥,
it i1s antihermitean. If A is hermitean, the elements on the main disgonal
must be purely real, since [_A] ij = ['A]ji*’ and images across the main diagonszl
are complex conjugates. Now, an antlhermitean matrix may be written as 1 +{imes

a hermitean matrix, since if iB# = iB, ~iB# = iE, B = -B*. An arbitrary squore

matrix may be separated into a hermitean part and zpn antihermitean part:
M(h) =%(M+ﬁ’i‘)'
) = - W)
so that M == M(h) + M(“). This process is anzlogous %o writing a complex number
as the sum of a real part and 1 times an imeginary pard.
The elements of a matrix need not be complex mumbers, but may be matrices
themselves, for example. In particular, a matrix may be partitioned into

smaller bleocks, and these blocks be reparded as matrices. Thug if
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(12 1 10 6] 1 2 (7 0 €]
l N = .ﬂ.—_-? {
M= = S e el
1 0] 322 J'J.o -Ei 1 1 1]
b2 3 .4 270 2 1 l2 o0 o]
| - "
then
M=

These small blocks are then called submatrices, while ¥ s then a super-
matrizx. One case where this partitioning is useful lies in regarding z matrix
as a row of columms, or al’oérnat&vely, as a column of rowvs.

In transposing a supermatrix it does not suffice to merely exchange the
rows for the columns; the elements themselves must be transposed, in addition.
This can be most clearly seen by considering a matrix as a column of rows. If
the elements of the supermatrix were not also transposed. the transpose of tke.
supermatrix would be a row o rows, in other words a very long row, and nof a
row of columns as it should be.

Matrices having but one row or one column are callsd vectors. To dis~
tinguish the two cases they are referred to zs row vectors end column vectors
respectively. The transpose of a row vector is a columa vector, and the trang-
pose of a column vector is a row vector. For this reason it is customery to
regard a vector as a column unless stated otherwiss, and when it is necessary
to discuss a row vector to write it as the trenspose of “he corresponding
column. Vectors are usually designated by capital letters from the end of the
alphabet. For example,

x - E =EZ‘, x»z, I)’ ""'"'3 :"\.‘g

=
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Another notation is convenlent for a column; it is called a "ket"

Iz ) =

v 4 3
L g
from the ket by

The corresponding row is called a "bra", and is obtained

taking both the transpose and the complex conjugate
x4l = (x‘ ¥y X ¥y —w- x.::—] = f“i;;hk 'XT >
Since the symbol is distinctive, this fact is indicated in no other way.

Since they are of sufficiently common occurrsnce, certain vectors are
These are the so-called cocrdinate vectors, which

glven a special symbol.

have a 1 in the iR pesition and zeroes elsewhere. They are designated by
i) or <i: accordingly as they are columns or rows. Thus

<2: = [0 1 O w=- OJ

the reason that they are called coordinate vectors is thal any vector of th

proper order can be written as
> = 5 oz y
2{ x3* ¢is

or <xgl =
£%)
If a vector is interpreted as providing the ccordinates o a point in an

n-dimentional space, these coordinate vectors point along the various axes

of a cartesian coordinate system, and separate the various coordinstes of

the point. D R R A e
37 ley
L -~

/ i "’;z
PN

Because of this interpretation one sometimes spesks of the dimension of =

vector rather than of its order as a matrix.
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same as the number of rows of B. If A is of the order mzn and is Yhe order

y Z + ]

! 2

| [A B]- = =[] 18]

| L K % Kk

EE— ! :

. VATRIX MULTIPLICATION Ay + By

‘ Two matrices may be multiplied together according to the fclleowing rule:
R

| [AB)); = Z (A1, ),

‘ In order to form such a product the number of columns of A muty e the

l

\

nxr, the product is of the order mxr. If two matrices have such an c~der that
they may be multiplied together, they are called conformable. A1l the sqrare

&) 2]z @] 2
} matrices of a given crder are conformable. | 3][ ] 3]

e |

A row vector and a column vector of the same dimensionziity ave co torm-

able, in which case the rule for a matrix producst reduces to a

iY'{n)’« (Qb)(x Y) 42

¥Y=Du*w“"n]~¢ , h, X Y

Ve

..X“’I 'Q'X&yg et '<b’)‘n"‘¢1

ﬂ&": =
this product between two vectors is a scalar, and the product is called an
1 x Liras v'N ..
inner product, to distinguish it from an ocuter product/\ / which would be a
matrix. The inner product is in a certain sense commutative, since
— . “’7 4
X)"le*’k':z\/kxk" /\“
(13 b :
In each case the first vector of the product is transposed.
If one extends the concept of 2 three dimensicnal space o an n-dimen-
sional space, he may generalize the pythagorean theorem to read
EA
STz ox Paxy oo 450
If a vector is regarded as a line segment joining the origin to the peoint

( Xiy Xy, === Xp ) » this formula gives the lengih of the diagonal of a rec—

' . tangular hyperparallelopiped in terms of 1its sides, or alternatively, the

s
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(‘-HQ) 6| = IR+C+9= 30

length of 2 wector in terms of its components. ]

This length, squared, msy be written as ' /) \
\

a’z=x;xz + XK, ¥ e Xn K <_1 23) (;1)

&
so that ifL)(] is the length of the vector X,

X A [X] = /5 %
y) | Although such a definition of the
1*3 length of a vector is useful, in terms
1
' vl of this geometricel picture, it mey
| 4
Xz 4 ) . 2e
) T - . have certain embarrvassing properties
¥
2 2 i _ when theelements of the vector are
p 0( 1—_ X, 4 “ : X = X x

cormplex numbers, so that, for instance
[ ,);3&]:; -1 =0

and the ™length" of 2 vector may very well tura o1t to be zero in spite of
thefact that the vector itself is non-zero. Such a vector is called a wmull
vector, in contrast to a zero vector, eTl of whos: components are zero. wSuch
a product, in fact, is not even guaranteed to be real, so that another defini-
tion is necessary for a length which will be posiiive, and zero only when the
'vector itself is zero. If Z- is a2 complex number, Z’-;_ Z has this property,

so that the product

)(,

<.)<'L IX[>= Ed‘;.&; ‘(a*l 9y XV\*-] Xy

s

L u‘ '3
= K,*xﬁ k Xz*“’{z ol Sl

being the sum of positive or zero terms is itself positive or zero, and
( ¥ I x ,',) h) O . Furthermore it can only be zero when ezch term of the sum
is zero, so that in thet case /x> =@ , a zero vacior. This product is
called the hermitean inner product, and furnishes the reason for which 2 bra

was defined as the conjugate transpose of the corresponding ket.

-8~




The hermitean product of two vectors is noi. commutative, and in fach
=7
.

YT S ) s
<x’y>=’2xz Y¢=(Zx,.),_“"‘i)*a eI
. &

To pursue the geomet®ic analogy further, wriie the cosine law for n-di-

1 3 : . 4 5 B
mensicnal space, taking for convenience the plane contairing \X v, ___ ),

(Xﬂ%__vy“),wdmewmm.

X (X')Xz,o--,)‘n)
&y
6 |

by the cosine rule

-y 'X r ()/‘ —Xu )/2 =¥ gy sk "/h“,x}-'s:’!

2 2 oL (Y‘)YZ)"",}/r:)
(-2 = 1T+ 122 T e 25

Ixt s y]* -1 Y= 21"
W/Ey ) + 1yl

210 VY
_Zyxx V- (¥Y=x)(¥-%)
a1yl
Now, . ¥
(Y—x)(V~7’)=(7—{)(X-x)=)/>’+’$<><rn)(xux;’
-:-‘;{%—*7)/*3-3"\‘;
so that

o L2 ~ T
which may be taken as the definity relation for this quantity, insofar as the
geometry has been used only as an analogy.
This may be rewritten as

XY = 12! ) e 2

‘This provides a geometric interpretation for an inmer product., for the quan-

o
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bity 5 ’X’ leon LZEY }' is just the projection of the wecior *5 on the vestor
> , so that the inner product is just this projection multiplied by the
length of the vector . Cbviously the roles

X fT Ik com of X and ¥ may be interchanged in this in-

L *
> terpretation.
&z
For the multiplication of two matrices, the first msy be regerded as a
supermatrix of rows, the second a supsrmatrix of columns, When this is done,

the rule for the multiplicaticn of matrices reads

[.AD]'“‘S: % LA . [B]uj

22 (%o oS Al L% i o0 B
which is just the inner product of the ith row by the jt'k‘ colurn. This gives

a mnemonic device for performing matrix multiplication.

=l -
L o e - I.L.?:t t gore
1 i re A7 iy 7 clemenl
o 7 ' = ol ewoduct
0 1
) =
v
L
s
+h

This gives the "over and down" rule; one starts at the left side of the i
row of the first factor, the top of the jth column of the second factor, as
in the diagram above, rmultiplies the corresponding elemerts together,

moves on to the next pair, and so on until all the corresponding pairs have

been mltiplied. These pairs are then added and their sum placed as the im

element of the product matrix. As an example I el
a-8) By o IR N

- H ;‘ = o - OE 4
9] xpy L’ BT e R

The laws of multiplication, where they hold, must be verifkd for matrix
miltiplication. The following statements are true.

1. Matrix multiplication is associative.

1=

i R M e g,-.—.




aA(BC) = (aB) C

g0 that the factors of a product may be grouped zz degired, as long as their

order is not changed.
Proof: [F’(f’C)];d' = 5; £Aa;,. E(bC'LJ

- & LAl €§EGJM’ZC}QJ§
-2 % CA):. [Be [C’Jgd' D

while [_(AG)C_];S =§L’ AB) e E(‘]q&

= Z {5 A) [Blus s [,

’ 2
= § LA)., L3],, Lo, )
comparing 1) and 2), they are seen to be the same excspt that the order of

the summations has been changed, in one case the R summetion coming first; in
the other that over . But these two procedures give the same result, as is
seen by w:{'iting 2ll the summands in the following arrvay:

£y

(constant k , increasing 2)

constant [Ah}[ai] [CJ‘J [/"]LAE!'B:,“ [ii."']‘ D - '
Vs P a,\}
£A): L8LLCY (A O], Lol - -
increasing : J
i< Y - - -
In the case that the ik summation is done first, “he columns of the above array

/7

are first added, then the sums of columns are added by the X surmation, al-
together summing all the elements of the array. I the ,«-7 summation is per-
formed first, the elements sitting in the same row are acdded logebher first,
then these sums by the K surmation, again including sll the numbers in the

array. In either case the same terms are included in the sum, bub in dif-.

ferent orders. ﬁ.AJ '
2. Matrix miltiplication is distributive:
A (B+C) AG +AC  (Lredw =twin o)
£




In other words, parenthesis may be multiplied out. FProof:
AT, . .
L i~ = Al [@*CL‘S
= Z [A), {ms}j P L€ ]
- T (A3 [8), 47 (4], (e

=[AD]; + [AC 4

]

Jx 2’

while a2 similar proof holds‘for rig[z’t: &istributivi‘by. !7 k. £
i

3. Matrix multiplication is not always commutative:

HAB # A in gemeral.
A counter-example is : ,
1 ° T ¥ H
‘, 'J o ) ) -_I Q_J
L i SR o] [2 ]
_o ! -J \ , = i f j

so that miltiplying two matrices in the two pessible ordeors may very well give
different results, depending upon the order. However matriz multiplication is

not always non-commtative,

sinre .
1 o] [3 o E o
{ -
& a] o ¢ o 5
s o E" o] s o
o ! g_o J,‘ Q L

The failure of the commtative law provides the reas'on for considering both &
left and a right distributive law, but in both cases the order of the fzctors
must be preserved.

Matrix multiplication thus proceeds as for scslars except that the order
of the factors must be always preserved, in the cases where they are noncom-
matative.

Two further rules are useful:

,’12“.




L. ZB=BX

oot [AB)y [AT);
B Z EA]'“ EZ)}ka

=Z_:_[AJ [B]..

g. (AB)* = A%Bx
Proof:  L(A G)*Jt = (& [A) 3], 0%
_ d

i )._ LAJJN [-rv:_ri

[A*J»kl..b _] £

¥
[A*B gft

It should be noted that the preceding ﬁroofz: take for granted that the
elements of the matrices obey the rules for aritimetic, as is the case when
the elements are scalars. The fourth rule however involved the interchange
of the order in which the elements were multiplied, soc will be false when
multiplying supermatrices whose elements fail to comrmie.

Corresponding to the 1 of scalar multiplication there are unit matricess
for matrix multiplication, which are designated ty the syubol ‘H: s and which
have the property that

T A=A AL -
for each matrix A. Suppose [JIJ"-‘ O& d‘ (\) then the equation J A= A

reads, eleﬁ;.wise:

L,F b [ ]K [A)y

which, since the [ A] (\ , may be entlrely arbltrz.ry, can only be saptisfied
by




this symbol is called Kroneker's delta.
The unit matrices are necessarily square, since they give back a mairix
of the same order as the one which they multiply.

A similar argument to the one above shows that the solution of the equa-

tion
for all A yields the same unit mairices. If Ammx specified that A in an xom
matrix,

Immm Amxn E,hyf\ = :A Mxw
so that if A is not square, left and right units are actually differvent, being
of different order. However if A is square, the units zre the same, and in
fact, a unit matrix commtes with each square mairix of its own order.
A _T_r = E A. = A
The product of a matrix and a column is again a column, although not

necessarily of the same length. If

Y- AX
YC‘ Z‘Q.'kx,(

< \ /
A is then an cperator which changes the vector X into the vechor }’

The quantity a Y
Jd ¥
Q)
\ ovi

e G. P
0x¢ (
and the term CL\") gives just the partial gependence of the element \/ upon

is clearly seen to be

the element XO of the old vector. Furthermore a matrix is a linear operator,
by the distributive law, since

Alw+p) = Aw+Az

which may be taken as the definition of a linear opsrator; namely, one which

~ili~
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operates upon sums in the same way that it opern tes upon the somrands.
The product of two matrices operating upon a vector has the following

interprotation. Let

y =AY

Z2-VY
so that

Z = (BAX
by the associative rule. Now the dependence of e u"son d has been obtained
through an intermediate step, mamely through considering the >/ « Which de~
pend upon X ) and thern noting the dependence of f_ ¢ upon the Y x 3 altogether

terns of the form

e \yl
& o
% B
) ZJ E € T T \>< ,
bLKasg' v e o o &
\ “\\“‘W‘ o
7

to express the intermediary effect of the 7 & » and sum them to obtain the

tolal dependence,

% bllk aki < [BAJ.():
which coincides with the definition of a matrix product. Reravrding the ele--

mants of the matrices as partial derivatives,

‘Z biw G, = 2“ g? ORAS /’* . Q&L . [BA] ']
bv the formula for the partlal der:.vatlve oi‘ a unc?:o);z) of a funcition.

Not only ere matrices linear operators, bu: all linesar operators on &
vector may be written as matrices, at least when they are sulficiently con-
tinuous, for such operators may only involve the first powers of the elements
of the vector, multiplied by linear operators and summed, so that these opera-

tors become just the elements of the matrix.

V|
It was previously mentioned that the productA }“’be‘tween two vectors was

3B

elinie. i e e _ T L WER— A .




called their outer product, in distinction to the product in the opposite
order, which was called their inner product. Such 2 product is a matrix and
has the property that each of the rows, regarded as a submatriy, is propoy-

tional to each of the others. The same is true of the columns.

3

% CIAE N ARSI

J = Moy = fxl*. ),’v X ‘7" RS X £ '

X y a5 [)’,,72'--' yh] }"- L2 27?'3 v
¥R i»’.ﬂ}', X Yo R

i o

Then such a product is given, the factors may be recovered except for a ml-
tiplying factor. This is true since ( ‘é‘_ X)( @ 7) gives the sams outer precduct
as XC/.. Within this ambiguity the factors are recovered by noticing that the
first factor is proportional to the columns of the outer product, and the sec-
ond factor to the rows, and that if one ‘selects the ilf‘h row and the jth colurn
the product of these proporticnality factors mst be just [3"-' ‘v’ :fed = xdN }

{

411 trese results concerning the mltiplication of matrices may be swn-

marized in the following teble:

row x column = scalar inner product
bra x ket vt gealar hzrmitean inner product
column x row = matrix cuter produch

matrix x cclumm = column
row X matrix = row

mxn matrices % nxr matrix = mxr mabrix

DETERMINANTS, INVERSES

The following examples have been chosen not only to illustrate some o
the applications of vector methods in gecmetry, bub because they lead to a
cleraer insight into the nature of a matrix inverse.

Consider the problem of determining the distance from & point to a plane.

=16~




Let the point be (.Y, 7 ) sitting in a three dimensional space, and
let the equation of the plane be A+ By+ (& =D, /1), 125 137

are unit vectors alon: the ¥, Y-, and £ -axes raspectively., and a vector

(x,.1.%) A K= O, =) iy ¢ (Y= Yodi2p e (2,-2 ) /35

represents the line segment Jjoining the

-
et
= = point ( ¥X,, ¥, , #.)of the plane to the
given point.
' ] 4 .
Now, if faere can be found a vector/V , of length / , perpendicular to

the plane, *.ien Y
K N'= (2] (N eon Lx V'
= [X] e Aé\::__-/‘—/l

will g've the pe\i'pendicular distance from the point to the plane. This nor-
mal -2ctor, /\/‘may be found by a consideration c¢f the points fx, , e )
and (Xz,%: ,%, ), which lie in the plane.

Ax,'rBy, f(’,;,-.j

A X, +By+Ch, =D
where mt all the coefficients A, B, C are zero. Subtraciing these wwo
equaticas: ‘

A (Y -x0) +B(y, Pl WO <7 ) e T

this s the inner product of the two vectors

N - LATB,C)

and -P?- L’(X,-X-g,), ('/,")/;)) (:}7‘:4“)&_)}
By iypothesis, IN) £ O, |/ # © , so that the above ecuation
BN =0

eans that cos ZE_/V: O and P L N 3 the two vectors are perpendicular.
However, T represents a line segment which points from any point of the

plane to any other point, so that the only way that N can be perpendicular

P




B

;_..
)
=

i
<l
-

[¢ (1]

to all these vectors to be perpendicular to the plane its

A
divided by its own length, it becomes a wector o length L

Az LA CT
H '!JA";BH-CE

A Y ) s BOY =/, )4 Cla,-2,)
N)C" ! VAT Y4

Since A,(,f‘%y.‘\(k.‘_
PaoyBys+tCa, 4, o

d < NK - T

which is a formula that is familiar from analytic geomet Tts generaliza-

tion to spaces of different dimwensionality is apparent.

If it is not a plane, but some other surface whose normal is desired,
the same methods apply. Treating agein the three dimensional case, consider
a surface which is specified by

£ (t,\}, #) = constant
then,
df -0
_ 2 2f 3£
d¥ = dx dx"ay dy*ai d3
which formula is obtained by applying a limiting proccess to the methods of

the previous example. As before, this expression can be factored,

[ ’av'aaj[ﬂ’;/

of ¢ of
so that the vector [ 3, 2 is perpendicular to the vector
Y ¥y o9&

[d-&, 75 dg J- d 2~ which is a =mall vector tangent to the surface

Hence, :
2Ff = ¢ D% -
o x i B -l S //
c)y ot

is a vector normal to the surface. When £ is the equation of a plsnz, this

reduces to the previous case.

oy |
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/\/ can be written in the form

-‘2‘ —'L ;.._Q_-
x'Jy %
4 2 o DN -‘?— 3 Sa 8 wvertor s oo
where the quantivy 55 'y +'a—y' 12y Y% 137 is a vector differen-
tial operator, called "grad.”

The corresponding column is not a transpose of "grad®, so that the

distinction is made by the special symbols r 5
o
2
YRS T %
\v: [5; ’ay LT & J V/’:‘. -—5%

2
while@:[;%" AR , . 2% |

= , & ] and differentiates from the right,
Yo '2g
contrary to the usual behavior of differentiators.

The expression

JC;O

is then writien as

We., 42X
and 2L :\O8 A
which is somewhat reminiscent of the relation

ARy e B tx) A

and the fact the gradient of a function, as \J+ is called, may be inter-

@]

"

preted as the vector derivative of a function. It gives the rete at which a
function changes upon looking at different pointe. It is a veclor perpen-
dicular to the surfaces ¥=conswn+ and gives the maximum rate of changs of
the function for any choice of the dirsction of the diffsreniiald X , since
dE = 1N 1AL e LT AL

and cov AZELX ¢ ] the equality holding only when Z}Z_&_ 4K = O 190 e
W&  ig parallel to 4,

In the present example the gradient was talen by varying w'::l'le vector from

the origin to the point in question, and hence had the element a/(),( R

-] Qe
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it might be written symbolically as
d

\v = z—:——x
except that a) one cannot divide by a vector and b) the derivative depends
upon the direction of 4 X
The vectors with respect to which a gradient may be taken are not limi-

ted to radial vectors, and a gradient might be formed with respect to any
vector

£ AR T

il o W et

To illustrate this, consider a three dimensional parallelepiped which

has adjacent edges the vectors \()f[ Z_ . The volume (5’3 of this parallel-

~dX The gradient\‘?x 53 will be & vecta

perpendicular to the face not containing X

o ‘ ‘jo since a parallepiped with such a face will
have its greatet volume when the slant height ol )C is perpendicular to the
base, since the gradient points in the direction of the greatest rate of change
of its function. The length of the gradient will be just the area of the tase,
since the change of the volume,d 050, is the area of the base times the dif-
ferential slant height times the cosine of the angle between the vectors.

Ly |41 NWreg | won LL e

(differential slant height) (base) (cosine of £

i

)
/

(vase) (altitude of differential volume)

\‘73(30 is perpendicular to the base not containing i s and hence to _}/ and Z
v . =
Wl -
W, ¢ 2 =0
7. 9 X=F

20~
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since the latter expression gives the base of the figure muliiplied by the
entire alvitude, not just the differential alititude. The siwe i

the other gradients, so that if it is observed that

A Y =W, L. ¥

\Vx-dl"\éptx‘:’ \VIL“‘?.Y;O \‘“\73(&»’»*‘_‘4)'7?=O
\Wy £ . X = O o V- b, ”'“j*‘; e
iy \'\;‘?Q }21\ (,?9'sz ~ ._.”
\(72)&,‘(}0)’_'=O \V&thy' o L =
But this table of equations is the elementwise expression of the matrix
equation:
Wk 1‘“3? / g
{ ~
gl [X,Y, 2,] : o o
A e s 8
| % =g
Upon setting . W
[\, 2. w“’f
- 1 d
M-’[X,Y,ll] M = ‘\Vyﬂnép!
[‘T’? 2ng |

this equation reads
M'M-I
A matrix /‘T 'having this property is called the inverse of /(“7 , and cor-

responds to the reciprocals among scalars. In particular such an inverse is

called a left inverse because it sits on the left of the matwix /7. But,
N M-I

o MMM
(MMM =-M

-t E
I.v M M =
and the same matrix is also a right inverse. Thus

MA " wp7 M

D




and & square matrix commutes with its own inverse. Also,
(M) M-I
so that (M) =M , and the inverse of an inverse gives back the ori-
ginal matrix.
The inverse of a product of two matrices follows a speclal rule, namely

(AD' = 3™ A~' . The proof is as follows:

(AR ™ =
BAR '=p"
({A‘O)) -3 =B-ip‘~!

where one has multiplied from the lefi successively b.vﬂ"é.ns._ G and pre-
served this order on the right hand side of ths ejuation.

While this argument for inverses has actually been carried out only
for three dimensional matrices , it may be extended to the other cases. If

Misa square matrix whose e¢lements are [ M ]{d‘

o T L P
J LML
where ‘)0 is the volume of the lvperp‘érauglepiped whose edges are the rows
of I’/ . Note that the derivative in this formumls is taken with respect to
nl J vnot [ M “'b . The reason for this is that the matrix multiplica-
tion is a row by columm affair, while a row should be muliiplied by the
gradient with respect to a row, not a columm. Tre transposition solves
this difficuliy.
If the guantity ‘;f vanishes the inverse does not exist and the matrix
is then said to be singular.
‘30 , the volume of the n-dimensional parallelepiped whose edges are the
rows of /7 s is called the deferminant of /V/ , and is symbolized by |/ (I

It is written out in full as

My Mia Tt g

3 R R 1T SR AT TP
e

M, ™z == M oan

=29




to emphasize the fact that it is a function of the rows of /\'j and in particular,
of the elements of these rows.

Next, it is necessary to discover an explicit formula for evaluating the
determinant. This may be done by making certain observations about volumes.

A determinant is a linear and homogeneous function of its rows. By hono-
geneous is meant that

P&, )T, --F)akpl(X, -RE.)

which is certainly true, since mt;ltiplying an edge of a parallelepiped by some
factor multiplies the volume by that factor. By linear is meant that

%o(i, .- fé-&f’:'-.-JZh) z

POE, oo T, XD PX, T2 %)

the truth of which may be seen by diagram

; [tk\ - S "
IEYPERRCNEN] RRE. & = :
i " .X KQK? j‘—:)L\/)/\/‘ T
‘ /{,/,./ s
two dimensional three dimensicnal 2:,7

where the desired result may be seen by fitting the various prisms together

to form the paralldepiped whose edges are the sums of the given edges.

The volume has a certain sign, since it is permitted that the edges be
either positive or negative. In three dimensions for instance, if a certain
cube sits in the first octant it has positive volume; nsgative in the second,
etc. Also in an n-dimensional space there areLh-tan'bs and a resulting hand-
edness for the parallelepiped; changing én-—tants changes the sign; or changing

sides changes the handedness and hence the sign; thus changing the order in

+) ;
ﬂ’( ? e which any two rows of the determinant

VA |

appear changes its sign.

y(“-:z‘)- EHCE. e )=-<§°(’”—’ PR S )
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If two rows of the determinant sre proportional, two adjacent sidesof the
parallelepiped will be paraligl and its volume will be zero. Furthermore,
the cube which sits in the first Z —tant, edges along the coordinate axes,
of unit length, has volume 1. So

FOR TR - Y=L

with these four items of general information an explicit formula say be
g ¥

deduced. TR TR T S . 1
s o b 2 w4 LU
Let Il = ey wor oon ) -
® - Z_vnz‘: <C:
Moy Wan 7 man ;;—
2. vnwl <y

b mie
e 2
5‘—”“:’( ¥ by linearity
W‘lb(;rl'
| 3
L bl R AP
i B 3y o
{ d AT
% ‘nh2<2'
™, <L s
N 2y BT .
2R B TS Wy B
B T Wué(ﬂ“
.= = ‘J'”"
-gf' %m‘y"‘zl—-w“ﬁ 1€y by homogeneity
the determinant gk
Z& ,
“. ) is of the form
e

w2
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o v ‘ii S i ¢
& - - ), g Q
2) :
0] s Jo o D
ni

and has geroes or ones for its elements. This determinant will be zero un~
less each of the 1l's occurs in a different column, otherwise the parallele-

piped will be flat, and have zero volume.

If the 1's occur in different columns the rows can be rearranged to

bring them onto the main diagenal. Each interchangs of rows required to do

this changes the sign of the volume once, and the volume is +1| when all the

interchanges are accomplished. Thus
AN
X 3 (- tujo b, oey bl ol
¢t ©  otherwise

Altogether this gives

T O, o AR
(per e whations)
where 5 L, AR yadyeeeym,? except r,, r, = - - - -

In words, to evaluate the determinant \M!, select an element from the
first row and some column; the sSecond row and another column, etc. Multiply
these elements together and prefix the sign ( - I)‘ivhere b is the number of
interchanges required to put the numbers ¥, ,v,, ---,rwin the order 1, 2 ===, W,
and add the results for each possible way to do this.

These are » ' summands, since there.are ™ ways to select an element from

the first row; (v - 1) from the second row and a different column, and so on,

altogether v (w-] ) -o— (w-n+1) =h!
for a 1 x 1 matrix i | = v
f0r32x2 oy P2
w2y m?.'!.\= Y P i < Y ey
=280
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This formula receives ihbs veri-

/ fication in the diagram at the.
o (ﬁ m '
4 _ g ¥ w8 : o
i 4 . left, where the areas mar be
‘ : My M

matched up to give the area of the parallelegram.
There is a mnemonic device to evaluate a 2 x 2 determinant;

\—Q‘\\: %’f The elements on the downward

slanting diagonal are muitiplind
= G

o~ \
T2l ez together and given a -+ sign;

those on the upward slanting diagonal are multiplied and given a negative

sign. Z
A 3 x 3 determinant may be evaluated by the same precedure. 5
f\l\\ "\&i-"‘}g m“ mzt M31 + ml'!-. ™22 m}s

\1

(R m

g2 \-n‘ :

) -v,\s" & ™Mg; Mg my

3¢ Mgy (Sr'\ 2
&

. W2 \ >3
Save for the fact that théfe arc many (2L) parallalepipeds to juggle one

could draw the same fnicture as for the 2 x 2 case.

This diagonal rule produces but 2 terms, 0 it fails whendn # n'/ , .2,
nﬁ:».,_} . For a higher order determinant certaln trickery must be resorted
to, unless the rule derived above is to be applied directly. One important
such rule is known as Laplace's development. In the formla

Iml = % (-n" o Sl = == P,

write y

.SV’C h/
_’_% YT\")I‘; ("’) %/ (‘/) 'h)r,_,m‘jl_“_ By
5 r<-‘):)+l<
_ZK h'\.')k L /Ud'h}

26
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where the expression /O“(:Z (- U m)r e, M NI, OGRS

is a sum with the terms"".) '}sdelet.ed from the usual order. This is just the
1

determinant which one would have if he crossed the ,jth row and rj “! column

from the originzl determinant:

‘“:- /DJVQ'

since such elements have been removed from consideration. Such a determinant,
/(J J° ; is called the "minor" of the element M Jr d To see that the signs of
the above expressions are correct, notice that in calculating the minor the
indices of the elements do not have the arrangement /) 2 - --p» ; but rather
the first indices are ardered /, 2, -- J'“, Jrhr h , while the second indices

are ordered *, -~ ¥, - rs Gy ™ kmeasures Jjust the nunber of interchenges

required to attain this order, while toattain the order J,. 2, ---n , require~

ing th interchanges requires that the additional element 47 s be inserted,
say at the front of the sequence; and( J'-av&additiona.l interchanges be made to
place the two indices in the right order. |

The quantity (wi)i*"kjj k » the minor with a sign prefixed is called

the cofactor of the element o J‘ k. Let

(")j“:(j - = MJ’K

| M1z %Yha'k N

this expansion of the determinant in terms of the elements of some row is

then

referred to as laplace's development, and furnishes a systematic process for

writing a determinant of a certain order in terms of determinants of lesser




order. For example, uss a L x L matrix

which is the expansion of its determinant according to the first row.

Recalling the formula
32 [\v Imj

and comparing with the formula %f the last page
ol Ml [
2 N = '

this formula may also be verified directly from laplace's development, and

shows that the partial derivative of a determinant with respect to an element

is the cofactor of that element.

Ceometrically this development amounts t¢ writing the height of the
parallelepiped in terms of the coordinate vectors, and us:mg the fact that
the volume is linear with respect to the edge vectors to write it as a sum
of volumes of parallelepiped whose altitudes lie along the coordinate axes.
Since the prt of the bases pa::'aliel t0 the altitude does not contribute to
the volume, the J - coordinates of the vector of the base can be neglected
when considering the altitude in the j alfection, which corresponds to
forming the minor by crossing ocut the j column, as well as the kth row
which contributes the altitudes. But this is again the volume of a base

which is a volume in (ﬂ‘&imensional space, hence again a determinant.

However the sign of the base, determined by its handedness with respect to

Y.

)1
" ¥ ¥ > A
" Ve ™My My M2y “‘23Mg3 Mai My,
(A% :
™ ™ ™ i Vv o, - = | i
21 e 2% 24 3 Y 2 33 W34
L
dz Myy Mgy ™y gy my g
L) Aol L
k1] 22 ""‘;»5 m,q /
"o “‘zx. LY} Las} iy
™y Yy ™My muy *mij . - W Y= ey
Bl Waya May ] mg m,, ™M
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the original parallelepiped is taken into account by the factor (*‘ 3) ¢
The following checkerboard design is helpful for picking out the correct

sign for the cofactor. The sign sitting where the element was chosen is
4 -4 ---

- -

prefixed to its minor to give the

R

4 = A - cofactor.

Needless ;o. s.ay , when but cne element vm of 2 given row of a determinent
is non-zero, Laplace's method enzbles one to immediately reduce the deter-
minant's order by 1 by writinglri|- w (cofactor).

A number of properties of determinants, some of which have slready been
mentioned, follow immediately from either the formula, the use of Laplace's
development, or the geometric picture. These properties are all of frequent
commercial use.

1. If all the elements of a row are zero, the determinant is zero.

2. If two rows are the same, the determinant is zero.

3. Upon interchanging two rows of the determinant, the sign of the
determinant changes. This furnishes a proof of property twe. Changing the
rows leaves the determinant unaltered, yet by 3)the sign changes | M/ = .[M/
and | M .0,

L. If a row is multiplied by a factor ¢, the entire determinant is
rmltiplied by this factor. This property was originally postulated for de-
terminants to find their explicit formulae. This permits the removal of a
constant factor from a row, which is useful numerically in keeping the ele-
ments of the determinant small. Note that this property differs from the
corresponding property of matrices whereby to multiply a matrix by a scalar
each element of the matrix is multiplied by that scalar. If sach element of
a determinant is multipléd by c, the determinant is multiplied by C.™ .

5. A determinant may be written as the sum of two determinants which

=29




3 are identical save for the elements of one row, the sum cf which rows is

the corresponding row of the original determinant. This is the linearity

property originally postulated.

6. To any row of a determinant may be added a multiple of amy other

row without changing the value of the determinant. Writing the result as

—

e

the sum of two determinants, one is zero since upor factoring out the multi-

plier, swo of its rows will be identieal, while the “ther determinant is

the orizinal determinant.

follovving determinant: 1{,

o -3 ‘I

[}

. o -5 ©

3 2 1 t

e ———

»

- O '1_

S

¢

I __,)___,_, d

d
?

Twe use of these properties is illustrated

in the evaluation of the

< H i
-3 ! uf
a 8~ b
2 i !
2. i LA
"% i &
é 5" 0

)




A systematic numerical method for evaluating a determinant is provided

by the so-called reduction to triangular form:

given the determinant

| s ™ e
(R V2 — mh‘_\‘
Ry "Maa R ¢ PP o
L SN My a Hied il m
Leave the first row wichanged; multiply the second row by -——— , the
, " j 4
third by ——-— , €C.
-
31
P “n L
. 13 S
~, oS - 4
i = L == L
™ WAl
m‘kl
-y
e 1’ —J‘}- R e == Finn Vimy
W\“‘ ™ b I
Subtract the first row from each of the others. i
2] 2
'y "'az "'h‘r\
¥ " -
o 1% h"’-l m._‘ Mll N -
ey n ‘!h,‘ -m\am
ﬁnz‘ b 1}
"o,
)
2% ¢ n iR O
O "——'M M My~ m, mn
Mn. " s it

Repeat the process with the minor of vw, ,and so on until the determinant

is brought to the form

m ., W'\H - ™M, N,
O mijtmu‘wlzn‘t. Mz.l mu-mln W'!‘l
b, ™ g,
o _ o A --- /3
o --- &
By laplace's developmeat, the value of the determinant is now just

of the diagonal elements of the determinant.

e, o

J;he preduch
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Upon congidering the formlae

If"l;%- (-l)h e, W oar, "“‘hﬁh’(h

\F“‘% O N L T
it is seen that they are the same: | /1= 1) . In each case cne selects an
element from each row and columm, and the number of interchanges needed to
put the second indices in the order !, 2, -~. »n when the first indices are
already in that order is just the same as to put the first indices in that
order when the second indices have already been so arranged. Hence the
signs of the individual temrs are the same by either scheme, and eventually
the same terms are summed.

It may also be noted that

'”I* = (2 (“)h ™MyY, ™y - "‘n’n)iﬁ :
h
= 2("') "\"*; y m*z."-z -~ - m“gn&)
- 1%

Geometrically speaking, one obtains the formula for | /‘ﬁby juggling
the edges of the parallelepiped whose velume it expresses. However, the same
arguments hold when one perfoms the same. operations upcn the coordinates,
and these result in operations on the columns of the maitrix, i.e. uﬁon the
rows of the transposed matrix.

Furthermore, each of the rules and deductions previously made hcld for the
columns as well as the rows, a conclusion which follows from consideration of
the transposed matrix. In particular, Laplace's development holds by columns
also;

VMl = 2 i %;3

a conclusion which also follcws from the fact that /1"/4 = 1T as well as
L |
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In one case one multiples the rows oi‘M by the colums of /\'3‘ , and hence
by the cofactors of the row; in the other case he multiplies the rows of ™M i

and thus the cofactor of the columns of M by the columns of M.

COORDINATE SYSTEY AND MORE DETERMINANTS

The formula for a matrix inverse may be applied Lo the solution of a
system of simultaneous linear equaticns. Let there be equations in  un-
knowns.

a, X “+ G y-,_”’ =i S au‘\yt’\:ca

(7] X, +a;2xz"' = +a‘1nxn=cz_

zi

Con X, Copmpg Mg ¥ = =~ *a"hYV\ 5 Gn
where the indices of the constants Q.:'z tell in which equations and of what
variable they appear as coefficients.
These equations may be written in the form
Za 5 X{ = C.

and as such give the elements of the matrix product

-5 . = B
@ a4 - A e £ ¢
a
L2y @ag --- a,, i 59 B e
L %nu G TTT  Gnan i Cn
- ~

A SR W b

/
The equations are sclved by expressing the ¥'S in terms of the C s, If

; - |
there is an inverse matrix /4 )

XA Y '

by premltiplication of the previous equations by/7 .
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'xa ZG(,,O‘ + dln Cz + === ¢+ ¥

ity M
x-:'_ "o‘u‘fzi'ﬂ(‘g_ Ge + "'"+0\gh(n
where g :d”‘c'+d“’cz + === +d 0 (A
Aljz OLnlAlfg s = vAT O A fogy, - - :
- \ = a- e ® 1
(.‘ /C)d';'v \ Al / 3 /A G‘J&

with af!i as the cofactor of a"} ¢e ‘Then
¥ = Z ""'"'CL‘LC‘
i B b
}

2 = 2L it
‘/A“U"J’\S‘ Cﬂ

the ternm Z G «3”‘ C‘A’ is nothing other than another determinant, whose
i
t
column has the Co , not the Gcas elements
Gy By -- &, -a- Gin
G‘tl Q‘..L ---Qlz ""“ZN
XL.‘- e@pn, %n,; - e, “er & iin
q'“ Coy g == = -« & A
a" G_az sl i = Q’Zp.:
e tpnz =--7 o v

This formula expresses Cramer's rule.

The condition that a system of equations have a sclution is that the

i

matrix of their coefficients have a non~vanishing determinant; or in other

words that this matrix be non-singular.

An important question which can arise, when .>7 -‘“—ﬁ, .is whether there

are any non-zero vectors £ such that A2{ = @ . The answer will be no,

-}
if IAl# © for miltiplying the equations by /A
Xz A o @ = @

On the other hand, there will be such a vector wien |Al= O

. as may be

seen by casting the product A ?Z in the proper form: Considering the rows

of A as submatrices,

[ row] X

r”~21¥
ARe ..

(cwn'}(




If the determinant is zero, it means that the volume spanned by the rows of
/; is zero, and hence that all these vectors lie in at worst an (') dimen-
sional subspace. If the wector f%fis then chosen perpendicular to this .
space, its projection on all the rows will be zero, and,AX will then be a
gero vector.

Suppose that the elements of a determinant are functions of a2 parameter.
Sk M) =1 M)

to differentiate the determinant with respect to the parameter, is to find

e /M//A*

one may apply directly the firmula

IM):;(-l)hm)f/mzrt- e

nVn
then
L 1AL S ¢ /)/, 4£rncﬂ
d‘e i ’ A+ mzr: ""'mnv-“
T L
P 1:‘_‘- T e
o o P
giving a sum of determinanis:
’hl‘ m'! i Sy olml, I(h”‘ l
Ce't t 4 - . ‘mu'v
..é:- Mey mza =2 3 % £ E
A+ - "
. - ; 21 ~m, . RS
: M an
Ma, ez T Maa - -
Mna mh. P " oan
o, LopE N S th'n
& gy
* d-e “7{2¢~~ Jmll‘\
¢
e Al m'h; =TT o mMman
o —nen - v
oy m'ne- - - n’\‘N
L)
=35 + AN TR Man
‘°"m"' ’("'“\-L B o Y
I'é' o) A=




A similar formula, in which one column at a time had been differentiated
would also hold, as well as more involwved formulas.
Ancther, rather useful property of determinants, is that two determinantes

of the same order may be multiplied like matrices.

I3 AL = 1B 1AM 2 AT
And, since |A| = J Al » three formulae hcld in addition:
FAR Y = VAL 1T
(AB I = (A3
A B = A 131

To prove the first assertion, consider the determinant of the supermatrix

A

~IL

® G

= N

In the first place, (N) + TAIBI » which can be seen by bringing

the whole determinant to the triangular form.

INI = IA -
0 &
By Fpa " %y -1 g - O
y S P Qon (o] il ~= O
Ry Cny - Gnn o o -
e e
Sl __C’ - - O—_ 3 b;,;-"izz o sz
(@ © _ - [®) =T bnz - bhn

The diagonal blocks A and B can cbvicusly be brought to triangular form
separately, due tc the presence of @ in the lower left hand corner, thereby
bringing (V) to triangular form. The determinant is then just the product

of the diagonal elements, and the product may be written in two parts, one of

-36-




which will be QAI, the other | Gl . Thus | M} = /N 13
The geometrical interpreaticn of this maneuver is thaet two sets of edges,
namely[ﬂ) = 4 J and { @ , 3 ] have some mutually perpendicular components. Thus
af CCO ) 3] is taken as a base for the parallelspiped, only the componenis of
the base [ A, -IL ] perpendicular to it will contribute to the volume, and this
represents just the vectors LA -] s> 80 that the product of the "area" of the

base CHJ with the baseta.] will give the volume of the entire figure.

But @, .0 =TT A -1 9 -- ©
(N = a,, Cygy -== Gy © -1 == 0
&g g - PV 3 o .- -

o 0 - ©Q b'l T bin

e S VT by by -- ban

0 o e (o) bn bh?. "‘bnn

multiply the first row by E,, . the second by bae 5 the nt'h by bin’ and
add all these rows to the (pn+1) ¢+

S ialer e Sn R
Qyy, Ry, -- 00, & 2 E) TR+
Gy O & Gnn o o il T
C.u ‘Clz. Tl €in A & T
P T Par baa -+ by,
Q O ) o |'5rn b"'l e k‘-hn
where

(TS ”’3,, + a.,,, brz"’ gl T Elr\

cl'&. - C"’tz V2 -\-c'vxz. btz‘; "”"'*c“‘“lbrn

Cin = & 1y + Ran b'z".‘ e ‘DM




= [BA]Y

repeat the process, now mltiplying the first row by Ez\ , the second by

th
bzz)"'" > the n™ by bzn
a-n q/n. e o ao -1 (6) ——
H’\“_,_ mn
1 0 - e, © -1 -= o
C“wn\ N A nn o < g e
e Ciz = Cin o i |
Ce. C?.?. == C wn o o =7 O
G vt o Syl
O 0 -=- 0 5p'\l bn,_ i br\n
. = T

¢ i [13A],

repeating until there remaing C
= G e (o]

Ay Qg Tt oA .
)N\'— Qzy @z == a;, - * o
O‘ﬂ‘ Wr\t — O'\"r\ O o] e “
CN C 2 I o - - Q
C 2y Craz ==~ Qo9 lO c - - ©O
cn‘ cnt .-’cﬁﬂ o o T o

or,




whose value, by the previous gecmetrical argument should be \¢l. That this

is actually true is obtained at once from Laplace's develonment.

IBAL = 13 1Al

since scalars commute and reversing the roles of B aird A, we have at once

| AN

-
-

131 1RY

Henece

This fact can be seen quite clearly if cne of th¢ matrices, say A, has

rows which are mutually perpendicular.

r.g\q
AR = | X :
A i [3’.,}/2, i yﬁ’]
-XW&
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Writing A and | as submatrices
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Now, since the rows of A are perpendicular vestors, Al : \32,‘;\??‘3"7_) ~= 13|

1 A] thus being the volume of a rectangular parallelepiped, while
\5{) con 2.7 gives the coordinates of 27 ; in terms of a new axis systenm
parallel to the X 6 » 80 that the determinant in the expressicn zbove is just

I3] . Hence|AR|=|AlIBl . In other words, a matrix which multiplies a
set of perpendicular vectors magnifies the volume which they span by a factor
equal to its determinant.

It is evident geometrically that if there is a parallelepiped whose edges
are unit vectors that the parallelepiped will assume its maxinum volume 4 1 or
its minimum volume -1 when each of the vectors is perpendicular %o the remainder,
and one has a hypercube. This fact may be derived from the formula for & de-
terminant by considering the expression

@ (R IR X R, o8 LR
(X, +§XWUREXNEERNZ X)) ---

and setting the collection of first order differentials equal to zero, to

find the stationary values of the determinant y » and hence the maximas and

minima. The conditions so derived will be necessery and not sufficient; the
ke

sufficiency arguments can be supplied by using the fact ‘rha'b;?(xgis con-

tinuous and defined over a bounded and closed regicx:\’r X é},

éoz(?cs‘; X.) 502(5?_; +§ %)

L'.id‘

whére O (g X 1) represents terms quadratic end higher in the (f X J'In.
——— i B ) 2
ébo(y.;)-\—E':ap(X-L,ba,SXc Coo Xa) O({_x)%

R K (s 2 SE(X;S so(fx?)
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where the denominator has been expanded in geometric series.

When TE:' ?L }'{’ 5 3( 0 the first order terms :mJ 5( can be equated to zero.

Then :
2P(R)S p(R,--§ 5 %) §°X %77
which is an expression which must hold for each 5 X . Then, setting all
SX; = O except forgxii » and recalling that SJCH- D .2 6 amd

assuming that 507!0
- = , g \Xt’ll
LY ¢ = " (P( ~-—-----—-:»-—‘J---w-—-
g (R, -~ § Ry, —Ra)e Pl

the choice of the components of S X—i is still arbitrary, so if LE S;" T.X
S X—'\ , 5 set all 8)(1«‘-0 except@(\'»o « Then, using the Laplace

expansion: g Y
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Now call
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the result is a determinant whose ith row is repsated twice, since)[-}k con-~-

tains the i™
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By the result of the last page, however,
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this expression is just Laplace'!s oxpansion for(jp; where | # 7/

row, and whose 7' & row is omitted; hence vanishes.
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and the product Z Y- /ﬂ now reads, in terms of the elements;

5 CC «31 = 2 K, 3 Ky
S :
so that
X: X - ‘557"251,’
a circumstance which requires the rows of the determinant y’ 10 be perpendic-
ular. If \5}1 [= ] ; the resulting figure will be a cube of volume s 1
which are the maximum and minimum values possibls.

When two vectors satisfy the relation 5{ 7= O , they are perpendicu-
lar. This property is often czlled orthogonality. Thus, for instance, the
gzero vector is orthogonal to every other vector. If a set of vectors all
satisfy the relations 2; X? = O , they are said tc form an "orthogonal
set" of wectors.

If a vector satisfies the condition 3% > = 7 , it is said to be
fnormal®, or of unit length. £ny vector which is not a null vector may be
normalized by dividing it by the square rcot of its length.

If each vector of an orthogonal set is a2lsc normalized, the set lsg spoiten
of as an "orthonormal" set. The vector of such a set satisfy the relations

X ¢ z £ e

A set of vectors is callied "linearly depencdsnt® if there can be found

scalars o(i » not all of which are zero, such that
A X, +Ad Ky vk K0
or in other words, if any one of them can be written as a sum ol dhe others.

Any set containing the zero vector is automatically linearly dependent.

If no s?.tch constants can be found, the vectors are called linearly in-
dependent. |

From the equation above there can be found a system of scalar equations;

they are obtained from premultiplication of it in turn by b4 hfgz , eto.
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The problem is to choose A/ , not all zero, 4o satisfy these relations.
In order for this to happen, the determinant
a— —j,, et
X 5(\ 53‘.; x N xt Xf“'
SEun, AL T

T e~ SRR
mast vanish. It is called the Gramm determinant, and its vanishment is the

necessary and sufficient condition for linear depandence.

It can be factored, so that

<

XI X

- g

e

K

n

b -

Ml ¥ o0 X

By the rule for multiplying determinants
{Ml ) Hl = 0

ar, if

il M1 = 0

which gives the geometric condition that a set of wvectors are linearly
dependent inYw-space when the volume of the parallelepiped which they span
vanishes, an altogether reasonable conclusion. In fact, if the vectors are
normalized, this determinant, in giving the volums of their parallelepipad

gives some idea of how "flat" the space they span is, since the smaller its
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volume, the flatter their paralilelepiped, until its vanishing requires them
all to lie in the same hyperplans.

Throughout this discussion it has been assumed that the volume of a
parallelepiped is given by the determinant of its edges; in fact, it wes in
this manner that the formula for a determinant was attained. It is pessible
to prove this contention rather than relying upcn intuitive geometrical ar-
guments. The proof is contained as a corollary to the following theorem:

Let there be |< vectors,X,X; -- X, . If Mis the matrix

%
M= |R

2

<

the determinant | M F | gives the square of the volume of the parallel-
epiped which they form. |

The proof is by induction. For K=l , the determinant gives 5¢ A
the square of the length of the vector, so that the theorem is in fact true
for |c=\ .

Assume the theorem for )<=m. Then for i<=m+4\ the determinant is

-4
Now write

X = Zrag s, S

C=y

P L
A :
> X = O . The olsmay be found by solving the equations

}?7’ Xm+. ‘-2 ¢ 21 Xg \S:I)-—°,m

=0 o The

1
mi =

:
X

--=,m « The solution is possible unless \M




determinant then becémes
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the first determinant is zero, since the last row is line dependent upon
the previous rews, since it was deliberately taken to be part of X m 41 Lying

in their plane, while' the second term is of the form:
(altitude)2 (base;)2 = {volume)2

by the induction hypothesis.

The case [ r - ) = ¢ can perhaps be dealt with by renumbering the vectors,
the order in which they appear being immaterial. If this is impossible, then
each minor of the last row is zero, and Laplasce'’s expansion gives a value of
zero to the entire determinant. This is satisfactory since it assigns zero
volume to a figure whose base has zero area.

If a set of Y\ linearly independent vectors do not form an crthonormal
set, it may be possible to define .a "yiorthemormal" set. This is a set of

T T
2 n vectors, XL.' and X, such that

5% .{y
o X i =9 =
this expression is a representative element from the matrix equation
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where r 7 [-—:z

] 9% ! |
-1
 which is capsble of fulfillment when M1/ ¢, for then N = M~ exists.

This is possible when the vectors are linearly independent, for then the de-

terminant of their matrix is non-vanishing. Such a set of vectors is useful,
for instance. in dealing with an
obligque coordinate system, in

which the xrare called the co-

. i
ordinate vectors and the =< a

"receiprocal set", having the proﬁ-
erty that each vector of the reciprocal set is perpendicular to the remaining
coordinate vectors. Thile additions may be done with the coordinate wectors,
for instance, the reciprocal set is required for a convenient discussion of

projections, In fact, if one hae

X =2 o 250
Ai- 5" 32

50 that the reciprocal set are needed %o isolate components.

From the above

80 that e
- v
I 22X X°

a condition on a coordinate system that might be described as "completemens®,

since then any vector in the space in question can be written in terms of the

py S

ly7ee

%W—%———74;7, nei e v




3
>< as coordinates. Since

< IT S« —
Z X X—I X{_‘ =i X
7 - o g
X =2 (8 ¢ %)<
it is seen that the two systems play equivalent roles, and that either may be

regarded as the coordinate system with the other forming the reciprocal system.

MATRIX FUNCTIONS

From a given matrix others may be found by various processes. Square
matrices, for instance, may be raised to powers, added, and in general com-
bined as though they were scalars, in bullding up functions; it being nec-
cessary to bear in mind their non-commitativity.

A single square matrix may be raised to powers; the integral powers are
defined by A 2B R b o A = A"

&~ n Loetor s ——
while ifﬁm-—ﬂ » one speaks of %3 as the mJ‘r’h root of A 3 'qym. Since the
computative law fails one cannot expect that there will be only m mth
roots of a matrix; in fact, there are many more in some cases.

If A has an inverse Pf-‘, the negative powers are defined by

A0 (At
The zero power of a non-singular matrix is the unit matrix:
A° -1 LI
since the law of exponents holds, from the definitions, so that

AR™' -A°=L
If the matrix is singular, forming the zen:'oﬁl power produces a sitnation
analogous to that arising when one tries to find 0/0.
Polynomials in a matrix may be formed, and tne coefficients may be either

scalars or matrices, although one usuvally means a polynomial with scalar co-

-1~




efficients in referring to a matrix polyncmial

A% R S
M

Bv taking the limit of a polynomial with a large number of terms it is
possible to obtain power series in matrices. The finite geometric series may

be summed by the same technique used with scalar series for instance. Let

§-SALToav A
T +A(TtATAYN ---+A"T)

n 1

.T4+AT+A+ --- +RA7)-A
LIrAf- AT

j(I'Q) '—'I‘Hn*‘
S =[E_Gr+|% {I“A}—\

HL AT-0 » which means that L [AKJL' — 0
n =L 3 rn=> 0 J
S [T-AY

i § Ah’?"z‘r-ﬂg‘

The matrix exponential is defined as L
T L PO Sy
It converges for each square matrix A of finite order. To show this let the
abscolute value of the largest element of A by /U . Furthermore define matrix
inequality to hold for each element

A< B when [F\l._j < LBY:;

J

then
Audilis L8

~

A
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This means that, in absolute value, each term of the series is less than
kK K-

Y il IR S
< !

q -
{ - ! s 5y,
so that, in absolute value, each element of € is less than

0 e

i< } Y

e e
‘ZK\Q/U _:)+}

which is surely finite for each finite /U and . Hence the series converges
absoclutely for each square matrix.
Unlike the scalar exponential, the rule for adding logarithms fails unless

the logarithms commute. To see this, write

A .
@ e B ST

A

" o T B P

+A+AB+H AR ---

+5 A L EATH + 55 A6 - -
Suming this by diagonals,

“T+(A+® + 27 (A +2PB BT ) 4 —— -
If AB = Bi, this is

=1L +(A+B) -+ ‘;TCAZ-# AR +13A +Bz)+}‘7 (P5+,Q "64 ABA + BA =)~

= L +(R+3) 4 ;“7 (A+B8) 4~~~

Q(f**—@)
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Now, A and -~A commte so that
3 A e~ P y O . 7T
a fact which could have been verified directly. !However, it shows that
(g A) = ra i
Logarithms may be added when they commte. If they are infinitesimal
they may still be added, to first order. ;I‘hus

_zsﬂgzﬁ . (I +eA+ e N L4534 ~==)

= ([C+6 (A1) + g2 P Bt ---

= +s (A+BY +- -

£ (A+R)
If the elements of a mairix are functions of a scalar parameter, the
matrix may be integrated and differentiated with respect to this parameter.

The derivative is defined, in the usuval manner, as

ok TR AT D G )

A€ 50 4¢ L ¢

each of these operations may be performed directly upon the individual ele-

ments, giving

LA A .
< A

t 39 4 ¢

so that [ J S ij]é[

and a matrix is differentiated by differentiating each of its elements.
The derivatives of funciions of a matrix may also be taken, with formulas
closely resembling the scalar formulze, except where the failure of the com-

mtative law must be taken into account.
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A A B

6L~¢ - A d ¢ 4_‘j

while a similar rule holds for products of more than two matrices.
In differentiating powers. say ﬁ’ , one has

Aﬂ’ 2 ‘(,q LA p2
= A =3 A

A and dA/dt do not usually commte. If A commutss with itself for 21l values

of its parameters

A (DA () = 8 (£5)A(%)

the matrix and its derivative will commute. The reason for this is that the

~52-




derivative involves the difference of such matrices. If A commites with them

it will commte with their difference and hence with the derivative.

d/) 2 ‘A-l% -1

S g7 - |
gy e '
fl aé - ,4 4,/44’4 = 0
s (AR™') - L ¢
A A -1
ATz A
LA -t AA
4‘& B ‘/q ;Z?/} tid/

// C;(t = & :2'}—:4_{ c
A p
—éf“u (T+a+A%, . .-
-f%-cﬁ‘ri,( ﬂéﬂ /‘/§ =

if dA/dt commtes with A, the terms in %—A_é- may be factored out,
AA £k SV
2 42 (T+A A% --f
J 2 y o s
:/.ﬂ-rqu' 57/4 2 "‘,; e

fH4A
=C d& 5(1‘: J/F //,ra/,

To integrate a matrix with respect to a parameter, write the integral as

a limit of sum »
Jﬂ (W) Ao . Lm = A€,

AL S0

which, being composed of a limit and a sum, is an operation upen the individual

w53




elements of the matrix

[0-6‘)0 Z L‘A(*L)]’O""“dé]

80 that

[J] A (slde 13 : ;/[A(G)]L

4+

and a matrix is integrated by integrating the individual elements.

With the introduction of derivatives one must contend with the possibility

of differential equations. <JUiet as matrix methods were used to solve linear

equations in m. unknowns, so they may be used to solve systems of linear dif-

ferential equations, such as
A ! ; :
. i':"x 0 () oK (DX @) 4 oo 4 e () %, ()
4 X, (¢) CBL ()%, () 4 $aa (D, (€) 4 oo $ o @) x, )
0&«&

i

..._._—__dx” (t)- -gnt (".’))(. (1) ¢ 'guv\f“’rz. (E)b -- -+ £'”‘ (t) X" (t)

A+

fﬁlx/(ﬁ)~ r S\l ~C\1 iy '(';\'\‘ r)(|‘—
A+t

A X (%) 4 $.0 -- San L
dt

—

(1}
~

—

494- K )
At

‘inn 'an —“Crﬂ"\_‘ )(‘fy

44 x’
Discretize the equation T_X

= [X“M*) ‘X(“f = F ()X
S (etot) = (I at F O} +)
ad F(+)

= € X (€)

B




to first order inat . If 2a%= 7 , we have
a€nTF (£n)

X(t+’i’“)=e @A‘é‘"" Fee, ) at, F(¢)
| | P e X )
If 211 the exponents commute,
Tt atny Flén)at g + ---+F ()06,
> (+)
taking the limit, Ll 5 (e, ) At
X (v At ns0 @ X(-t)

»J

*

X 7)) e [ Flo)do Sy

this assumes a particularly simple form when F is a matrix of con’tants:
. 54l

(o) o 'z T
%
X (44T ) =¥ X (+)
whose validity may be checked directly, end which resembles the solution to
the corresponding scalar equation.
If the matrix F does not commute with itself for all values of the
parameter, the solution of the equation is more difficult. Recalling

X eat) e (Toae FRIS)
and writing

X<+TT)= {I r4atn F(.-\'-,n)} {I-‘-4 ‘(-n_,—F (L{.:n.‘)}---. (;'Z/:"‘O'ér(f)} X(‘:)

which is still correct to the first order in4t . Calling

[Tsa 60 F ) [Trat, Flo )} - - [LraeF ()]

we have :
n //+5 T (¢ )M°+LZ, J‘Z"F'({ )F({J)Aé 4{3
222 F(é)//(ta)r(-é Lﬁ%‘“ﬂ* .

L=l 72L k(]

e




the general tern of this series is the rth;

L 2l F’(ﬁa)/—‘(ej) «-7’(%)44(4%1,_ A,

C-.} 34( l<<J ALvn

there are N (y-1)---( N_”,)/,. l terns included. In such a multipls
sum, which is of the order

..N—-'- + 0 (NR")

=}
each summand has the order of magnitude,QtR, s0 that the whole sum is of the

order of magnitude

N AYRA a+
RT— + O =
but P~ N A4 s 80 that they are of relative size
~e Ot
q
| + 0 (’R‘. )

and hence the series for -{7- converges as well as the exponential series. Taking

L, _Q L , term by term, there arise oxpressions
e N
Lo Z 2 -em 2 F (k) FRPoan F(tm) Dt ey
n >oe L2 7(': £L<m .5-57?’}‘,
ey trod t+0,
S e R ey e Fleder, Lo - dla da
¢ ¢ <
<+ 0 + =+ -4 &
_(2 = _-[_-_r-\- J T (o) J’J‘ -4 5 j F (cr‘) F(ca) ‘ZG;_ f’(cﬁ
so that % -
< +
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that this expression sctually satisfies the differential equation nay be
checked by term by term differentiation of the series.
In the case that all the F's commute, the range of integration need not

be restricted to preserve the order of the factors. Then cne h.as_g for instance

| ;
S f F(O’,)F(o;)ol-c‘,_clcj: =3 J j 'F(O}}'F(G;)JJ}JGF
¢ s ;> + B
£+ o, 2, N j {"’,TJ/ ; 2
177 AR it
/ / £
o the region where O, < T ., is
/ / / just half the area over which the
/ double intagration of the second inte-
+
o, <+ gral is extended, giving the factor 1/2.

Similarly the other integrals ge over into
* T

,(, [ f /(cr)ago"g

which gives the previous result_

EICENVECTORS

It was shown that when muliiplied by a metrix, a given vector was changed
into another. The elements of the matrix give the dependence of the elementis
of the new vector upon those of the old. One important class of vectors, which
depend upon particular matrices, are the vectors whose direction remains un-
changed by matrix multiplication. Such vectors sre called eigenvectors; and
since they are different for different matrices they are spoken of as belonging
to a certain matrix. |

They satisfy the matrix equation

AX = N X

where >\ is a scalar, called an eigenvalue, and reflects the fact that the

57—




length of the vector may changs even though its direction is held {ixed. Since
different eigenvectors will be changed in length by different amounts in gen-
eral, it is customary to refer to eigenvalues belonging to a certain eigenvector,
since in this way they serve to distinguish the different eigenvectors from one
another.

A trivial solution to the dgenvector equation is g =0 s the zero
vector. It is disallowed as an eigenvector. It should be noted that this is
not the case with null vectors, whose lengths are merely zero, without being
zero themselves. If they arise they are quite legitimate eigenvectors.

The equation

AX = A2X
JA-AT -0

Suppose that ({ A ‘/\_E'} had an inverse. Then by multiplying by it from the

may be written

left,

;A-/\zri" (A-XT3% < {A-XT 30
X -0

which has been forbidden. Thus it follows that (A’)\ZZ-S ie singular, hence
that its determinmant

fA-XT |

mast vanish
Q" “'A le o T alw -
Ct.-z‘ G-lz—)\ Sakff e, a'.}w he O
awn, G2 > =an G.nv\—>‘




It may be expanded in powers of >\ to obtain AT il
(-N) -2

n e
(=A) + (=) ZQ;;"’ a2l C? 2 @4l &
&,. Oui 2 == Oayn
-'-" @ G‘ZI G.,_-L-"a-;;.r\a -, O

C"h! Goyn 7 == G

{
|

The first term is got by taking the term of the expansion contzining all the
diagonal elements; the second by considering the term with (n-DA's s which
can come only from the diagonal and one other term, which rust 2lso come fromw
the diagonal, and-not being a >\ is an @;; . Suming for each possible way

to do this gives 2 & (i @as the coefficient. The third term is obtained by
multiplying (n- 1) >\ l5 together, and two other terms. These must either sit

on the diagonal, giving G G _‘. ! s Or one may sit off, say @ J ({ s whence the
other must be Q&a' ’ givingf al d‘ a'a' 4, the one interchange needed %o

put the second indices in order contributing the minus sign. These two terms

may then be combined into the single term

e aaa

mgi axé

while the 1/2 reflects the fact that the summation should bez 2 rather

S 2 Z s J ¢
c
The other terms are formed in a similar manner, giving finally the term
free of >\ 's, which is gotten from the expansion by taking the dizgonal ele-
ments and multiplying the @‘S together, which is the same term as would occur
in the expansion of | A |.
Since this is a polynomial equation in>\ s> 1t can have at most A roots,

hence at most ™ distinct eigenvalues. This equation is called the character-

=0




istic equation; the polynomial the characteristic polynomial.
If the eigenvalues of a2 small matrix are known, the eigenvectors may ofien

be obtained by simple manipulation. For example, consider the matrix

} © , E
S = (o] o) I

its characteristic equation is
=5 ! (o}
o =A | = (- >\)3 tl=0
) & = )\

p S e
L-J"'u\ - z --;;E
W = e 3
The eigenvector equation is, i‘or)\ =1
[o] i o a Q
N o AR R
! o o 'd o
[ 4 [. &
Qa = _‘e_
Qa
= -J _C G= L:Q_
El
8o that the normalized eigenvector belonging to )\ =1 isyy " » From

this it appears that the length of an eigenvector is completely indeterminant,

8N




since matrix multiplication is linear. eg
A(asg)= A(2a>f)
and A <X >4 both hold.

The two other eigenvectors are readily determined to be:

S:“'->\=w" Z’G gﬂr)\:k)ll
o w
I, | |/

o
ol

W 3

and it is of interest to note that these are rmll vectors:

l;%f/ -« « + re = 'E_ L+ C'; s ¥ C 2 4““;*1 = 0O

The geometrical interpretation of the first cigenvector is cbtained from

noticing that since

mekes the coor%inate interchanges:

x> Y

| . Y= 2
7 P

s R -'L / (o) |74 !
which corresponds tc a 120" rotzation about the axis (}.%) v, / rg)

The eigenvectors belonging to>\ = 1 are then the various vectors pointing
along the axis of rotation; they are left unchangad by the rotation. The
other two, being comples, do not have an interpretation in a real 3-dimen-
sional space.

If two eigenvectors have the same eigenvalue, then any linear combination

of them has the same eiganvalue.

=Bl




Then A vbA = A s Ab T = (AX)i1L(AT)

= a.)\X+\o>>?:\>\(&X) b-}—ﬁ

so that if 2 and 7 are not parallel, each vector in the plane which they
determine is an eigenvector with the same eigenvalue., An example of such a

matrix ie

each vector in the ¥ —‘1 plane has the eigenvalue 1.

The equationA X = >\ X defines only right eigenvectors. left eigen-
vectors are defined by

S ANR

which leads to the same characteristic equation and thus the same eigenvalues
as for the right eigenvectors.

Much information concerning the eigenvectors and the eigenvalues of a
matrix may be deduced in a purely formal w.y, by manipulating their symmetry
properiies.

Theorem 1. All the eigenvalues of a hermitean matrix are purely real.

A}; =>\X i)
X*Ax o )‘XQ“X »)

2‘;“-2\‘ =>\22‘~'& '* eﬁh l)
XYATXNRIYX
M < XA
}_S”*X Nem 2)
Ws X
e TLAS
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since A = A by the hermitean property

/e 4

In 2 similar menner it is proven that

Theorem II. All the eigenvalues of an antihermitean matrix are purely
imaginary.

Theorem ITI. Either the eigenvalues of a real symmetxric matrix are real
or they have null eigenvectors.

Theorem IV, Either the eigenvalues of an antigymmetric matrix are zero or
they have mull eigenvectors.

Theorem V. The left eigenvectors of a hermitean matrix are the complex

conjugate transposes of the right eigenvectors.

AX AKX
X"“' *—A'&:_)\%g%
BRI A-AY

T ey B 4
/re!

Theorem VI. The left eigenvectors and right eigenvectors of a matrix,
which belong to different eigenvalues are orthogonal ic one another in the
nermitean sense S * 7 = O . This is sometimes expressed by saying that
they are unitary to one another.

MR = \L X

then }7—’7/ Y = - A 57"-
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Information concerning functions of matrices may be obtzined
Theorem VII. The eigemalues of -A_l are the reciprocals of the eigen-

values of A, and have the same eigenvectors.

AX = AN25.
N'ATAX S XNTANATX
AT'sT - NS¢
7

Theorem VIII. The eigenvalues of A2 are the square of the eigenvalues of
A, and have the same eigenvector:
AX=NX
ANX) c ACASS): AN
A similar result holds for other powers, and polynomials, and functions
expressible in convergent power series.
Theorem IX. For each matrix A, the eigenvalues of ﬁ* A are real
and non-negative.
They are real since ./S‘k £ is hermitean
AYASS =) 5C
}?. g/_‘-\— YA =N }? v ‘S_f
ARYAX: MX *x0)
N~ AX*AX
X'x
X*2 50 A A 50

Ll A 38

From Theorem VI it appears that if all the eigenvalues of a matrix are
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distinct, the left and right eigenvectors form a biorthogonal set, in the

hexrmitean sense.

Since the wectors are determined at best by direction and not at all by
length, it would be convenient to deal with a set of unit eigenvecticrs. This
is still not possible, due tc the possibility of the occurence of null vec—
tors, since a2 null eigenvector cannot be normalized.

For the cases where some sort of normalization is possible, it is conven-

ient to use a dietinctlve notetion. Thus one writes

Aliy=ni V)
A = )\J‘ . 31
Al
where (a Io- IG' > only in special cases, such as when A is hermitean.
These vectors can be distinguished from the ordinary bras and kets in that
there is a number written in them, designating them as the ith eigenbra or
eigenket, while ordinary vectors have merely elements, as W) .#L X! written
in them. Thus
‘4 H) J‘
J
is presumed to hold whenever such a choise is possible; the eigenvector then
being taken as "normalized" by convention. Vith a hermitean matrix, for in-
stance, this normalization is always possible.
If perchance <;_I ()= O » it will be impossible to form a complete sst

of eigenvectors, since in a complete system

X.:-o/, /,>+dz.z>*_-_ +°I‘nlr\> a
LU X a; <ile)

but, it is possible to choose {37 £ 0, .. {ili)# O =, and the vectors
could then be normalized to make

<LlL b A0 , a contradiction

-65-




It should be noted that in a biorthonormal set one requires only
<cled -1
not that | <L/ | =1 , as the condition for normelization.
Let us investigate the hypothesis that the eigenvectors of a ceriain
matrix form a complete biorthomormal set. The condition for this is that
201 %un =

Such a sum is an inner product of the superveciors

P e Libed, Aex' we=; 10y 1
o <l
<z
£
since P P S livett <TF
But also £
P <hy iy --- <t/n7- S
iy czivy - d20ny =
R S ABI -~ L ifey ]
so that <£’~&) = féé and that

\V1# © , which is the true condition for completensss.
The hypothesis is not always true, as for instance in the case with the

matrix 4
} \

Its eipgenvalues satisfy

RN | .
: (L) = ©
fo) b~ A
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g0 that there is a repeated eigenvalue.

La,b] [I 1] . T&, b
o] !
[a,csb]: [a,b)
(» G-z 0O, b a..fbﬂ\rn.ri

(10 - (3)
(4%, .2

Bzo , & ava¢gj

- L))

so that, for one thing, there is only one eigenvector to span a two dimensional
space, but also
417 TN O B Y
From ﬁhe completeness hyprothesis follows a theorem known as the "Spectral

theorem"” o

__,— These are D B
S cooctral project
A= >‘L\I_{->(L\D PN
Proof’:
Ally = N 1LY
Aldocil= N 1<)
n o : E
ZAh'.)(L] :Z I\CIL>(1,
3 R

A2 1ey¢ils A]’:i Nl |
¢y vz
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Furthermore, considering the product “P~' AP

[‘41‘
&l

/P-lA’P: B A(h? |7_7 — g ’n)]

-

~

l:,'f\ \..4

(& o) ] .
<X [)\, be) ) EY) -->‘h‘f‘>:\

w o

-

Lny
DN E T[S S N Y Py
)\‘(1!') )\z'{zlz:;‘ - >~,n (1!7\)

N, <nl) Nalnlz) === A Cnin)

| :\ i o il ©
o) XL y Fi8 o - A '
N
0 BT s Vi
Such a matrix, which has elements of the form); g La , ie with elements

only upon the main diagonel, is called a diagonal matrix. The transformation
-1 -
< ¥ AT  is called a similarity transformation, and it T '/-{Pa 7] ,a
di:gonal matrix, the process is called diagonalization.
The diagonalization process facilitates the proof of another important
theorem: namely Sylvester's theorem:
v Sl =L
and ¥ (Mg g converges for each>\' ; as a Taylor's series, then
- (
o
fear S SO 1§2¢
)
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Proof: if P diagonalizes a it also diagonalizes °

PAP-F AP AP
%

e 7

for

and likewise any power of A. It will also diagonalize polynomials in A,

since

P AT bA P AT O, PTATE

= a.-c-ﬁm'*!o /)N
and likewise convergent power series in A,
S(AY= AT v Aia, Pt
-\
CLPNP-@ (A Lra A+
e dva,Aia, A+---

= rd.,a,)\ta.,+>\\1a.,_4--~ o --- o by 4
© Q'*)\a’|*>\21@3 * - (&)
(&) o] s @,{-X nG-‘ +>\h7’@,1+—d
BRI
i §(a
E % ()
-
i o -- 0 - =
:.S(X) AR £y SO | e | a0
; ¢ -- 9 5_-—0 -=- D
o [e o == o
¥ - "'Q <)n> o lo] s v o
Q (<} = ‘
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S()\.) ;i | + g()\,_)'. 2342 :4—-‘-& S;—().n),’vﬁ(ni
§ ) riveis

r

_lA()
AP

a D

=i

-

heg QOO Friree: P

&l

Bt ol =Ly 1) - TRRD } 14
. :}-s
- - <
AhJ <L_:(J :[0 o 6'](1] _'<él
Cnt
62@’.’1#5..82’1# |

Teex substrote A=SINE

= A = < : '7 '/ In the pousen Ceres ‘(‘of-('
Jz Q(%J) i? <] avd reduce.

//J_

Although stated under fairly restrictive conditions, Sylvester's theorem
appears to be of more general validity. For instance it gives correctly nega-
tive and fractional powers, logarithms, and even functions which have been ex-
panded in.power series beyond their radius of convergence. The questibn which
arises in such cases, however, is whether ithe resulis are unique.

No explicit process has yet been exhibited for calculating the eigen-
vectors of a matrix. Such a formula is possible, and can be derived by the
aid of Sylvesster's theorem.

Suppose that P( X ) is the characteristic polynomial of the matrix A.

By definition, the eigenvalues satisfy

()(AL):O
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sc that if A has a ccmple'te set of eigenvectors

P(A) =S O el

will vanish identically. This is a special case of the Cayley-Hamilton theorem

which states that every square matrix satisfies its own characteristic equation.

Being a polynomial, P(A) can be written in factored form:
o o
erRy=§ EA ->\U7!- f
Let P be the following polyromial:

J
73 L'/‘}' {AXLI}

so that \
® (A)=Tr (A-rj D)= GRY
or, since P(A) = @ ]
ATy =)T]
which resemhles the equation for eigenvectors, except that T3 is a metrix,
not a vector. It may be regerded as a row of columns, hovever, and the columns

mist be multiples o:f the ;jth eiganvector, since
A-‘J'zf\[f"f") "'"»fn]
S ALyl

)\JT\J Sy >‘j ﬁ)>jf* ) "AI'J"-'*]

also
> Af . )\J P

_ Af‘-= x)ﬁt
/-\f,., =>‘,’/.'n

Using the other member of the equation above,

T\J,A =Ad T‘\J'

It appears that the rows oij’ mst be multiples of left eigenvectors:
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[ <] Ly
.‘r\a A‘;li.——t A - !5'-"2(-\\
gic [:’?':P\
f'x, P
CTS )
R R PN
N Fn
so that s T
c.lA=>‘jG|
S, A= )\J‘O"”l
S A= A&

and if the eigenvectors are taken normalized as members of a biorthonormal set

it appears that both the rows and columns OfTJ\ are proportional to them, so

'bhatT\d' itself must be proportional to an outer product of left eigenvectors

and right eigenvectors. To discover the value of the proportionality constan®,

diaEOnalize—r)‘n’\_)ﬂT\l e- ¢ {1k (A-XeDjp

; T}' Pr{AN T} P
“7d

. {A-3Tf

\.45
z :C,r (2= 20) o - - o ]
J TE T
9 f;:} Che- &) ue o
%) o - E ( Mn-AL)

now, if A # A |
L (M -Ne) = éqjk'_";c. (XJ )
L.fJ A
since if K #4 ’ ).‘, will run through.>\ k. in the product,
'/P-'T\).(P-. I &gm 5.“355 (>\J’°>\L) A
= T 2 U D R e
"-f;' O\J & 3><3
IO A VEV A RIDAT B
T& c!fa (4 17
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whereupon et

\I‘ ¥ ~ ::"'—-J——'-‘-
LJ><3A "'*bj (kj-—)w)

L}T{ CA-Z\ I)
(?;C‘; (>\J —>\<'.)

this last matrix is the quantity which appears in Sylvester's theorem, so that

it may be taken as it stands, or it may be factored to actually obtain eigen-
vectors.

The quantity XA = ? ?’t« ‘-«.‘L‘) Xb' is called a quadratic form.3% *A <
is called a hermitean form, and so on. They are all scalars, and the hermitean
form of a hermitean matrix will be real, since each term in the expansion ap~
pears with its complex conjué;a'te. Real forms may be further classified accord-
ing to their signs. Thus if for all vectors 55')‘?“7‘ >Z  is positive, the

form is called positive definite. Other classifications are

- negative definite form <o for each 55 # @
positive semidefinite form 0 n 1 " dy
and positive definite form > g ok e R

Thus if A can be factored into the form 'B“' (A , its hermitean forn is
positive semidefinite. '

An important extremal property for bihermitecan forms may be deduced:
the quantity {x [A)Y) assumes an extremsl, for fixed { x!y > , when
ijs a left eigenvector of A arnd !Y?> is a right eigenvector of A.

To show this, consider

d x) A 7Y
<Xl ¥y
o N (ol
» set the first order terms in j, M(‘\f

Cxxml Aly+fys
{x+om | Y+9¥)

form
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_/\ equal to zero. This gives
X1 Ay 4 (SxI A CxiAIS Yy + <Ex IAL Y

“"'<xt>’) » Sxify) +<8x':y> + SExi§y)

4:::»\“’)_t SEXIAYY | (x1ANY) <£‘le&¥)}[

- ZX i
Cx1Y) LXIY) <xXiyy T kit d <;x'7(> X)j

<’“y) (X;/)

collecting first order differentials, equating them to zero:

LAY i".____“i? +£_§w}+ CEximn) o udAlgyy o
LAY X x4 YY) <xly) {x1Y>

divide out < xtY)y ¢ 0

<§xl[A - Ay 4 <ol [A- s(-ifg-;—ljz) "‘FJ> 2

since (§x)and 'y | are arbitrary, both

< xtALYD
{xlA=z x| X iyy
{xIALY)
Aly >z X I¥ Y Ly )

and {x | and |y ) must be eigenvectors with the eigenvalue

£ %lA“Q
Cxoay> .

The equation
<x AL x)

—_—— !

LX) n <X 1y)

represents a quadratic surface in n dimensions, when A is hermitean. It
is a skew quadratic since crcss terms in the variables appear, but it is sym~

; metric with respect to the origin. The eigenvectors point along the principal

Tl




= bn T T T R N ———— L

axes, since they are the sextremals
X K AT > )
of the quantity -—————ie— and there=
g:‘\ ik ;.‘

fore by the abowve eguation of (:alﬂgj

the square of the distance to a point
on the surface of the guadratic.

The eigenvalues of A are the reciprocals of the squares of the lengths
of the semiaxes. To see this let the matrix be diagonalized by a matrix FD,
and substitute X = © 7 , so that

N IALEY =y (PHRARP 1y, LYY
so that S xIAI¥) 4 becomes
L P e ML AT A

which is the normal forr for the equation of a quadratic surface, while the
eigenvalues are the reciprocals of the squares of the length of the semiaxes.

That a hermitean matrix always has an orthonormal system of eigenvectors
can be deduced by considering its hermitean form. These vectors point along
the semiaxes, and hence alwyeys exist and can be chosen orthogonal except in
the case that the surface is a surface of revolution, and two or more semi-
axes are equal. But then there is at least a plane of wvectors, all of which
make the form an extremal; and since they all belong to the same eigenvalue,
the degeneracy already encountered with a multiple eigenvalue is reflected in
this symmetry. However, in these planes one can always select two orthogonal
vectors, even though not uniquely, and similarly with higher degeneracy.

From the diagonalized form of the ﬁermitean form the natgre of the sur-
face may be deduced: a positive eigenvalue gives an elliptical section, zero
eipenvalue a parabolic section. and a negative eigenvalue a hyperbolic one.

Thus if A is a real hermitean matzix, | » ) a real vector,
(xt AVRY L
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would define an ellipsoid in three-space if the three eigenvalues of A were
positive; a hyperbolic paraboloid by two zero and one negaiive eigenvalues,

and so on. If a matrix is positive definite all its eigenvalues are positive

and the surface is closed. If the eigenvalues are non-negative it is positive
semidefinite, and may have a parabolic part in addition.

A complete orthonormal set of vectors forms a suitable basis for a car-
tesian coordinate system. Thus, the eigenvectore of a hermitean matrix have
the property that when they are choéen for a coordinate system, their matrix
is diagonal, and its hermitean form is referred to its principal axes. |

Hence diagonalization, which consists in applying a similarity transfor-
mation to a matrix, is nothing other than a transformation to a new axis system,
possibly oblique, in which the wmatrix is diagonal. When the matrix is real and
hermitean, this may be done by a rotation, a process which will be considered in
detail later.

By the spectral theorem,
M =2 Neler<il

A = PMP-E N PP
e 3 A iyl

so that matrix i’ transforms the right eigenvectors to a system in which
they appear as cocrdinate vectors, | () , while © " Srandfuran S laky
eigenvectors similarly. Since the left eigenvectors, transform by the in-
verse matrix, i’j to that which transforms the right{ eigenvectors, the moti-
vation for the name "reciprocal system" is seen.

In a sense, P transforms the columns of M . while YD—l, multiplied

from the other side, transforms the rows, as may be seen by writing

M=%, @i .é><5 5
v MP EJ Ggp PO i J
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so that two matrices are needed to transform a matrix, while but one is needed
to transform a vector.

The existence proof for eigenvectors just given was purely intuitive; it
may be formalized as follows: {xlx) =+ defines a closed, bounded region,
namely the surface of a unit hypersphere, Z [y, |* =1 . <x1AIX ) is
a continuous function of these X( , hence attains a largest value; the <'¥l]
for which this is true then being the eigenvector with largest eigenvalue.

But the region defined by <x/x) X, D=0 satisfies the same hypo-

z| )
theses, giving <%/, s the eigenvector the next largest esigenvalue.dx/x)=/,
{xlu), = 0, (x!¥), . 9 is used to obtain another eigenvector until a complete
set has been found. The process may fail when there are two largest such vec-
tors, in which case there are infinitely many linearly dependent upon these two,
and one of them may be chosen arbitrarily and the process continued. It will
then not be unigue.

The reason that the proof fails if A is not hermitean is that ¢ y1Alx)
is made extremal, with <yl and!*) as eigenvectors. But, <>7,* £ 1x) s0
that (v x)-=17 does not define a bounded region. It will succeed for
any matrix whose left eigenvectors are the conjﬁgates transposed of the right
eigenvectors, however.

Vith an understanding of the significance of multiple eigenvalues, the
formula for eigenvectors already obtained can be extended. The expression

Tr gL ()xj'-)\:,)lj)(j'l Zi (A-)\T)
will fail to define IJMJ\ if »hy = )\3, 0y

d
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Ifjki) is a double eigenvalue, define the quantity

. = 7—— /q"' L—'I
T}y é"ljw( N\ T)

diagonaliging it,

00"]—5'!2"3‘- Lfiﬂ,j (’\’j*’) 7
./’ (>‘;;">‘g)
LENL
3 = g
T (Dp-A)
now ) ;/}J ;
77— (%x"):)"-o /(/:‘,;I, :
k/yg j

,/;/; (Aj -)d) s

o

0 (>‘g'>‘1) ) JJ

/P"T"'l—P =

)

T
th"

-‘Cij

T =T ()I-/\l) {’1><£l+!'>('lf
J, LX’;J ‘J J

But the diagonalization was not unique, and it is preferable to define

Gi = 123¢c01 +1)¢q]

b ol

since

R cm P18+ alypl i)
l]'>’ :—m@f’i}f (’zﬂf ‘a‘)
gives ¥, .
p G/J,: [mba’,e)+wso/‘})f/c‘«f<1] ’/‘H;-v(jo(‘,’})
i i-,_,.j,wfl,a)l-&my/‘}')}[r-m;uf"f/ Lc«“y’<l)/5
= [22< £+ 3'>(J'l
= GJ'
so that Cijdoes not devmend upon the particular diagonalization. Furthermore,
~T78-




sincek' "}' 7-<j / *>‘JI l’€><£/ ¥ G { when)x 1 :>‘X’ Sylvester's theorem may
J J *1 J

be stated

-4 w?

C(A) - % $(>J') GJ'

where the C;d are outer products or sums of several outer products when there
is a multiple eigenvalue, since a similar argument to the one given will hold
when the multiplicity is greater than 2.

The (:' form an important class of operators, known as projective opera-
tors, which are said to project vectors into certain spaces. They project vec—
tors onto unit vectors in a certain space, which gives a scalar, by

fid. 5
This projection, onto a unit vector, is then made the component of the corres-

ponding reciprocal vector to‘(5! » namely I £>, giving the precduct
1¢> (<!13)
= pey<il X

Often one desires to think of a vector and its corresponding reciprocal
vec tor as being really the same vector, with coordinates in differenﬁ systems,
since in matrix problems they both belong to the same eigenvalue, and for other
reasons. One then calls the regular components of a vector its contravariant com-
ponents, and the components of the reciprocal vector its contravariant com=-
ponents. This may be done for eigenvectors; for other vectors, their components
in a given system are the covariant components; while if they are expressed in
terms of the reciprocal system, the components are their contravariant components.

Upon knowing that a hermitean matrix can always be diagonalized, the fol-
lowing theorem can be proved:

Two hermitean matrices commute if and only if they can be diagonalized

simultaneously.

w7 Qe




—~ To show sufficiency, let them both be diagonclized by (U :
U™ Au=,
Uu'su - A
A7 2 A LA,
since diagonal matrices commute.
if U'AuuU-'BU-Uu" BUUT'AlY
| U 'ABuU - U BAU

AB-BA
]/}.J :
to show necessity. Suppose £B = BA
Let U~'Au= A
, since a hermitean matrix mey be diagonalized. Now, define C by
: u'BGu-=

U-'L2u'ueu'-ucu'UAY"

since BA = AB

P B

(X,c,' >\.(’,1 - ’\|Cln‘ —AI C,, )101, "‘>"" ()lm“

>"-GU )‘zctz '-/\7—(-’)2?\ 2 A'Ozt )‘zczz "'>‘n (Dsz

_)\ncn' A"O"z )nc"'\ J >:-I()nn >'10nz "')‘h('nn ,

)\LC;L'/ = >\J C;"}'
-p-nr >L’ )" G L 0
72 J
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C is hermitean, since the eigenvectors of A, satisfy ¢/ . f?}*‘

= \ ' A

thus R Y ?LL?b;;i

——

. G*P;u-* - G*R¥

=0%3y ;) c-T*
It is furthermore of the shape

!

while (| A (Jis

L )Tk\

\\Xh.]

so that C is mostly diagonalized. The undiagonalized submatrix of C is still

hermitean, and may be diagonzlized by Q. Then tie matrix

1 Y
1

Ao

s e
N
~

-~ 1
satisfies ' : 2 ¥  , and the product &' C 3  will be hermitean, and

diagonal, while ﬁ}¢‘(/' A L/Z} = Lj'vq U » and the diagonalization of A
will be unaffected. Thus 3 (jwill diagonalize both A and B. If there

were several blocks of C lefi undiagonalized by U, corresponding to differ-
ent-sets of multiple eigenvalues, this amendment orocess would be repeated

several times, diagonalizing each of the remaininz blocks in turn.
/'l./,

/
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The faet that a matrix ﬁ? may be necessary is due to the arbitrary choice of
eigenvectors o diagonalize A, because of the multiple eigenvalue. In a
certain subspace the eigenvectors may be chosen arbitrarily., hence need not
coincide with those of B in the same subspace. But this matter is easily
corrected by selecting instead the subeigenvectors of B, which is done by
the matrix o .
The amount bv which two matrices fail to commute is called their commuta--
tor, denoted by the symbol
AB - BA = [ A,8]
which is called a commutator bracket.
It is possible to sclve ;n equation for an vnknown inside a commutator
bracket. If A and H are inown matrices and )} is unknown, let
[M,3] =a
Mi- HE =4
If H can be diagonalized, let U be the matrix such that U"HU._A
UT'"MUUT HU ~U WA "My - U-'AUY
LU“Mu]_.J, . (d!/‘HJ')
? Clmtiy it e Mo 0o Z <lfend, Inye,

30T
MUl > = Mo MUy <Al D
) ] ) ']

£ | ,/11 2 S.il;ilé;?
J FRX

l‘f‘i’)’)-‘(‘l'ql ,)

J

and the elements of M in a known coordinate system are knovm.
¥hen H has a multiple eigenvalue, >\J’ = )( » say, the elements of M may
be chosen arbitrarily, and any choice will give { ¢ IA[ J)=‘- 0. Likewise the

diagonal elements of A mus’ vanish, or no solution will be posgible. When

-0




they vanish, the diagonal elements of H may be arbitrary. corresponding to
the fact that to any solution of the commutator equation may be added 2 matrix
commuting with H ©o give another sclution. The proof will fall through also
vhen H cannot be diagonalizad.

Note that the vanishment of terms mentioned in the last paragraph occurs
in the eigensystem of H, not in the system in v'v}:;ich the problem was originally
stated, which is commonly called the laboratory system.

The following commutator identifies are readily verified:

LM, ABY=[M, Al B+AL M, T3
L MA)=-LA HM]
[, AT -AT LM AL AT
Lr,A+3]= LH,AY LM 8]
LA IR, Q) [ LCAIYICLARY)
[MA) T A LM AIAT

(nk o my ki tor

o

n

e e |
LA LA, LA, - LMA]-11]- Z W(—')JM ﬁ/-w“—f
v

These formulae all resemble the formulae for derivatives withl d]rep lacing
. d/ﬂ'ﬂ « The reason for this is that commutator expressions, like derivatives,
involve differences.
It is possible to represent certain functions of a matrix in terms of
commutator series: thus if
U-'"Hu-A

and there isan/‘/suchthat u":eéi /M

ééJ’ "i
£ L i
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expanding in powers of §

ST +£¢ M+(-‘-i2'“—'-’-—f___*in o Sxg, LoEm™ A
A L4 Z,’ f-“i_:/j

l
Fl+!s f/ff/ h‘/‘1§* Z e MEMEHM?E f-,_-_ :y//l
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which expresses the transformed H as a commutator series in M, For sufficiently

small ¢ one has

H2 2\ - elrw)
s A -l H]
Under a similarity transformation, the determinant of a matrix remains
unchanged. First note
I P el < |TTI=)
PPy = e IR
SAer el
tion 1P AD) < PTIALIP] = |A)

which proves the assertion. This means that the characteristic equation is un-

changed since
|A XD = 1pP7 ] IA-)>T) | P

=P AP - NI
and not only are the eigenvalues of a matrix independent of the coordinate system

in which it is expressed, but so are the coefficients of the characteristic poly-
nomial. Thus

£ (R)=2 [Aly - T M

is invariant, as was seen in examining the characteristic polynomial previously.
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7 The result may also be proven by direct calculation, since
I ’o ‘IA p) o : - h
D5 R g [,
| s&adi Z (8], Ley, LY
Kk 2 7 )
J J 6
"% 2 [A), a
h ! £ AJR,( - Z (/Q)
k The trace of the sum of two matrices is the sum of their traces, sinece
3 .
: z (/QHB) = 2. [ & fG]I\'I(: < ? £'q~3m< r[‘3jl<(< ;
o X 7;‘ A+ A3
while the trace of the product of two matrices is the same whichever order in
9 which they are multiplied.
Aasy-2 2 [2),, [B]

X (BAY=Z2 2 LG, [a]

Then, the trace of a commutator is zero

Z A B)-o0

In contrast to the invariance of eigenvalues, one has
A Y
PrAPP s NP X
(P ap) (P3) - X (P'¥)

the same matrix which transforms A then transforms the eigenvectors to new

Also since

"
ciecap], Al A

(:l‘

N
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coordinates. The eigenvectors are then called "covariant" rather than invariant.




ORTHOGONAL AND UNITARY MATRICES

Vectors are regardad as having not only direction but magnitude. Having
found the conditions under which the direction of a vector is left invariant
jt is natural to inquire for the circumstances under which magnitude is left

invariant., If one considers instead the square of the length of a wvector,

rather than its length
(X% 111"

XX-AX MX
X Tn)x

multiplying this out

x
x' !l 'a"y**x,“":xl‘z + -‘-f)(‘a,n/(’\
4
‘ .
¥ ¥x
s F ., G
- r 3 ,s)’,"" -
o Z )’-,6-;!‘)(1 it 2 }.\\‘a_lnyﬂ
Poe o o
¥ Xny,
+
xy'an\/,‘l}nan_le + --—q.xuo.,nn/;ﬁ

since this is true for each n-dimensional vector 55, set

> i) .
X""C>+"5> Q,J".-f«)' “/J

Gl

N -
~

thus /7/.-1"_77-*N [_NJ": - a(‘j
and N is antisymmetric. But/7//is symmetric;
——— e,
An =AM L+ = T-N
S N=0
AM-T

-1 ~
s SR /‘1
such a matrix is called orthogonal.
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Ifr M=

’ H ﬁ}f {. —";va]

2

XL'XD"-S‘(:'\' f 20

and the rows of ¥ form a complete orthonormal set. From F?/'" - 1.":. the
same property is seen to be true of the columns. Thus/]is of the form
r&n- A‘ e d Y, =

C“'A' W/gb = - ¢‘n‘/jn

Q ol .- -
- Z’ S e ‘LI s Zp B

with direction cosines for elements. Since /4 L, 1M%</, IM]=t1

The determinant being non-zero, the rows are further guaranteed to form a
complete set.
To avoid the difficulties concurrent with null-vectors, the hermitean
length $* /x)of a vector has been introduced. If it is perserved
<xix>= <Ux lyxy
=<x 1 T¥u I
and by an argument similar to that above,.
U*y -1
U¥*. -
Such a matrix U is called unitary. By the same reasoning as before its rows
and columns form a complete orthonormal set in the hermitean sense. Also,

Tyl -1

3
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and the absolute value of the determinant of such a mairix is 1 .

Two theorems are true:

Theorem X. The eigenvalues of a unitary matrix are of absclute wvalue 1.

Proof':

LIS o X
52&- Cl.*%)*}?*
SfiD"’uX: WA g
VS (1-ANY) = 0
Rt = Nl
/-EAJ.

Theorem XI: The left eigenvectors of a unité:ry matrix are the conjugate
transposes of the right eigenvectors.

Proof': ,
(& 4Y ’->\ 25

o7 = ¥ -
oy B il "
Rk de " Y
XU U-xX"U
XU U= X et
In fact, a unitary or hermitean matrix is diagonalized by a unitary matrix
when the lengths of the eigenvectors are chosen so that ¢ & » = [
Of course these lengths need not be =o chosen.

Two more theorems are itrue: e
I

¢
Theorem XII: If H is hermitean, then € = 1U is unitary.

¥ W
Proof': H J % -
e‘ :Z—-t-('.H*;:/((/’f)z,L—-«

el ¥
=T*~,iﬂ*+f‘{(-’m N
g Kol A e
e

vk
f(e‘H)
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Since < ¢/ . = | [ )for unitary matrices, by the argument already given,

there can be found a complete orthonormal set of eigenvectors for a unitary
matrix.

The theorems listed abeve hold also‘i'or orthogonal matrices with the ap-
propriate changes in nomenclature:

Theorem XITII. The determinant of an orthogonal matrix is ¢ 1.

=

Theorem XIV. Either the eigenvalues of an orthogonal matrix are i 1l or
they have null eigenvectors.

Theorem XV. If A is antisymmetric, then Q?A is orthogonal.

Also, the following is true for hermitean matrices.

Theorem XVI. If H is Hermitean, f]_ﬁ &HS{;{[-,; H} =1 is unitary.

FINITE ROTATIONS

Two cases of real unitary matrices are of particular interest: those
are the two and three dimensional rotations and reflections. ILet us first

consider the two dimensional case. A matrix A

[ 7]

having real coefficients is unitary when

EALEe - i 7}

A +B8*
P
da‘-&ﬂc?:O
these relations suggest setting
A = s @ £z aim ©
> - w/ § i g
=39




m — i e 1" R N T N T S T T -
l -

& while the third egquation requires
&n@&v—-f-*m}w@na;Jﬁ-. o
o»(@—;/)‘—o

©=P+ (ki) T

This gives two distinct forms for A, depending upcn whether k is even or

odd, namely

Coa G At D SR .4,’,../@
B=2|-ol-0 e © =

which may be distinguished in that |B) = ¢1, C = .1
Taking C first, its characteristic equation is
~Ca B -N i~ O {
,a..:v\/O C""“G')\
z
h &
>\: =1 )“- e -1

The eigenvectors are obtained from the formula,

i et 3
' A O Coa @ !

= 0

| A T b ;
1 2 W= Py Jra.w-@d—cm%
- 3 . @ G pot
;M—i’ z.‘;?ra.«,-‘l*s-
|
|
Cow 8.
B po )
i 8 [- 9 e 8
—’l —5— ch'.," 44,\:.«;




while | ) -Cos OF | Lhs O
lﬂ)éﬂl 5 *—i At O coe @ H
. 2 @ 6 P
B P P 2 pwnmg‘]
E: i B 8 = ¢
A am? £ a- j
-
R g
A a_ﬂ—g Ay o :2 (40"’*‘:"
ot

The eigenvectors bear out the conclusions of some of the theorems. They are,

Graphing them upon a plane, we have:

for instance, mtually perpendicular.
o<l | Y

122 \ & With the diagram the geometrical

<3t .
picture becomes clear. The trans-

52 formation C makes a mirror reflec-

tion in a line tilted at an angle of

with respect to the Z =2AR1i8,

Aot -4
=\ 2
Thus, 2| is perpendicular to the mirrcr, and if it originally points out of

1] s lying parallel to the

the mirror, <a/(Cpoints into the mivror.
mirror is unchanged by the reflection.

The other type of orthogonal matrix, B, has eigenvalues given by

&@0“)\ Af"""a
= 0
Q ’
co‘ﬁg-a)\&,,_"a-{—}\ 4.M3950
v>\_ 2 tea bt JSaP-4
2
= Ca‘c-gt':‘“;vg
. @
=2 s

-

it
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Since these eigenvectors do not have eigenvalues i*, they are null eigen-
vectors. Since they are complex, they cannot be drawn in a2 real diagram.

But by observing the transformztion

i

X = Xeea 8 +/~A'-~9

/

7

one recognizes the familiar formula from analytic geometry for the rotation cf

-x,af\'lwg '\‘Yu-q.@

a point in the plane by an angle é .

The matric C was d:Lago ized by the matrix

w"‘ A
¢ 4 < /1
e~ g3
e -
which performs rotation by an angle 5 . Writing C = M AM ’ , with
A i o
; - e [

o -1




we see that C operating on a vector is eduivalent to rotating through an
angle 9/ a2 s reflecting in the x-axis, and rotating the vector back again.
A reflection can always be factored into a rotation and a reflection in the

x~axis, either as above, or by writing
Lo MG ,dA’/M & ‘—C ] A/L,, r ) '/ O '}

j/

reflecting first in the y-axis and then rotating. Thus 2 two dimensional

-

PUIY BRI -Zw«‘—wg c"‘“’,/

real unitary matrix represents either a rotation, or a combination of a
rotation with a reflection, which is itself a single reflection, ¢f course.
Since the reflections have determinant -1, the rotations determinant +1, it
is seen that two successive reflections, represented by the product of their
matrices, gives a rotation; a rotation and a reflsction, and two rotations, a
rotation.

Note that since they have the same eigenvectors all rotations commute;
but that reflections do not commute with each other or with rotations except
in trivial cases, a conclusion which is confirmed by experience.

Svlvester's theorem may be invoked to find 2 matrix analogue to Euler's

formula; e® =eoebilas b . since

B :e Lo [ 1y<i] 'e-..‘é’a><“
write ™. o L ryert - €@ 139K
so that GL‘\{G

o ! it
but, ¢ T 9[-10126!)
No.y% < so that, expanding e'™ by Taylor's series
@cr\:'/fi‘zT0+71%‘z‘+ .- =
*Z-r?]'é——:l;—[# ---
T (- s T )
e 6+ e ¥
=93~




B

9 X The diagram at the left illustrates

X //Z__. the power series expansion as the sum

.

so that for small angles @
length é 1| perpendicular to >< . Since a

C e r: 74 of a series of operations on a vector
X, 7 X is a vector perpendicular

/ \—?;U'X to >4 since ]'[;] z [_:J P

2T 4+ 0 T adds to a vector a small part of

tangent departs from a circle

2
by terms of order 6, the length of X is left unchanged to first order by such

an operation, and hence is & rotation to first order in ¢ .

The diagram at the right illustrates

the matrix Euler's formula. The vectar ¢ 21

is now resolved into new componentis para-

v N
»a
VAN
.
. : a8
(3} % \:;:*EL> \-"‘\}’/.._ (O,-q.é'lTrnM /y

1lel and perpendicular to itself, and the &7 B 7K.

new transformed vector formed with such

and parallel vectors of the other diagram separ
The three dimensional case is similar. Re

of an antisymmetric matrix is orthogonal, write

O o
=

i '\',;\__ o7
“h;/ = X

coordinate axes. It is also readily interpreted by summing the Iierpendicular

ately.

calling that the exponential

a2 3 x 3 antisymmetric matrix.
-b

¢

-='>‘34->\ (L?WEZ"'C}): a

whence ) - O) ‘_— L: '{G-."*bsz =




making the substitution
(o
—“M =
f:'_--ﬂ e c_c-ﬂ. b‘
G b e

¢
NTorb e -

2l

0

Te ¢

= - =

Its eigenvectors are cbtained from
] ') ( it =

( ‘-\_ ‘.' GE)(T\Q-(: GE)

(o-ie) (O+ &)

of 8
ooyt . L

Cr«-/g—hra.&

[ W:“-wzﬁ

4 o= A

e

o~ ot

[

T (T4 0eT)
(¢ 8-0)(L0+:0)
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T™(M.loT)
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Note: |2)<af =(, 3) <31) = o Their actual evaluation may be readily
carried through, but they are not needed for the following discussion.

By Sylvester's theorem:

C= GT\ @' il + @ - Gl ar<al -:'e""é 1 3><3
since the last two terms are complex conjugates, C is real.

The eigenvector of C with eigenvalue 1 is real and gives the axis of
rotation. Thus (g d ) Co=f3, eose > ) are the direction cosines of the axis
of rotation.

To obtain a geometrical interpretation of C it must be expanded by a

formula analogous to Euler's. Calling

Y- © oy - coafB]
-c.:»‘?‘- Q o o
PR R L v

0 e X -~ B [O et -ef

]I: - G Ot o s e o 4 |
Car‘ﬁ - Covdd o _erv - to=dl ¢ ‘/
-Gp@la‘-mza WAWG La-;,,a_'auvd'(—}

]I‘ a.o«v@co—a-d - cu—-vzd'l-«u—vldx \mgc’“a’t }:-_/,’.-l_"-."{"f
Co A Cow ¥t e ¥ OJ"-A ,_wﬁ"os—cp«"ﬁ_‘:

Since = O]

=
-
e - e92|=1—+8/7(+517 91],14.—-—

7 6* a3

sl ¢ 0N +=Ci> il M)y Jf (17¢-T) +=- =
— ot 63 . /’___t__...—-
Lllagrs-)al (O-g7+- 0+ 20 T ¥

TG 64 A a8 I (1o em 8
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oo C= [T-10c et + 3 a8+l

The quadratic form X /7/ _77 will occur in the following discussion. It is

? ? Xt’. ;7/ L'J' y)'
i 5 Lati P 1S9
s :}’ L'J' < (-,)h . t,J‘< some permutation of 1,2,3

¢ .
where is * 1 depending upon whether ¢, J' Kk come in cyclical order or

anticyclical order; and zero if two of 1,2.3 are repeated. Thus

-k AR R E VIR

which is nothing other than the determinant

X p 5 X5 \
)Io yz. 73

[25, 127, )z},

e

as may be veridied by expanding both sides of the equation if desired.

"

Thus /| >  is a vector perpendicular to }*>ana 2%, since X //7/ 3= o
aswell as (| N X = D.,

@-4>eNX

AR

Pro je(i';'on of
CA

Frviezt‘.";oh 0 ;{ ory

(II =Sai) X plene L by

the product C X contains three terms:
ton @ [T-100ci1] 32
a8 X
o<l X

o




The latter is the portion of 2 parallel to the =xis of rotation and is un-
changed. The remaining two terms are written in terms of Al .5,\7 s perpen-
dicular to !‘? and 3 and hence in a plane perpeandicular to by , indicated
by the red arrow in the diagram, flT_- DIUE P ¢ is the part of ><
parallel to the plane perpendicular to ¢ , and is indicated by the green
line. The previous discussion of the two dimensional case now applies.

That rotations occur in a plane may be further shown by partially diagonalizing

.C. Thus the matrix

[10 % Y] -8

where x s I') and Y are three mtually perpendicular unit vectors will
transform C to a coordinate system in which the avis of rotation irs the Z axie.
Notice that S itself is orthogonal, determinant + 1, and gives a rotation.

However

a8

1) Ca-a.é) Il)('/] Ll') };.’y:]

[Ime"’:”' o @ + (1=

e

<il - ; :
L § [i‘o} Xwéf/]/ X i 6 }7@—--9*2/ .\/M:-*OJ

b

ol o 4

o Coa 6 }?/7/ YMLJ @]
o 57—,7/)_&/""*9 coe ©

but if | X,Y,l) form a right handed coordinate system, say, 4 A Y=+l

giving 5 X =
I o @ .
6 cos & 2w @
g o, /Jd'/w e Coe 0
~98..




which is a two dimensional rotation embedded in three-space.

This matrix is further diagonalized by

] 1) 6

o [} ]
' t

6 L -

which contains a submatrix which diagonalizes ths two dimensional rotation, so

that T
o A X 7,) ) o o Cmg  x,tUY k=LY

e B 2 mfl o 1t tfreB rtlf xiotfe

s A 0 4‘, -‘I'; o ¥t X3l Yy € 5 -t73

e S J

diagenalizes C. This result is interesting in that it depends explicitly upcn
25: and :77 ., even though the eigenvectors of C are unicue. We shall return
to this point after completing the present discussion.
It now appears to be possible to give a prescription for producing a mairix
which will rotate through a given angle @ about a given axis (o= &, ¢ ff, @n 5¢)

If the following matrices are defined:

o 0 ©

Ex & i o |
Q 1 P

0 © -1

Z * 0 e ¥

¥

| 0 o

o / ©

E.‘g . 4 o e
(<] g
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9[‘3’”“ §,+“°‘,82,+M%Z£7S
C =C

has the desired property. The converse problem is alsc soluble. The trace
»
of the partially diagonalized matrix C was

-1 i ole @

y vl i
A

which by the trace theorem gives

}‘P"Gaa-}c-lfamg

6 - 7‘5";

The eigenvectors giving the axis of rotaticn may be found by recalling.

6 + 151l (1-enb)

o SR L S e




—— e —— . e

which has the antisymmetric part ] s which already contains the direction

cosines in question. Thus

ny : 7 ¥ - - 4 ’
trw of Co-e-g- G 5" ! -(393'63;’:03‘ Coyg ! ¢, 2=,

Now, not only an antisymmetric matrix may bz the logarithm of an ortho-
gonal matrix, but certain other matrices as well. Ve had

—

‘

< ;
& cO"|j><'i
Lo . J J.
where C a were the eigenvalues, necessarily of absclute velue 1, of C.

But it is also true that

™ .s . ( Jfa"' ;77'7 j) !2 7(’31

2 ]
j m {atCser
- —4

satisfies

c '~€r\

Now, the orthogonality condition was

¢ I
T
NPNA -
¢ er\"’__‘

Now, 2 matrix commtes with its own inverse, hence these exponents must commute.
[T o

and )
P s
eru =l/_
, ~08)

Now. r‘_+ T  is twice the symnetric part of I" , namely Ji . This condi-

tion leaves the antisymmetric part completely arbitrary, which.is a case already

discussed. s
KT 2 LnT
A e (T e I{7¢4 ]
P
s) st F I ey £+
an 2 3’ = 0 *)J ¢ 3 (/l
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Now, the IJ‘ 7<3' 's cannot be arbitrary, since
A

e T auet L

AR (RIS (nErY)

P (PRpS) (Tere)

- S
y P‘T‘ ot

[V S I
e U

N I At Rl A e

5 - ' B o
and 1"° and [ commute » S0 that thev must have a common set of eigenvectors.

(e) ()
Unless -0 . there is but one set for M , or [ =@, in this case

Ie (;.)
the projective operators ofr\ s)s.re those of r\ and when diagonalized., C

must be
™ o o l o o
" ¥
PR & \ ¢ e’ o
o 6 (1) n3 o 0 Q'z e

‘l
™~

-~
(6
&
B}
s

Jig onlyv), ; is odd, one has a reflection in the plane perpendicular to
the axis of rotation. If N, and }\ 3 are both odd, there will be a rotation
by 180° more than expected. If they are both even it makes no differende. The

case where cne is odd and one even cannot occur, since then one would have

' 9
e:eo [12<i -{—@"9/3)(2/-6 13><3]

~102=




which would give a non real matrix.

Ife'-’-O,er\e-'[I

may occur is a matrix with three eigenvalues L 1.

The combination would be

determinant
111 41 | ey
Z 1 -1 -1 reflect xy plane
i ol : T-M.__w_h_‘; T e,
¥ & & TR R e
21 o 1 L aa'E T reflect y-z plane
s G 31 "”"'“"%"’”’”’i’é&?"’}?}?}l&ié'" R
e R m ~.,_,;m-w__l.gag.r;bz_;{.;_s-m i
) ) -1 | 180° rot, reflsct y-z axis

so that as in the two dimensional case, matrices with determinant +1 are pnve

rotations; those with determinant -1 are mixtures of rotations and a reflection

in the plane of rotation, or pure reflections in some plane.

It was pointed out that the matrix

SPINORS
Léw-ad )‘n"‘—yl Y‘-:Y‘
Czr*ﬂ X-L*l‘—“ll_ x_“_t‘,)‘.‘_
CD‘"J' \

*3"-‘"3 XB—“-YS

diagonalized a pure rotational matrix, where |'yY and 3< were three mtually

perpendicular real unit vectors, ! ¥ giving the axis of rotation.

Since 52 and —” may be chosen in a plane perpendicular to [7) with an

arbitrary orientation, this freedom of choice seems to contradict the unigue-

ness of | 2) and ! 3) as to direction. This is not t'e case as we now see. Ve

i w0 o]

, a3 with F'q'= @/@ tp: 7 . Thus the other case which

have the condition that /2> |2y = 0, since it is an eigenvector of an orthogonal

T




- - < T el : e s 3
matrix not belonging to)t =t . Writing 127 in terms of its real and imaginary

parts | 272 = \A/‘Pl‘—z,
1Tyt (Wi L) (Wetg)

WW-22+2. W2 =0

equating real and imaginary parts,
W W = % i)
W “'u =0
so that \A/ and # are of the sa » lergth and mutually perpendicular, a condi-

tion true of ¥ and SZ above. The, are perpendicular to |1) , since
<1l 2y = o

Krley= oW +8 <112
and again equating real and imaginary parts to zero the desired result is obtained

) 2) is, however, undetermined up to a phase factor, ie a scalar multiple c?"‘l Cj i
with real y s 8ince the eigenvectors may be multiplied by any scalar in virtue
of their linearity. The only restriction we have imposed is that

(zi2) = ¥

to obtain a biorthonormal set of eigenvectors. Now, since the matrix is ortho-

gonal, and <1‘-=—-—2-$95
iz i12y: 7

a condition also satisfied by et “’OI—Q., But

e“dé",n: {(ue.‘;o—é./ai-—vf} {Wﬂ—tx::t
= zwc-o‘a- &"“'L »L-«f%
+ ¢ {-—W,u'n« FPrE e Pf




)

_ 44 __4

F

so that W and 1{, - have been rotated through an angle 0‘/’ in the plane perpan-
dicular to / 1 . This not only resolves the paradox but also permits another
representation for finite rotations in three dimensions. Not only does each
null vector provide an axis-system, mmelyW ,Z, , and )+) , but transforma-
tions of the null vector have their effect upon the axis of the rotation, in-
dicated by the vector 1) .

Now, in fact, if O is an orthogonal matrix, fjz) . /2 7’ transforms ‘W
and A to a new axis system:OwW =i/’ OZ "}L/ , so that the same
transformation must transform [/ 7 6 11)=fip’

l2? is a null vector, so that its components are net independent. If

127 = g
b
<

then
. ;]
e*+bh +e*:zo0
calling
¢c =t Aﬁ; ~tb)f-a_th)
we have w=4Ya-=< Pz Y-a-t
z 7 A
e e
=
Cwra ot
b=
=]

=105@




where ({ and U~ are still undetermined with respect to a common + sign.

y and 77 have been deliberately chosen so that the follcwing equation holds:
w- b -c

:t[b.’\f]“. - ! T-P

-t -a-io

Now, |P) = - (a%4b?c). The transformation 0lz)in 3-space will cause
the matrix F to vary. However, its determinant will remain constant, so
that the transformstion O on | 2> may be replacad by a new transformation
Q on P; P @' PQwhich will transform ths vectors [(::.r] B
[u § /V'J , which are given the name "spinors". Thus a transformation ¢ on
[.\‘:] corresponds to a transformation 0 on 12) , and hence on [1)
Having discovered a new line of argument we now forseke the null vectors
and consider transformations leaving the determinant (x "@7 “p}£* ) invariant.
Thus

l T'PQ 1= | Pl

setting, unlike above
<. ¥ - LY
Fr iy g

we have P PY = - (x4 Y +R)
For the logarithm of Q write

-2 :2.Q
Q“PQ; 62‘ Pe'%

and

R PR R)e [ 3 62, P10~

observe t.at P is of the form
F= xO, + ‘30—9 + £ T
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where

= ol
O =\
\“‘\;

[o :]
( g
r- [ i

These form a set of ™unit vectors" which have the following maltiplication

table:

I | Ox

0,

0

I | X |0

0y

Yz

0. |0 | T

0.3 @; -'@%

0

e

I

-L'(g'?
: 0y

0a Q.é: Oy

T

-L@x

Lo, @57- 200,

with this we may proceed to establish a correspondence between the three di-

LJ’ S t‘fwc\ic/«'c,a,/ ayJer

"

mensional rotations and the transformations of [ . Writing

P’ 5 x @+ [ 2, @0 +5 [

T

N




and recalling the series

— /7
I

ki oy

of the previous discussion. If the corresponding terms of the two series are

compared, the first terms are

2 xe G
(28
T
i - ;
with the correspondence @_: Y , wiich agrees with their respectivs

choice, as unit vectors. The second terms are

?— x: [ 2 07 ]

i Z 2,016 fend S, 4B 10k 3, ]

If the rlghg hand s:.de is muLb:Lpl:Led out, a multiplication ueble arises

2; | 0 -3 "2y

S, 1 g =0
e s Trpahie

/ ,

which must be matched with a commtator table for the % and @ =
£,1lon & T3

o -g =

J -*'

(R

|~ e Gt
‘25-@‘,@;@
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Recalling the commutation rules for the @ 's, il seems that this table is

satlisfied by

ol
2, : 2. @«
2 _Lg
%9 :‘96 7
e/
23’—"%@},

The system is now closed, and the higher terms of the series will already

agree by putting the @ 's for the & 's. Thus

6 { , — e e
’%"at C"‘"’@,{+w~g(-j;+ma‘@t j’
where the unit rotators are now also unit vectors.

SinceG{.' 3 T s there is an exact analogue of Euler's formula in this
representation. It might be pcinted out in passine that this representation
is called the "quaternion representation" since /| . : .

— ‘G;' f_,\v;,) "QIL )
mltiply together as quaternions, in contrast to the other repressntation,

called the vector representation.

Set Tz tra Tt e BD, + tm 00Ty
then T I
! ¢ a ._é-
58 et . Temw £+ P p 3
although
-‘7% 4 ‘D s __é__ ¢t T _“»
4 Peg, .Z_Tc.,n—-g",.L@'"M;,:) ]d(,,/_{&m N -(d/ofvva/;
i ! ..é— o 7_, < Q'Q(Z"
=Cavz'g' P-f(,wv;ﬂca«a//@’l -quj:*"‘ 8 ’
[P 7] P P Y
‘ =L (/_ca-a.é) i
= COoo é P%f@\’w 9 Q(, + =
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which may be compared with the expression obtained in the wector representation.

To evaluate @-'explicitli, note @“ : = 023

6 .8
S0 cF e t LV a5

o |

é ¢ ¥ i . 8
- w?fdwmw?’bmc{ﬂwa+&-§5w7§;;

/ .
“Leon X A Y

LA N

, -/ .
o o) 2-—(’.«"”6%«5 Coa

which is a unitary matrix.
There is a slight geometric connection which may be mzde between these two

representations.

The polar stereographic projection maps the surface of a spheré of diameter 7

into the complex plane tangent at the south pole. Thus rotations, corresponding

to transformations on the surface of the sphere are mapped inte transformatiors

in the plane. The quantities (f ,? ) ()0-/2) form the components of a vector; any &
transformation carrying one point of the sphere intoc another corresponds to ar
orthogonal trariéformation of the vector( f ! 2 2 -% ). One mey then investigate

the corresponding transformation in the comple:: plane.

Calling 49 the colatitude and drawing a section through the sphere:
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, e
ang 3"*"'1) _'/:.mﬁ—«'v??{:.z‘f = ).’;cn.B+¢—f

-

<P - 2 arclan Jﬁw‘y‘
f (@«N«Q-&H
Vg anDan ¥

or, carrying out the reguisite algebra

§ ] x‘"‘,’ %

_-—-——'4"_'_‘_ ox
I4+x 1"/
—E

S' 1*11‘#11

Y
(Adr-orre

since DAL T L JERE we have
e f“‘!; 3 ﬁb >

Yow the variation of # can be found when (

f.z,(’ -/ X is rotated. Recalling
(’-’Tcoaé-fi/wéf(/—ca»é)/')('/ }
“Qtw'w C(ra/a(+ _}_W 8 oo & +2 om0l u«.u‘;&udwa&w- Z'.

mﬁwe /

W B Yy
eoa teon 8 ) 2 Wm B con it @l

2 crmd e Bain P - o X &) o 3 e J+m,<@ & :w

QW‘-A%KQ'V% |

-Mé o

PR '
% rm ok o ¥ i g HovBac
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2 o2 ¢ PE g .. 2]

! o 2+ L Cos Mt nu "5 L Crad 40’ g o """".[’9 @~ 2

Recalling Q S o % . &
dwtd-mv'w%-wvﬂww; ao._‘,a-é e J< e 2 v

= bt 72
Calling Cf 3 [Jt 3

we can show, omitting a large amount of algebra. that

5 o , kL ) :

'é (o ‘a-1'+&"../;.’") % (ot "=y "rjz-ﬁ"‘ " -d (5

{ 2 il L tlaBtx
o T ht s U5 Bhaae ™ -0 J

C-
ZﬁJ—an PGB 8) az(%@a«//

and with the aid of much more algebra, that if

2': (F-4)'+ 4

/

g

then &£ -

[ 4 e

S :-ﬁﬁ + ol

which gives the transformation of the complex plane corresponding to a rotation

of the sphere. If one writes

A

Y2

the vector




transforms by P’, : . & = b"] [ 3’,
L% LB 4 | [

-t
or, since Q was unitary N/ / /\7@
So to summarize, all the following transformations are conccmitant

C =%

Q7 PQ=- P’
5£‘J‘k ’
L %

37+
NQ:N'

in addition to the transformation by null vector, for which an explicit formsla

has not been given.
Rotations in higher dimensicnal spaces may also be discussed. Pure wis-

tions are written as the exponentials of antisymmetric matrices. WNow, for a

real antisymmetric matrix, if
VA-)L |-

\-XL 1= 0

| A-XTH - ©
|- A-M1= 0

whence | A “')\]z) = O , and where 5‘ is an eipenvalue, so is -—>\ . Thus

A may be diagonalized to

»
s
-)Z

N
\\

and can be written in‘terms of submatrices whick will give two-dimensional rc-
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tations in a muumber of absolutely perpendicular <ubspaces. In an odd number

of dimensions, there must always be one zero eigenvalue, and hence at least

one real eigenvector for which A =1. Notice then that the rotations may be
factored into a number of rotations about an N - 2 dimensional axis, with all
of the plames in which rotations occur absolutely perpendicular.

As in the two and three dimensional cases, orthogonal matrices with de-
terminant 41 give pure rotations, those with determinant -1, combine reflections
also.

A problem which may now be discussed is the following: A hypersphere,
center fixed, is given two successive rotations about arbitrary axes and ar-
bitrary angles. Is it so possible to choose the axes and angles that each
point has been moved to a new position?

In two dimensions the problem is trivial. Take Y, + ‘(f 2 F2LTTK

In three dimensions, it is not soluble. For, if C, is one rotation and
C 21s another, ¢ : c , is also a rotation, since

¢,e, ¢, -0,8¢C¢C,.T
3 el = /0,110, +1
and in three dimensions there is an axis of rotation, so that no matter what
is done, two points at least must remain fixed, the second rotation putting
back two the first moved. However, in
four dimensions the problem is again

soluble. Teake CD = e A where

PN
A

2
, with ->\1.

{




A+ [ :
then C= ¢ - @, (_7=l s Since A.,, A2 commute, but altogether

A
C =& has no real eigenvectors. Here the first rotation has been made
about the )")‘ plane, moving vectors in the % - (U plane. The second rotation

now moves the vectors in the axis of the first, leaving unchanged the vectors

— v )

—

in its own axis, which were all moved by the first.
If one considers plane rotations only the problem is no lonyer soluble
for n,7% 5 , since there are too many vectors sitting in varisus axes.
It may 2lso be remarked in concluding that a hermitean matrix, having
eigenvectors such that
Fin® oo
is diagonalized by a unitary matrix, since

* -t
[ s pan ~= 03] s (0] S [10,12y--Iny]
{2 :

Lnl

so that a real hermitean matrix is diagonalized by a rotation to a suitable

coordinate system, namely the orthonormal eigenvector sysiem.
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